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Abstract. We study when (dual) Vandermonde systems of the form
Vgﬁ) -z = s-w admit a solution z over a ring R, where V1 is the
Vandermonde matrix defined by a set T' and where the “slack” s is a
measure of the quality of solutions. To this end, we propose the notion
of (s,t)-subtractive sets over a ring R, with the property that if S is
(s,t)-subtractive then the above (dual) Vandermonde systems defined by
any t-subset T" C S are solvable over R. The challenge is then to find
large sets S while minimising (the norm of) s when given a ring R.

By constructing families of (s, t)-subtractive sets S of size n = poly()\) over
cyclotomic rings R = Z[(,¢] for prime p, we construct Schnorr-like lattice-
based proofs of knowledge for the SIS relation A - x = s -y mod g with
O(1/n) knowledge error, and s = 1 in case p = poly(A). Our technique
slots naturally into the lattice Bulletproof framework from Crypto’20,
producing lattice-based succinct arguments for NP with better parameters.
We then give matching impossibility results constraining n relative to
s, which suggest that our Bulletproof-compatible protocols are optimal
unless fundamentally new techniques are discovered. Noting that the
knowledge error of lattice Bulletproofs is £2(log k/n) for witnesses in RF
and subtractive set size n, our result represents a barrier to practically
efficient lattice-based succinct arguments in the Bulletproof framework.
Beyond these main results, the concept of (s, t)-subtractive sets bridges
group-based threshold cryptography to lattice settings, which we demon-
strate by relating it to distributed pseudorandom functions.

1 Introduction

Proving knowledge of a short integral vector x satisfying a system of linear
equations of the form A - x =y mod ¢ defined over some ring R, i.e. an answer
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to a short integer solution (SIS) problem and its generalisations, is a central task
in lattice-based cryptography. Indeed, zero-knowledge variants of such proofs
catalyse constructions of lattice-based privacy-preserving protocols such as group
and ring signatures (e.g. [28,18,38]). These proofs are often also required for
proving the well-formedness of the inputs of basic lattice building blocks. This is
because random elements in R are easily trapdoored [23] such that using them in
computations touching secret values risks their exposure. Furthermore, when y
is a commitment of x encoding the witness to an NP statement, such a proof of
knowledge can be compiled into a (succinct) argument of knowledge for NP [3,11].
The practical performance of such proofs has thus far-reaching consequences.

Prior to 2019 plausibly post-quantum secure proof systems for the SIS problem
could be categorised into three classes: probabilistically-checkable proofs (PCP),
“Stern-like” or “Schnorr-like”.3

PCP-based systems [27] offer succinet proofs for arithmetic circuits from sym-
metric primitives only (e.g. [5]).

Stern-like systems [36,26,29] rely on the combinatorial cut-and-choose tech-
nique, and come with a knowledge extractor which is able to extract a solution
x with ||x|| = ||x|| satisfying A - X = y mod ¢. Due to their combinatorial
nature, however, Stern-like systems only achieve constant knowledge error
and have to be repeated O(\) times to make that negligible.

Schnorr-like systems (e.g. [30]) are algebraic and can achieve inverse polynomial
or even negligible error, hence only O(\/log \) repetitions are needed in the
former case and none in the latter. However, the knowledge extractors for
Schnorr-like proofs are only able to extract a solution X to a relaxed statement
A %X =s-ymod q with a “slack” s # 1 and “stretch” ||x||/||x| > 1, which
ultimately force the systems to be instantiated with larger moduli q. These
relaxations may be acceptable in some applications, such as digital signatures,
but can be prohibitive for others, e.g. when the system is recursively composed.

In the discrete logarithm setting, Biinz et al. [13] discovered that the linearity of
Schnorr-like proofs can be exploited for recursive composition. This “Bulletproof”
template was adapted to the lattice setting by Bootle et al. [11], where the task
of proving A - x = y mod ¢, with A = (Ap, A1), is reduced to that of proving
A -x = y mod ¢ with A = cAg+A; and ¥ dependent on some random challenge ¢,
and the dimension of X halved compared to x. By recursively composing the above
protocol log k times, where k is the dimension of x, Bootle et al. [11] obtained
a protocol with poly-logarithmic communication for proving Ax = y mod g,
which implies [3] the first lattice-based zero-knowledge arguments for NP with
poly-logarithmic communication that deviates from the PCP-based framework.

Since 2019 several works [38,12,7,20] managed to give (almost) the best of both
the Stern and Schnorr worlds: neither slack nor stretch as in Stern-like protocols
and inverse-polynomial (but not negligible) soundness error as in Schnorr-like

3 Without counting highly generic constructions requiring Karp reductions.



protocols. All these works prove A - x =y mod q exactly, i.e. A-X =s-y mod ¢
with s =1 and ||X|| = ||x||. The work of Beullens [7] generalises the “MPC in the
head with preprocessing” idea of [25] to give a variant of Stern’s protocol with
inverse-polynomial soundness error.* The works [38,12,20] augment a Schnorr-like
protocol with non-linear constraints fixing x to be, say, ternary.

While these works resolve the question of proving A - x =y mod ¢ without
slack or stretch, they all share the properties of introducing non-linear constraints
and producing linear-size proofs.® Indeed, unless new techniques are developed, it
is unclear how the non-linear constraints used in these systems can be integrated
into the Bulletproof framework of “folding down” the problem to polylogarithmic
size, exploiting linearity. Thus, it is natural to ask if the approaches taken in these
prior works are necessary, or whether Schnorr-like constructions that reduce or
eliminate stretch and slack while achieving inverse-(super-)polynomial soundness
error have yet to be found.

Knowledge extraction in Schnorr-like proofs for the SIS problem classically
proceeds roughly as follows. Let S = {cg,...,cn—1} be a set of challenges. Given
a convincing prover, the extractor £ runs the prover multiple times to extract
t solutions %; satisfying A - %; = §o + ¢,y + 22 + -+ + ' §,_1 mod ¢ for
distinct ¢; € S. In the simple t = 2 case which captures linear-size proofs, £
subtracts the two relations and obtains A - (X;, — X;,) = (¢;, — ¢i,) -y mod q. If
¢i, — Ciy is invertible, e.g. when the ¢;’s are field elements, and we do not care
about the length of the extracted solution, then £ could simply divide both sides
by ¢;, — ci, and obtain an exact solution. The issue in the lattice settings is that
the relation A - x = y mod ¢ is defined over e.g. a cyclotomic ring R = Z[(],
where not all elements are invertible. Even if ¢;, — ¢;, is invertible (mod g), its
inverse and hence the extracted solution might not be short (relative to g).

A workaround is to accept a slack of s which is divisible by ¢; — ¢; over R for
all possible ¢;,¢; € S. Then by choosing a large enough modulus ¢ € N, £ can
extract a short (relative to ¢) solution X to A - X = s -y mod ¢. In matrix form,
it means that the extractor £ solves a linear system of the form VI..z=s-w
where Vr is the Vandermonde matrix (Equation (3)) defined by T' = {¢;,, ¢, }
and w = (0,1)". In the ¢ = 3 case which captures one level of the lattice
Bulletproof protocol [11], £ solves a linear system of the same form except that
T = {ciy; ¢iy, ¢ip } and w = (0,1,0)". In both cases £ extracts X = Y7, 2i - X;
as a solution to A - X = s -y mod ¢ with stretch dependent on ||z]|.

From this discussion we can reduce the task of finding Schnorr-like protocols
(especially Bulletproof-compatible ones) with small soundness error to the task
of finding a large set S and a small slack s, so that for any ¢-subset 7' C S for
some desired threshold ¢, the dual Vandermonde systems of linear equations of
the form V! -z = s - w have a short solution z over R.

4 A similar approach is taken in [4] but for proofs from symmetric primitives.
% Proof effort can be amortised, though [10].



Contribution. In this work, we give both positive and negative resolutions to
the above problem. Our main results are summarised below.

