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Suppose we want to compute gR for a pseudo-random n bit exponent R.
We first divide R into h blocks Ri, for 0 ≤ i ≤ h − 1, of size a = dnhe and
then subdivide each Ri into v smaller blocks Ri,j , for 0 ≤ j ≤ v − 1 of size
b = dav e with Ri,j having bits ei,jb+k for k = 0, ..., b− 1. We have for vh | n:

R = Rh−1.....R1R0 =
∑h−1
i=0 Ri2

ia, Ri = R0,v−1.....Ri,1Ri,0 =∑v−1
j=0 Ri,j2

jb,

Ri,j = ei,jb+b−1.....ei,jb+1ei,jb =
∑b−1
k=0 ei,jb+k2

k,

R =
∑b−1
k=0

∑v−1
j=0 Lj,k2

k, where Lj,k :=
∑h−1
i=0 ei,jb+k2

ia+jb.

For each j and k there are 2h combinations for the h bits ei,jb+k for i =
0, ..., h− 1. For each j there are 2h− 1 non-zero integers

∑h−1
i=0 ei,jb+k2

ia+jb.
We select for each j a subset L| of s ≈ 2h/2−1 of these integers. We precom-

pute and store gL for L ∈ L| for j = 0, ..., v−1. Let L :=
∑b−∞
‖=′

∑v−∞
|=′ L|∈

‖.
We generate random pairs in L × }L:

Lim-Lee-pseudo-random exponentiation.

Z := 1, L := 0
for k = b− 1 to 0 step -1

Z := Z ∗ Z, L := L+ L

for j = v − 1 to 0 step -1
pick Lj ∈R L| at random

Z := Z ∗ gLj , L := L+ Lj

return (L,Z).

Performance for exponents R of bit length n = 160 / 1024 at DL-complexity
2n/2. The number of multiplications is a+b−2, where a = n/h, b = n/(hv),
we have #L = ∫a = ∫ bv.
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configuration storage # multiplications # L

h× v s× v n = 160 n = 1024 160 1024
4× 1 4× 1 78 510 280 2512

4× 2 4× 2 58 372 280 2512

6× 3 8× 3 34 226 281 2512

Good choices for L|. Let L| for j = 0, ..., v − 1 consist of the s non-zero
integers Lj =

∑h−1
i=0 ei2

ia+jb of smallest (resp., highest) Hamming-weight∑h−1
i=0 ei. Then additive relations u + v = w with u, v, w ∈ L are nearly

excluded. However, fast generic DL-algorithms for gL require many additive
relations in L.
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