(s,t)-subtractive sets. In Section 3 we define the notion of (s, t)-subtractive
sets of size n over a ring R. If S C R is (s, t)-subtractive, then for any ¢-subset
T C S, (dual) Vandermonde systems defined by T are solvable over R. If S is
(1,t)-subtractive (without slack) then we simply call S subtractive.

(s,t)-subtractive sets over power-of-2 rings. In Section 3.1 we construct a
family of (s,t)-subtractive sets, with different tradeoffs between the set size n,
slack s, and threshold ¢, over any power-of-2 cyclotomic ring R = Z[(,,] where
m = 2¢. This can be seen as a generalisation of [6] who essentially constructed a
(2, 2)-subtractive set of size m. Our family includes a (2, 3)-subtractive set of size
n =m/2+1, which implies a lattice Bulletproof protocol with slack k and stretch
O(k?1oem+0:58) T comparison, the protocol of Bootle et al. [11] had slack k®
and stretch O(k3lo8m+4.5) 6

Subtractive sets over prime-power rings. In Section 3.2 we construct a sub-
tractive set S of prime size p over any prime-power cyclotomic ring R = Z[sz].
For p = poly(A) it implies a Schnorr-like proof of knowledge for lattice statements
over R without slack with knowledge error O(1/poly(})), which in turn implies
a lattice Bulletproof protocol with no slack and stretch O(k?310sm+4.58),

No large (s,t)-subtractive sets. In Section 3.3 we prove that if R has an ideal
q of algebraic norm ¢, then for any (s,t)-subtractive set S over R of size n > g,
we necessarily have s € q. Consequently, there is no family of (2, ¢)-subtractive
sets of size n > m + 1 over power-of-2 cyclotomic rings, meaning that our (2, 3)-
subtractive set of size n = m/2 + 1 is within a factor of 2 of being optimal.
There is also no subtractive set of size n > p over prime-power cyclotomic rings,
meaning that our subtractive sets of size n = p are optimal.

Soundness of lattice Bulletproofs. In Section 4 we construct a slight generalisa-
tion of the Bulletproof protocol from [11] and instantiate it with our subtractive
sets. We prove both completeness and soundness for each level. For the recursive
composition, we note that unfortunately the knowledge error of O(1/n) given
in [11] turns out to be too optimistic: it does not account for the freedom of the
prover to choose for which level(s) to cheat. As we discuss in Section 4.2, we can
hope for O(log k/n) by applying a union bound. Indeed, applying [19, Lemma
3.2], we obtain a knowledge error of 8.16log k/n. We consider our more careful
analysis of the knowledge error in [11] an independent contribution.

Small slack and negligible knowledge error is unlikely. Based on the technique
for proving the impossibility of large (s,t)-subtractive sets we prove that, for
a natural class of “algebraic” knowledge extractors for Schnorr-like protocols,
it is impossible to achieve knowledge error x < ¢~ ! if R has an ideal q of
algebraic norm ¢ unless we accept a slack s € q. For a natural generalisation of
Schnorr-like protocols, where the verifier sends two challenges chosen from sets
So and 5] instead of one, it is still impossible” for algebraic knowledge extractors

5 Their stretch analysis appears to be generous, though. We discuss the tightness of
our analysis in Section 4.3.
7 Under mild additional assumptions.



to achieve knowledge error £ < ¢—2 unless s € q. For concreteness, we note

that a prime-power cyclotomic ring R = Z[(,¢] always has an ideal <1 — sz> of
norm p. Therefore our instantiations over prime-power rings are optimal assuming
algebraic extractors. We interpret this as a limit to achieving negligible knowledge
error in Schnorr-like (Bulletproof-compatible) proofs for the SIS problem with
small slack without introducing non-linear relations.

Application to homomorphic secret sharing over rings. Apart from its appli-
cations in constructing Schnorr-like protocols, in the full version of this work we
demonstrate how (s, t)-subtractive sets can be used as a tool to bridge group-
based threshold cryptography techniques to the lattice setting by relating them
to the construction of homomorphic secret sharing schemes over rings. Roughly,
in matrix form, the recovery procedure in such a scheme is equivalent to finding
the first term zy of the solution z to a linear system of the form Vp-z=s-w
where V is the Vandermonde matrix defined by T' (as above). As a concrete
example, we generalise the construction of distributed pseudorandom functions
from (almost) key-homomorphic pseudorandom functions and Shamir secret
sharing by Boneh et al. [8] using (s, t)-subtractive sets.

2 Preliminaries

Let A € N be the security parameter. For n € N, write [n] == {1,2,...,n},
Z, ={0,1,...,n — 1} denotes the ring of integers modulo n, Z! denotes the
multiplicative group of integers modulo n, and the Euler totient function ¢(n)
denotes the number of positive integers at most and coprime with n. If T'C S
are sets and T has t elements, we write T" C; S. If S is a finite set then <3S
denotes the sampling of a uniformly random element from S.

2.1 Cyclotomic Rings

For m € N, let (,;, € C be any fixed primitive m-th root of unity. Denote by K =
Q(&m) the cyclotomic field of order m > 2 and degree ¢(m), and by R = Z[(]
its ring of integers, called a cyclotomic ring for short. We have R = Z[z] /(P (x)),
where @, (x) is the m-th cyclotomic polynomial. We write o;(x) for 0 < i < ¢(m)
be the ¢(m) different embeddings of = € Q[(,,] into C. Cyclotomic fields Q[(]
are Galois extensions of Q [37, Thm 2.5], i.e. for all embeddings o;(-) of the field to
C we have 0;(Q[¢n]) = Q[Cm]- If f1,. .., fx € R, we write (f1, ..., fr) C R for the
ideal generated by fi,..., fr. If T C R, we also write (T') for the ideal generated
by the elements in T. For Ty, 71 C R, we write Ty — 11 = {to —t1 : t; € T;}.
Similarly, we write Ty - T1 — To - T3 == {to - t1 — t2 - t3 : t; € T;} and so on. When
m is clear from the context, we omit the subscript m and write ( = (,,. We will
focus primarily on m > 2 which is a prime-power. Using the “powerful” basis

{Ci}ieZ (o W CAD view R as a Z-module of dimension ¢p(m).
o(m



2.2 Norms and Ring Expansion Factors

For elements x € R we denote the infinity norm of its coefficient vector (with the
powerful basis) as ||z||. If x € R* we write ||x|| for the infinity norm of x. We
denote the algebraic norm of elements x € R by N(z) := [[,,.,, oi(x). It holds
that N(z) = |R/(z)|. We define the degree-d expansion factor of a ring R.

Definition 1. Let R be a ring. The degree-d expansion factor of R, denoted by
YR,d, 15 defined as yr 4 = maxsngHHaeSa||/HaeS||aH. If d = 2 we simply
write YR = YR ,2.

To upper bound vz 4 for a cyclotomic ring R, we prove the following technical
lemma which can be seen as a generalisation of [31, Theorem 3.3] to prime-power
cyclotomic rings together with Proposition 1 given below.

Lemma 1. Let ¢ = (, where m = p® for some prime p. Let d € N. Then
the expression a = Y., ;- (" where maxiez,, |lail| < o can be reduced to
a= Ziezg,(m) aj - " with maxez, ., laj|| < 2d-a. Assume further that a; > 0
ail| <d-a.

for all i € Zgm,, then we have maxiez, .,

Proof. Recall that ¢ is a root of @,,(z) = S7_}2#" . We thus have the
identities ¢(™~F = —SP71 ¢ 7'k for k € [p’~!]. Suppose that the mono-
mials {(“’E—l’k 1 E[p— 1]} of (™% overlap with those of (™ ¥ we then
have ip*~! — k = i'p~1 — Kk’ for some i,i’ € [p— 1] and k, k' € [p~1]. We
have |i’ —i[p’~! = |k — k| < p’~! which forces i = i’ and hence k = k'
In other words, the sets of monomials of ("% are non-overlapping for dis-
tinct k € [p~!]. For i € Zgn, write i = jm + k for j € Zg and k € Z,,,
and rename a; to aj. Then a = Ziede a; - (" = Zjezd ¢rme. Zkezm ajk -
¢k = Y iezy 2okez,, ik - ¢k o= > jez, @j- We observe that each term a; =
Y kez,, @ik - CF where maxiez,,, [las]] < o can be reduced using the above iden-

tities to a; = Zkezv(m) a;,k - ¢F with MaXkeZ,, ) ag,kH < 2a. If a; > 0 for all

1 € Zgm, then we have maxycz

a’, kH < «. The claim then follows. O
e(m) |77,

Proposition 1. Let i € N, m = p* for some prime p, ¢ = (,, and a € R, then
16 - all < 2l[all. When p =2 then ||, - all = [|a].

Proof. Since the power-of-two case is well known to just be a rotation, we treat
the general case. Let 5 = ¢ mod m then (" - a = (7 - a. Write a = Zkezm apCk
(ar, =0 for k > p(m)), then

Cj‘a: Zak_cj—&-k

kEZLm
_ +k m i+k—m
= > a-JH 4 > ak - ¢’

k: j+k<m k: m<j+k<2m-—1

= > aw— M D awm M =bte

k' €Lm k" E€Lm



By Lemma 1, b and ¢ can each be expressed in the powerful basis with ternary
coefficients. Therefore ||¢* - al| = [|b+ c|| < ||| + [lc]| <2 [al|. |

Combining the above we arrive at bounds for yg 4.

Proposition 2. IfR is a prime-power cyclotomic ring, then yg ¢ < min(2d, 24-1).
gp(m)d_l. If R is a power-of-2 cyclotomic ring, then yr g4 < cp(m)d_l.
Proof. For the power-of-2 case and a,b € R, write a - b as ¢(m) multiplications
of the form a;¢* - b, where the a; are the coefficients of a. By Proposition 1, we
obtain yr < ¢(m). Recursively composing gives the claimed bound.

For the general prime-power case, the same argument gives yr g < 2d-1.
gp(m)dil. For the other bound, consider the product 7 = a(g) - - - a(q—1) for a;y € R.
Write r = a) -+~ a@—1) = ) r; - ¢* without modular reduction. Then for

1€ZLam
each coefficient r; of r we have ||r;|| < ¢(m)* " [jez, la)||- By Lemma 1, after
reduction we have ||r|| < 2d - o(m)* " HjEZdHa(j)H' O

We finish this subsection by giving some propositions that will be useful when
we construct (s, t)-subtractive sets in Sections 3.1 and 3.2.

Proposition 3. For any m > 2, ZiGZm ¢t =0.

Proof. We realise (' — 1= (¢ — 1) - (Xjez. ¢¢) =0but ¢ # 1. O

Proposition 4. Letm = p* € N for some prime p, then ||(1 —-¢)/(1 - Cf)H <1
forn, feZ,.

Proof. Let g= f~' mod m and k = g - n mod m. Then

1=¢m/a=¢H=a-¢ma-¢Hy=> ¢

1E€Ly

Note that for any ¢ € Zy, \ {0}, we have i € Z},. Therefore, observing that
fZy, = Zy, since f € Z},, we note that the sum 1 + Ziezk \{0} ¢ can be

expressed as a = ZiEZm a;¢* with binary coefficients a;. Then by Lemma 1 we
conclude that a can be expressed in the powerful basis as a ternary vector. O

2.3 Ideals in Cyclotomic Rings

Our results critically rely on the presence and absence of ideals in R. We recall
some basic facts. In the ring of integers R of any number field, any ideal Z € R
can written in a unique way as Z = H‘13 9BV (D) the product being over a finite
set of prime ideals, and the exponent vy (Z) being in Z. When Z is an integral
ideal then all vez(Z) > 0 [15, Thm 4.6.14]. Otherwise it is fractional. We mostly
deal with integral ideals in this work. The norm N(Z) of the ideal Z, i.e. |R/Z|, is
N(Z) = [gs N(B» D) = [y N(B)"™* P [15, p.187]. For any prime ideal P € R
we have P N Z = pZ for some rational prime p € Z and we write that P “is



above” p [15, Prop. 4.8.1]. Moreover, for any prime p € Z there exist positive
integers e; such that pR = [[{_, B;* [15, Thm. 4.8.3], the integer e; is called
the “ramification index” of p at ;. The degree f; of the field extension defined
by fi = [R/P: : Z,] is the “residual degree” of p. We have N(9;) = p/i and
Y9 eifi = ¢(m) [15, Thm. 4.8.5]. Since Q[(,,] is a Galois extension, all e; = e
for some fixed e and f; = f for some fixed f and ¢(m) = efg [15, Thm. 4.8.6]. A
prime p € Z ramifies, i.e. has some e; > 1, if and only if it divides the discriminant
of Q[(n] [15, Thm. 4.8.8]. The discriminant of a prime-power cyclotomic field of
order ¢¥ is given by £¢7" ' (4=D)m=1) i o a power of ¢ [37, Prop. 2.1]. Thus, on the
one hand, ¢ ramifies completely in Z[(,] and (q) = <1 — qu>¢(m) [37, Lem. 1.4,
Prop. 2.3, p.15]. On the other hand, for all p # ¢ we have e = 1 and obtain
w(m) = fg. For any prime p € Z that does not divide m, let f be the smallest
positive integer s.t. pf = 1 mod m. Then p splits into g = ¢(m)/f distinct prime
ideals in R [37, Thm. 2.13]. Note that this implies p/ > m. Combining these
results, we obtain:

Proposition 5. Let R = Z[(,,] with m = p¥ a prime power. Then there exists
no ideal of norm < m in R except for the ideals above p, i.e. powers of (1 — ().
The proper ideal of smallest norm is (1 — () of norm N({1 — () = p.

Remark 1. The bound in Proposition 5 is tight. For example, in Z[(256], the ideal
(257, {as6 + 3) is of norm m + 1 not above 2. There are, however, Z[(,,] where no
ideal of norm m + 1 exists. For example, no such ideal exists in Z[(1924]: the ideal
with smallest norm not above 2 has norm 12289 (found by brute force search).

2.4 Proof of Knowledge

Let R(stmt,wit) be a binary relation. The language L associated to the relation
R is a set L := {stmt : 3 wit s.t. R(stmt,wit) = 1}.

Definition 2 (Proof Systems). A proof system II is an interactive protocol
(P (stmt, wit), V(stmt)) between a PPT prover P and a PPT wverifier V, both input a
statement stmt. The prover P additionally inputs a witness wit. Upon termination
the verifier V should decide to accept or reject stmt by outputing a bit b, while the
prover P outputs nothing. For convenience we write b < (P(stmt, wit), V(stmt)).

A wide class of proof systems, including the so-called sigma protocols, conform
to the following pattern.

Definition 3 (Challenges, Moves, Public Coin). A proof system II is said
to be f-challenge, (2g + 1)-move, and public-coin with challenge sets S; ; for
i € [f] and j € [g], if the protocol (P, V) conforms to the following pattern:

— 29 + 1-Mowe: There are in total 2g + 1 messages being communicated, where
P sends the first, V sends the second, P sends the third, and so on. The
prover P sends the last, i.e. (29 + 1)-th message and after which the verifier
V outputs a bit b.



— f-Challenge and Public-Coin: For j € [g], the j-th message sent by V is a
tuple (ci j)ie[s) where c; j <$S;; for all i € [f].

A proof system II should satisfy completeness and knowledge soundness. We
omit the zero-knowledge property as it is not needed for our purpose.

Definition 4 (e-Completeness). IT is e-complete relative to L if
Pr[(P(stmt, wit), V(stmt))] > €
whenever stmt € L and R(stmt,wit) = 1. If e = 1, II is perfectly complete.

Definition 5 (k-Knowledge Soundness). Let £ be a PPT knowledge extractor.
T is said to have k-knowledge soundness relative to (€, L"), if for any stmt and for
any (unbounded) adversary A such that (A, V(stmt)) = 1 with probability p > &
(over the randomness of A and V), EA outputs wit such that R'(stmt,wit) = 1
with probability at least p — k, where R’ is the relation associated to L'.

If the above holds, we call IT a proof of knowledge, k the knowledge error of
11, € an extractor for L'. If k = 0 we say II has perfect knowledge soundness. If
the above only holds for PPT adversaries A, we say that Il has computational
k-knowledge soundness. I is then called an argument of knowledge by convention.

We remark that a proof system II could be complete relative to L while
having knowledge soundness relative to L', where L C L’ are not necessarily
equal. In this case we say that IT is a proof system for the languages (L, L’). This
is common in lattice-based proof systems where the knowledge extractor is only
able to extract a relaxed witness of the statement being proven.

3 Subtractive Sets over Cyclotomic Rings

As the central tool for our results, we construct (generalised) substractive sets
over cyclotomic rings. Let S := {co,...,cn—1} S, R. Borrowing the terminology
from [32,34], we say that S is subtractive if ¢; — ¢; is invertible over R for any
distinct 4 and j. Since (the products of) ¢; — ¢; might be not quite invertible, but
divide some element s € R, we generalise the notion of subtractiveness as follows.

Definition 6 ((s,t)-Subtractive Sets®). Fors € R and1 <t <n €N, we
say that S C,, R is (s,t)-subtractive if for any T = {cq,...,ct—1} C¢ S, and for

all i € Zy, it holds that s € <HjeZ,,\{i}(Ci - cj)>. The element s is called the

slack of S. If S is (1,n)-subtractive, meaning that c; — ¢; is invertible in R for
any distinct 1,5 € Z,,, we simply say that S is subtractive.
The expansion factor Wgs’t) of S (as an (s,t)-subtractive set) is defined as

,yés,t) = maxrc,s,iez, ||/ [ ez iy (¢ — cj)H where the mazimum is over all

t-subsets T C; S and all i € Z4.

8 Special cases of (s, t)-substractive sets are studied in the literature under different
names. For example, (1,2)-subtractive sets are called exceptional sets [16,21] and
sequences [1], while (s, 2)-subtractive sets are called s-exceptional sets [2]. We choose
the name “subtractive” since it appears to be the earliest [32] and the most informative.



The above definition of (s,t)-subtractive sets is motivated by the prob-
lem of solving (dual) Vandermonde systems of linear equations of the form

Vr-z=s-w (1) and Viiz=s-w (2

respectively in the variable z where Vr is the Vandermonde matrix

1 ¢g - 06_1
1 cp - 0371
Ve=f. . . (3)

defined by the elements in T' = {co,...,c;—1} and t € R? is some vector over R.
If S is (s,t)-subtractive, then for any T' C; S, Equations (1) and (2) each admits
a solution z over R.

Since fully expanded formulae for the solutions to Equations (1) and (2)
(instead of, e.g. those in terms of determinants or matrix inverses) do not seem
to be widely available in the literature, we give them explicitly.

Proposition 6. Fiz T = {co,...,c;—1}. Let V be the Vandermonde matriz
for T, i.e. (VT)i,j =c] fori,j € L. Fori € Z, let T, =T\ {¢;} and (7;) =
ZJngi [I.csc €R, the latter denoting the sum of products of j elements in T;
where the sum is over all possible j-subsets of T;. Further, let d; = HjeZt\{i}(ci -
¢;j) €R and w = (wo, ..., we—1).

Then, the solution to Vp -z =s-w is given by z = (29, ...,2—1) where
, T
L 1 t—i—1 S J N
& Z( ) d\t—i—1)"
JEL:
The solution to V.- z = s-w is given by z = (2, ...,2—1) where
, T
- _qytit s i N
a=2 0T )
JELy

Furthermore, if S is (s,t)-subtractive then for any T C; S, we have s/d; and
s/d; € R for alli,j € Zy, and therefore z; € R for all i € Z;.

In the context of cryptography, problems in the form Vp .-z = s - w arise
naturally, e.g. when recovering secrets shared using Shamir secret sharing. On
the other hand, problems in the form VI .z = s-w arise, e.g. when constructing
knowledge extractors for Schnorr-like proof systems.

We first prove a simple property that, if S is (s, t)-subtractive, then it is also
(s,t — 1)-subtractive.

Proposition 7. If S is (s, t)-subtractive, then S is (s,t')-subtractive for t' < t.



Proof. Fix any t' € {2,...,t} and any T = {co,...,cv—1} Cp S. Let T be
such that 7" Cp T C; S. Write T = {co,...,¢t'—1,...,¢t—1}. Since S is (s, t)-

subtractive, it holds that s € <HjeZt\{i}(ci - cj)> for all j € Z;. However, for all
i € Zy, it holds that <Hjezt\{i}(c,» - Cj)> C <Hjez,,\{i}(ci - Cj)>. We therefore
have s € <HjEZt/\{i}(Ci - cj)> which means S is (s,t)-subtractive. O

To prepare for our impossibility results, we generalise the notion of subtractive
sets to weak subtractive sets which permit arbitrary ring operations on differences.

Definition 7 (Weak (s,t)-Subtractive Sets). Fors€ R and1 <t <n €N,
S C, R is weakly (s,t)-subtractive if for any T C; S, it holds that s € (T —T).

Since subtractive sets are defined by products of differences, they are weakly
(s,2)-subtractive.

Proposition 8. If S is (s,t)-subtractive, then S is weakly (s, 2)-subtractive.

Proof. Fix any T = {cg,...,ct—1} Ct S. Since S is (s, t)-subtractive,

S€<(C()Cl)' H (Cocj)> € <60761>. O

J€Z,\{0,1}
The following proposition is immediate by realising that for any 77 D T we
have (T" —T"Y D (T - T).
Proposition 9. If S C,, R is weakly (s,t) subtractive then S is weakly (s,t)
subtractive for any t <t <n.

Remark 2. Note that ¢ behaves differently between (s,t)-subtractive sets and
weakly (s, t)-subtractive sets. On the one hand, S being (s, t)-subtractive implies
S being (s,t')-subtractive for smaller t'. On the other hand, S being weakly
(s,t)-subtractive implies S being weakly (s,t’')-subtractive for larger ¢'.

3.1 Power-of-2 Cyclotomic Rings

Power-of-2 cyclotomic rings R = Z|[(,,], where m = 2¢ for some ¢ € N, are popular
among lattice-based constructions due to implementation convenience such as fast
multiplication via a number theoretic transform (NTT). We construct families of
(s, t)-subtractive sets over R with different tradeoffs between n, ¢, and s.

Theorem 1. Let R = Z[(,,] with m = 2° > 4. Then for i =0,...,L, the set
Si = {07 17 Cv ety C2i71} gn7 R

is (si.0,t)-subtractive for any s;4 € (1 — ¢)E1=/2 phere ny =20 4 1,
Let j; be the smallest such that [logt] < 27¢. If i + j, < £, then we can pick
sir=1-— ¢ such that ’qujmp) =1 and 75;?’3’3) < p(m) foralli=0,...,¢.

_em/
Empirically, for 4 < m < 2048, we have ’ygi) =m/8 and ’y;j 3 m/16.



Proof. 1t i = 0, then S; = {0, 1} is subtractive. In the following we assume i € [{].

For k € Z, let Ev(k) be the even part of k, i.e. the largest power of 2 which
divides k. It suffices to consider the case 0 ¢ T' C; S;, since in the case where
0 € T, the difference between any other element in 7" and 0 is a unit. To handle
both cases together, let 7" =T\ {0} so that ¢/ = |T'| =t if0¢ T and ¢’ =t — 1
otherwise. In any case, we have ¢/ < 2% and ¢ < t. Write T’ = {Cjo, NI }
We consider the ideal

< H (CjO_Cjk)> — < H (1_<jo—jk)>
kez,\{0} ke€Z, \{0}
< H (1-— CEV(jojk))> (4)

kez,\{0}

H (1- C>Ev(j0*jk) (5)

kez, \{0}

(1 — ¢ Zoremin B0

For Equality (4) we use that if k = ef with e a power of 2 and f odd, then 1 — ¢/
and 1 — ¢® are divisible by each other in R. First, note that (1 — ¢¢f)/(1 —¢¢) =
14-¢¢4---4+¢¢U =1, Second, since ged(f,m) = 1,let g = f~' mod m and observe
(1) /(1C2F) = (1=C99) /(1= ) = 14¢+ 4+ C18=D For Bquality (5
weuse 1 — (2= —(1-C)%+21-¢),2¢€ <(1 - <)2>, and 2 € (1—¢2).

Note that since 0 < jo, jir. < 2¢, we have Ev(jo — jx) < 2¢~1. Furthermore,
for any fixed jo, there is at most one jx such that Ev(jo — jx) = 2¢7!. Beside
such k, there are then at most 2 = 2! other j;’s such that Ev(jo — jz) = 2¢72.
Beside these k’s, there are at most 4 = 2% other j;,’s such that Ev(jo — ji) = 2¢73.
Continue this way, we have

Z Ev(jo—jx) <1-207142.2072 4. 427 L. 9072 L (¢ _97). 2071
keZ,\{0}
<1- 2i_1 +2- 2i_2 4+ -4 27—_1 . Qi_T_Q + 27 . Qi—T—l
= (r+1)-2"7" < [log#'12"" < [logt]2""

where 7 is the maximum non-negative integer such that 142444 -+2771 < /-2
or equivalently 27 < ¢/ < 271, Note that 27 < ¢/ < 2¢ and hence 7 < i. Therefore
i—7—1>0and hence 20-7-1 > 1.

Since Y- 4cz 1 oy EV(jo — jk) < [logt]2'~!, we have

<1—<>“0g”2""1c<1—<>Zkezm{0}E““°‘j’“’=< 11 <<j°—<jk>>

kGZt/\{O}



for all k € Zy . Therefore, for any s;; € (1 — () [log#2"~*

it € < H (¢lo — Cjk)>

keZ,\{0}

, we have

for all k € Zy. Thus S; is (s;,, t)-subtractive.
Let j; be the smallest such that [logt] < 27¢. Let s;;, = 1— ¢2°" where Cit =
i+j: — 1. Suppose i +j; < £, then [log#]2¢~! < 2171 < 26=1 — 43 /2. Therefore
it i—1 i—1
(sig) =(1—O)*"" (1= ¢)M8"% and hence s;, € (1 — )82

We now establish 'ygj’t) as claimed above, starting with ¢ = 2. Hence, we have

Je = [log[logt]] =0, s;2 =1— Czi_l and

1 . C2i71
1—

1— <_2i—1

- =

i,2,2
és'2 ) = max

i ,BE€Ly; ,BELy;

5,2
—* || = max = max
Ca - Cﬁ @,B€Ly;
where 2" = Ev(f—a) with n € Z;, p is the odd part of f—« satisfying 8—a = 2",
and the last equality can be derived through a routine calculation.
For t = 3, hence j; = [log[logt]] = 1 and s;2 = 1 — (%', we have

A8 ax i ‘
ST aihE| =i =0
1— Czl 1— C2171 14 C2171
= max = max .
o,B,7€Z; (1 - C'B—O‘)(l — C"/_O‘) a,B,7€Z: || 1 — CB_O‘ 1—-(r«
2
1 ’2
<R (vés ? )) =y = p(m).
The empirical results are verified by direct computation. a

We highlight some notable settings of (s,t¢) in Theorem 1. The case t = 2
is useful for constructing knowledge extractors of Schnorr-like proof systems.
In this setting, Sy Cinr1 R chosen in prior works [6] is (2, 2)-subtractive, while
Se—1 Cpmjat1 is (1 — (™%, 2)-subtractive. Note that although ||1 — ¢™/4|| = 1,
multiplying (1 — ¢cm/ 4) to an element f € R results in an element of length
(1= ¢™4) f|| < 2||f] if we consider the infinity norm as prior works did [11],
and hence S;_1 appears to be not better than Sy in terms of slack. However, for
the Euclidean norm |-, we have [|(1 - ¢™/)f|, < v2I£ll, < 21fll, = [12f1l.

The case t = 3 is useful for lattice Bulletproofs, as we will see in Section 4.1.
Bootle et al. [11] chose Sy \ {0} C,, R as the challenge set for their instantiation
of lattice Bulletproof, and essentially proved that S, \ {0} is (8, 3)-subtractive.
The above tighter analysis shows that Sy is in fact (4, 3)-subtractive. Similar
to the ¢ = 2 case, we notice that S;_1 C,,/241 R is (2,3)-subtractive and
Se—2 Spjap1 Ris (1 — ¢™/4,3)-subtractive. As discussed in the ¢ = 2 case, the
slack 1 — ¢™/* is better than 2 if we consider the Euclidean norm.



For general n; and t useful in t-out-of-n; secret sharing, assuming m = 2¢ is
(polynomially) large enough so that ¢ > i + t;, then ||s; || = 1, which is more
manageable than the (n!,t)-subtractive set Z,, chosen by Boneh et al. [8].

We observe that among all sets .S; constructed in Theorem 1, only Sy Co R
is subtractive, while the others are (s;,, t)-subtractive for some s;; # 1. As we
will see in Section 3.3, this is not a shortcoming of the construction but rather
a fundamental limit in power-of-2 cyclotomic rings. Indeed, in Proposition 12
and Lemma 2 we show that over power-of-2 cyclotomic rings no subtractive set
of size greater than 2 exists.

We finish this section with a technical proposition, giving a bound for ||¢;z;||
that is tighter than the generic bound 2 - vg 722 3,

Proposition 10. Let S = Sp_q, (s,t) = (2,3), {co,c1,c2} Ct S and z; as defined
in Proposition 6, then ||c; - z;|| < w(m). Empirically, for all 8 < m = 2° < 512
we have max(||c; - z]|) = p(m) — 2.

Proof. We write co = (%, ¢ = (7, ¢co = ¢*. Wlog, we consider
—scco-(ate) 2.+ 2-¢T (TR
(co—c1) (co—ca) (C"=CT)-(¢F—=¢F) (¢TI —1)-(CF—1)

Multiplying by ¢~/ does not change the norm so we can consider

Co- 20 =

ot = ||
Cz Jj— (Cz k _ )
. 2 2
20l = [[(¢F7F +1) . — - <92. .((22)).
2ol = (@ 40 = e £200me (06
Since ||¢cg - zoll = |lg]l = 112 9]|/2, we obtain ||cg - z0|| < ¢(m). The empirical results
are verified by direct computation. ad

3.2 Prime-Power Cyclotomic Rings

We turn to prime-power cyclotomic rings R = Z|[(,,] where m is a power of
a prime p. Although we are interested mostly in the case p > 2, the following
results also hold for p = 2. To construct subtractive sets over prime-power
cyclotomic rings, we recall the well-known fact that puy == (¢¥ —1)/(¢ — 1) is
invertible over R when ged(k,p) = ged(k,m) = 1. Indeed its inverse is given
by v = ZieZh ¢k modm where h = k~! mod m. Our subtractive set of size
over prime-power cyclotomic rings of order consist precisely of these invertible
elements with an additional zero.

Theorem 2 (Prime-Power). Let R = Z[(;,] with m = p* for some prime p.
Then the set

S = {/1’07 cee aﬂp—l} gp R
is subtractive, where pu; = (¢* — 1)/(( — 1) fori € Z,. Furthermore, 'y(l 2 =1,

721,3) < dp(m) and 4 (t—1)-p(m)"? for3 < t < p. Empirically, 'yé w(m)/2
for all primes 3 < m < 277.



Proof. For any 0 < i < j < p, it holds that?

i . j-1 i—1 o '
Mj_,ui:Ci 1_C7 1:ch_zck:Cz_~_<z+1+.___~_gg—1
(-1 ¢-1 = k=0
=G T =

which is a unit in R since j — i € Zj. Consequently ji; — pj = (=1) - (5 — pi) is
also a unit in R. Therefore S is subtractive.
We next upper bound 'yg’t). In the case t = 2, we have

1
Mg — Hi
where the inequality is due to Proposition 4.

For2 <t<p let T = {,uio, . 7;%71} C; S. We examine the norm of r—!
where 1 = Hje[tfl] (#iy — pi;)- By the above analysis, we know that ju;, — p;;
equals some power of ¢ multiplied by fi;,—;,. Therefore r can be written as r =
¢Toujy - pj,, for some jo € Z and j1,. .., ji—1 € Zy. Note that multiplication
by (% increases the norm at most by a factor of two. Let v; = ,u;l for j €
{j1,.-.,ji—1}. Then v; = Zi:ol ¢ medm where k = j7! mod m. By Lemma 1,
we have ||lv;|| <1 for all j € Z;. Summarising the above, we can upper bound

'yg’t) as

(1,2)

vg ™~ = max <1

Hj—i

1t t—2
'YA(S‘ ) < QVR,HHVJ&H s Hyjt—IH <4 (t - 1) : @(m)
where in the second inquality we used Proposition 2. When ¢t = 3, we can use
Yr.2 < 2¢(m). The empirical results are verified by direct computation. a

Remark 3. Theorem 2 can be generalised to give a size ¢(rad(m))+ 1 subtractive
set over the cyclotomic ring of any order m with prime-power factorisation
m = [],p", where the radical rad(m) = [[, pi of m is the product of distinct
prime divisors of m, by viewing the m-th cyclotomic ring as a tensor product of
the pfi—th cyclotomic rings.

Proposition 11. Let S be as defined in Theorem 2, (s,t) = (1,3), {co,c1,c2} Cy
S and z; as defined in Proposition 6, c; - z; = (7 - a for some a with ||a| < 4¢(m)

and thus ||¢; - z|| < 8p(m). Empirically, for all prime 3 < m < 229 we have
max([lc; - zl|) = ¢ (m) — 1.

Proof. We write co = (¢' = 1)/(C—1),c1 = (¢ =1)/(( = 1), 2 = (¥ = 1)/(C - 1).
Wlog, we consider

—s-c(ate) (¢ =1 (F+¢F-2)
(co—c1)-(co—c2)  ((¢"=¢)- (¢ = ¢F))

e [G-1 - det ke
=—¢7" <i7j71'<i7k71+<i7j71'Czek;fl

Co 20 =

9 We adopt the convention that the empty sum is 0.



Multiplication by —¢~7~* at most doubles the norm (Proposition 1) and we have
[[(¢"=1)/(¢7 = 1)|| = 1 for j # 0 (Proposition 4). Thus, |[co - zol| < 4-yr <
8p(m). The empirical results are verified by direct computation. a

3.3 Impossibility of Large Subtractive Sets

In this section we prove two flavours of impossibility results concerning subtractive
sets. The first kind of results state that if S is an (s, t)-subtractive set of sufficient
size, then s belongs to the ideal (1 — ) for some e lower bounded from 0. The
second kind of results state that if R contains an ideal of small algebraic norm,
then either S cannot be too large, or S is weakly (s, t)-subtractive with s belonging
to that ideal. The key observation in all our proofs is that if we consider N(Z) + 1
elements ¢; € R then there must be two elements, say, ¢;,c; s.t. ¢; = c¢; mod Z
and thus ¢; —¢; € 7.
We first prove that S C,, R cannot be (s, t)-subtractive unless

scT = <1 B C>min{]’n/p'|,t}71.

The size of Z in a sense shrinks when ¢ and n grow, since |R/Z| = p™in{in/plt}=1,
The result thus rules out all S that are too “large” relative to s, in the sense that
7 becomes so “small” that the choice of s € 7 is highly restrictive.

Proposition 12. Let R be a prime-power cyclotomic ring of order m a power
of p, and n > p. If S C,, R is (s, t)-subtractive, then s € (1 — () where

e > min{[n/p],t} —1> 0.

Proof. Proposition 5 shows that N ({1 — ¢)) = |R/{(1 — {)| = p. The ideal (1 — ()
therefore partitions R into p cosets. Let n = Zkezp ny such that ng elements in

S belong to the k-th coset. Let n := maxyez, n, > [n/p] be attained when k = k.
Let T = {co,...,ct—1} C¢ S be such that T contains min{n,t} > min{[n/p|,t} >
0 elements in the k-th coset. Let j be such that v; belongs to the k-th coset.
The product r = HieZt\{j}(Ci — ¢;) has a factor 1 — ¢ with multiplicity at least

min{[n/p|,t}—1. Since S is (s, t)-subtractive, s has a factor 1—¢ with multiplicity
at least min{[n/p],t} — 1. In other words, s € (1 — C>mm{[n/p1,t}_1. 0

Remark 4. An interesting observation is that, when m = 2 hence ( = —1 and
R = Z, the above lower bound implies that an (s,t)-subtractive set S C,, Z
for t > [n/2] must have |s| > 2["/21=1 = 29(") On the other hand, the trivial
choice of S = Z,, (chosen by, e.g. Boneh et al. [8] for higher m) has a slack of
n! = 20(m12n) which almost reaches the lower bound. When m is a higher power
of 2, there are however much better choices of S, such as the ones constructed in
Theorem 1 rather than S = Z,,.

Through a more careful analysis, we can prove a strengthened lower bound.



Lemma 2. Let R be a prime-power cyclotomic ring of order m a power of p. Let
n > p’ for some £ € N. If S C,, R is (s,t)-subtractive, then s € (1 — ()¢ where

14
e > Zmin{ {n/pl] —1,t— 1} > 0.

Proof. Let P = (1 — (). Recall from Proposition 5 that N(B) = |R/PB| = p.
Since |S| = n > p’, by the pigeonhole principle there exists S; C rn/p] S such that
all elements of S7 belong to the same equivalence class €; modulo 3. Similarly,
there exists So Cpy,/p27 S1 such that all elements of S belong to the same
equivalence class €3 modulo 2. Continue analogously, for j € [¢], there exists
Sj Crnypi1 Sj—1 such that all elements of S; belong to the same equivalence class
¢; modulo P’.

Consider a binary matrix H of ¢ rows and n columns, where the first (n /P’ ]
columns are labeled by the elements of S; for j € [¢]. The remaining columns
are labeled by the elements of S\ Sy. The (4, v)-th entry is 1 if v belongs to the
equivalence class @; modulo 7, i.e. the first (n/ pq entries of row ¢ are 1.

Pick T'C; S such that Sy C ... C S, CT C Sip_1 C S for some k € [¢], where
So := 5. Note that T labels the first ¢ columns of H.

Let v* € S; C T be the element that labels the first column of H, and
T =T\ {v*} labels the second to the t-th column. Consider the product r =
[T,e7(v—2*). Note that for v € T, if v belongs to the equivalence class €; modulo
B¢, then (v —v*) contributes a factor (1 — ¢)" of 7. The multiplicity of the factor
(1 —¢) of r is at least the number of 1’s in the first ¢ columns of H minus that of
the first column. By collecting the columns of interest, let H; be the submatrix
of H formed by the second to the t-th column. Observe that the i-th row of H,
contains min{ [n/pq , t} — 1 many 1’s. Therefore the number of 1’s in H; is given

by Zle min{ [n/pﬂ —l,t—l}. O
Concretely, for power-of-2 cyclotomic rings we obtain:

Corollary 1. Let R be a power-of-2 cyclotomic ring of order m > 8 and n >
o(m). If S C,, R is (s, 3)-subtractive, then s € (1 — () where e > 2logym — 3.

Proof. Let m = 272 for some ¢ € N. Then n > p(m) = 2+, By Lemma 2 we
have e+ ¢ > Zle min{[n/2%],3}. Note that since n > 2¢*1 we have n/2~1 >4
and hence n/2! > 3 fori = 1,...,/ — 1. When i = ¢, we have n/2€ > 2 and
therefore min{ (n/Zq , 3} > 2. Therefore e+ ¢ > 3({ —1)+2 = 3(— 1, or in other
words e > 2¢ — 1 = 2log, m — 3. O

Next, we upper bound the size n of weakly (s, t)-subtractive sets.

Lemma 3. Let Z C R be an ideal of norm N(ZI). There exists no weakly (s,t)-
subtractive set of size (t —1)- N(Z)+1 for s ¢ T.

Proof. Assume S is such a weakly (s, t) subtractive set of size (¢t — 1) - N(Z) + 1.
There are N(Z) cosets of Z. Sort the elements of S into buckets depending on



which coset of mod Z they land in. By the pigeonhole principle, there must exist
at least one bucket containing ¢ elements. Let 7' = {c;};., be a such a set of
challenges of size ¢ s.t. all ¢; = ¢; mod T for i,j € Z; & ¢; — ¢; € Z. Thus,
(T'-T)yCZandseZ. O

Finally, deploying Proposition 12 and Lemmas 2 and 3 we arrive at our central
impossibility results for power-of-two cyclotomic rings and prime cyclotomic rings.

First, since (2, t)-subtractive sets are weakly (2, 2)-subtractive and there are
power-of-two cyclotomic rings that contain an ideal of norm m + 1, we arrive at
the theorem below. We state the result for s = 2 as opposed to, say, s =1 — ( as
the former is more general than the latter: the existence (1 — ¢, t)-subtractive
sets implies the existence of (2, t)-subtractive sets.

Theorem 3. There is no family of (2,t)-subtractive sets of sizen >m+ 1 in
the power of two cyclotomic ring Z[(n] where m = 2¢ for some £ € N.

Putting Theorems 1 and 3 together, we see that our (2, 3)-subtractive set
construction achieves size m/2+1 compared to the limit of m~+1. This construction
is thus within a factor of 2 of being optimal. However, we note that Theorem 3
does not rule out the existence of (2,t)-subtractive sets of size n > m + 1 for
specific choices of m, e.g. m = 219 = 1024 is a good candidate, cf. Remark 1.

Second, since (1, t)-subtractive sets are weakly (1, 2)-subtractive and prime-
power cyclotomic rings contain an ideal of norm p, Lemma 3 rules out larger
subtractive sets. An alternative route to the same statement is by noting that
e > 1 in Proposition 12 and that 1 ¢ (1 — (). Therefore the subtractive sets for
prime-power cyclotomic rings in Theorem 2 are in a sense optimal. On the flip
side it means that over a power-of-2 cyclotomic ring the only subtractive sets are
of size 2, such as S = {0,1}.

Theorem 4. There is no subtractive set of size n > p in any prime-power
cyclotomic ring Z[Cye] for any prime p € N and any £ € N.

Finally, Lemma 3 rules out many natural algebraic strategies of constructing
knowledge extractors for Schnorr-like proof systems that go beyond some gener-
alised form of matrix inversion. For example, an algebraic extractor could attempt
to compute s by running an extended Euclidean algorithm on pairs ¢g — ¢y, c3 — c3,
i.e. attempt to find (small) ro, 71 s.t. s =rg-(co—c1) +r1 - (c2 —c3), cf. [22,35,33)
for the application of the Euclidean algorithm for finding small elements of this
form in number rings. By Lemma 3 such extensions do not significantly improve
the bounds. We will make use of this implicitly in Section 4 below.

4 Proof of Knowledge of Lattice Statements

In this section we give positive and negative results on using subtractive sets over
cyclotomic rings to construct proof systems for lattice statements of the form

Leg:={(A)y) € RZXk X RZ (Ix e RF s.t. Ax = sy A||x|| < B}



II,.(P((A,y),x)|V(A,y)) where (A,y) € RI*F* x Rl x € R*, 1 € Ziogk

h
1:= A1X0, r:= Aopx; l,I‘ER C<—$So,d<*$sl

ceER,deR A = (cAo +dA))

S krt1 -
X := dxg + cx1 XeR A-x

Moz - (P((A,y),x)[V(A,y)) where (A,y) € R x RI, x € R, r = logk

X ER Ax;y

?
%l < Yogk

Fig. 1. Lattice Bulletproof protocol II,. for round r € {0, ...,logk} generalised from [11].

4.1 Generalised Lattice Bulletproof

Let k be a power of 2, k,. :== k/2" and ~,. > 0 forr € {0,...,logk},and Sy, S1 C R.
In Figure 1 we write down a slight generalisation of the lattice Bulletproof protocol
in [11], who considered h = 1, R being a power-of-2 cyclotomic ring, and S; = {1}.
Given a matrix A € R"**7 we can parse it as A = (Ag, A;) with A; € R kr+1,
Similarly, given a vector x € R¥" we can parse it as x = (x¢,X;) with x; € RFr+1,

Lemma 4. Suppose that ||c|| <1 forallc € Sy and ||d|| <1 foralld € Sy (which
is the case for S constructed in Theorems 1 and 2). Let v, = 2" - qg .19+ 3 for
T € Ziogk 0Nd Viogk = Viogk—1 = kYR logk+1 5. In Iy, if the prover’s input x(
satisfies ||x|| < B, then the verifier accepts with certainty. For r € [logk], if for
all v' € [r], the prover’s input x(™) s equal to the prover’s second message sent
in an honest execution of II,.._1, then the verifier in Il accepts with certainty.
Consequently, the recursive composition of Iy, ..., ek yields a proof system
1T which is perfectly complete relative to Ly g.

In case R = Z[(ye], So is constructed from Theorem 1, and Sy = {1}, then
we can set v, = 2"t . B and Yogk = k- B instead.

Proof. For all r € Zyog 1, suppose that A -x =y, then

(CAQ+dA1)-Z: (CA0+dA1)-(dXO+CX1)
:d2A1‘X0+C'd'(A0‘X0+A1'X1)+02A0'X1
=d®1+cdy+c?r.



In Iy, if ||x|| < B, then observe that ||dxg + ¢x1]| < 2y 8. Fix r € [log k.
Since for all ' € [r], the prover’s input x(™) is equal to the prover’s second
message sent in an honest execution of IT,»_1, we have that the prover’s input
x(") is equal to a sum of 2" terms, each term being a product of r challenges
and a subvector of x(9). If = log k, then the input x(°8%) is sent directly to the
verifier, which has norm upper bounded by k - Vg 1ogk+1 - B = Viog k- If 7 < logk,
then the prover’s second message in I, is a sum of 2"+! terms, each term being
a product of r + 1 challenges and a subvector of x(°). The norm of this message
is thus upper bounded by 2"+ -y .19 B = 7,.

The strengthened claim regarding power-of-2 cyclotomic rings follows from
realising that each element in Sy is either zero or a power of ¢, and that multipli-
cation by ¢ does not increase norm. O

Theorem 5. Let R be a prime-power cyclotomic ring of order m being a power
of a prime p. Let Sy C,, R be an (s,3)-subtractive set of size n = poly(\) and
S1 ={1}. Forr € {0,...,logk}, let v, be defined as in Lemma 4. Suppose that
So is constructed from Theorem 1 or Theorem 2, then Il og 1 has perfect knowledge
soundness relative to Lsﬂfogk’ and I, has 2(TTH)—knowledge soundness relative

to Ly for 1 € Znogr, where Yoy = Vg p—1, and

o = 24-po(m) -vyr v p>2
T3 em) -y p=2

Proof. For r =logk, there exists a trivial (log k)-th extractor €iog 1 which simply
outputs the prover’s message. If a prover A successfully convinces the verifier V,
then the prover’s message is exactly the witness.

For r € Ziogk, let A be a prover who successfully convinces the verifier V in
II, to accept a statement (A,y) with probability p > 2(r + 1)/n. Consider a
binary matrix H with rows indexed by the random coins x of A, columns indexed
by ¢ € Sp, and the (x, ¢)-th entry is (A(x), V(stmt; c)), i.e. whether V accepts of
rejects when A runs on the randomness y and V chooses ¢ € Sy as the challenge.
By our assumption on A, a p-fraction of the entries of H are 1. Adopting the
terminologies in [17], a row of H is semi-heavy if it contains at least three 1’s.
Since p > 2(r +1)/n > 2/n, write p = (2 + §)/n for some & > 2r. Suppose there
are in total R rows in H, so that pRn = (2 + 0)R entries are 1. At most 2R of
them can be located in non-semi-heavy rows, while at least 0 R of them are in
semi-heavy rows. Therefore the fraction of 1’s in semi-heavy rows among all 1’s
is at least 6/(2 + 9).

With the above observation, we construct the r-th knowledge extractor £ = &,
as follows. £ runs (A(x), V(stmt; cg)) for some uniformly chosen y and ¢y <3 Sp.
If (A(x), V(stmt; o)) = 0, £ aborts. Otherwise, we have (A(x), V(stmt;cg)) = 1,
which happens with probability p. Then, £ runs (A(x),V(stmt;c)) for all ¢ €
So \ {co}. Note that this can be done in polynomial time since n = poly()). By
the above observation about semi-heavy rows, since the (x, ¢o)-th entry of H is 1,
with probability at least 6/(2+6), the row in H indexed by Y is a semi-heavy row,
and in this case there are at least 2 more 1’s in this row. Denote the indices of two



of these entries by (x, c1) and (x, ¢2) respectivly. To summarise, with probability
p0/(2468) =48/n > 2r/n >0, we have (A(x), V(stmt;c)) = 1 for ¢ € {cp, c1, 2}

Suppose the above event happens, £ reads from the communication transcripts
the responses x; which satisfy

(iAo + A1) % =1+ ¢y +cirand %] <

for all ¢ € Zz. In matrix form, we can write

[ CoXo c1Xy caXa | T
A < Xp X1 X2 > =(lyx) Vicorer ca}

Let w = (0,1,0) € R3. By Proposition 6, the solution z = (2, 21, 22) to the
equation VI -Z = s-W is given by

{co,c1,c2}
S
WTg 2 o
JEZL\{i}

for 1 € Zs3. Define x = (Z?:o ci % - Xi, Z?:o zi - X;). We have

coXp C1X1 C2X2

. = . . = . T . = .
A-x=A (5(0 % 5(2) zf(lyr) V{Co,clm} Z=5"Y.

Furthermore, we notice that x is a sum of 3 terms, each being a product of

¢iz; and X;. Using Propositions 10 and 11 we have ||¢;z;|| < ¢(m) and 8p(m)
respectively, and X; of norm at most ~,. The norm ||x|| therefore satisfies

24-p(m)-yr -y p>2

[ < T =

3-o(m)-yr-Ww p=2

Our r-th extractor £ therefore outputs x as a witness of (A,y) € L,/ with
probability at least §/n > 2r/n. 0

4.2 On the Knowledge Soundness of Recursive Composition

Knowledge error is at least £2(log k/n). In their original analysis, Bootle et al. [11]
optimistically claimed without proof that the protocol II obtained from the
recursive composition of Iy, ..., ITiog  has knowledge error O(1/n). We disprove
this by constructing a cheating prover who can convince the verifier in I, with
probability at least 1/n for any statement (A,y). Consequently we obtain a
cheating prover who can convince the verifier in II with probability at least
1—(1—1/n)'%% > 98k — (1/n) assuming n > log k = w(1).

Our cheating prover A, for II, is essentially a “zero-knowledge simulator”
which does the following. Guess the challenge to be sent by the verifier as ¢*
uniformly at random. Sample an arbitrary vector X € R¥+! of norm at most
. Compute (A, ¥) as an honest prover would. Pick an arbitrary vector r € R".

Compute 1 = AX—cy—c?r. Send (1,r) as the first message and receive a challenge



c. If ¢ # ¢* then abort. Otherwise send X as the second message. Clearly A,
succeeds whenever ¢ = ¢*, which happens with probability at least 1/n.

Now consider an adversary .4 against the verifier in I7. To cheat, it suffices for
A to cheat in at least one round r € Ziog ;. The success probability of A is then
at least 1 — (1 - 1/n)10€k 2 1 - 1+101gk/n = nflgogk = IC;gnk
assumed n > logk = w(1). In general, if IT is obtained by recursively composing
Iy, ..., 1, for some ¢ > 0, where in I, the prover simply sends the witness, then
A succeeds with probability at least £2(¢/n) which is w(1/n) if the number of
rounds /¢ is super-constant.

= w(1/n), where we

On achieving knowledge error O(log k/n). In the proof of Theorem 5, we showed
that for r € Ziog if A, is a cheating prover in I, with success probability greater
than 2(r+1)/n, then our extractor &, succeeds with probability greater than 2r/n.
This intuitively suggests that if A is a cheating prover in IT obtained by recursively
composing ITy, . .., Iiog ), With success probability greater than 2log k/n, then by
recursively running the extractors £og i, - . . , £ one should construct an extractor
& which succeeds with positive probability. In other words, the knowledge error
of II is intuitively at most 2log k/n. This does not contradict with the existence
of the attacker A with success probability 1 — (1 — 1/n)'°®* constructed above,
since by the union bound we have 1 — (1 — 1/n)" 8% < Doty 1/ = logk/n.
If the knowledge error is indeed at most 2log k/n, then repeating the protocol
A/(logn —loglog k — 1) times (instead of A/ logn times suggested in [11]) suffices
to achieve knowledge error 272,

Formalising the above intuition requires a very strong “forking lemma” which
extracts a full depth-(log k) ternary tree of accepting transcripts in expected
polynomial time when given any cheating prover for IT with success probability
greater than 2log k/n. Unfortunately, such a formalisation appears to be out of
reach with the current proof techniques. Indeed, the forking lemma in [9, Lemma
1] (and its variants) used in subsequent works (e.g. [13,14]) implies a knowledge
error of n~ /3158 The concrete analysis in [24] implies a knowledge error of
5n~ 12158 Jog k. A common problem in these analyses is that the extractor
being constructed runs the cheating prover with uniformly random challenges
every time, without insisting that the challenges in each round are distinct. This
incurs a substantial loss in extraction probability.

At the time of writing, the tightest bound that we are aware of is given in [19,

2
% for any a > (L) . The

Lemma 3.2], which implies a knowledge error of acs

a—1 n—3

g k

alo
(03

minimum of the factor <—

logk—1
a=1+ logﬁ and e is Euler’s number. Let n > 9log k. We can check that

logk
is (1 + #) /Mgﬁ < elog k attained when

2
the requirement o > (%) is fulfilled. We therefore obtain a knowledge error

of 78‘1671;)% whenever n > 9log k, which requires A/(logn — loglog k — 4) parallel

repetitions to achieve a knowledge error of 2.

10 The requirement n > 9log k is realistic. Typically, we have n ~ 1000 and log k < 100.



For a concrete feeling of the number of repetitions required, suppose we aim
for around 278 knowledge error, choose a ring R of degree p(m) ~ 1024, an
(s,3)-subtractive set of size n &~ 21°, and k = 22°, which encodes the assignment
of the internal wires an arithmetic circuit of size 23°. Then if we can achieve
the (near optimal) knowledge error of 21og k/n, only 20 repetitions are needed.!!
With the provable knowledge error of 8.16 log k/n however, we need 50 repetitions.

4.3 On the Quality of the Extracted Witness

Suppose we are able to construct an extractor by using one of the forking lemmas,
then due to the additional structural guarantee of the extracted solution, we can
obtain a tighter upper bound of the norm of the extracted solution x. Specifically,
observe that by construction x is a sum of 3'°* terms, each term being a product
of log k terms of the form c¢;z; and one more term of norm at most fyl’og -

For the prime-power case, recall that (., ), = k - YR logk+1 - . From Propo-
sition 11 we have ||¢;z;|| < 8m and a naive application would yield a factor of
(8m)'°%* in the bound of ||x||. We can obtain a slightly better bound by observ-
ing that a factor 2 in 8m is contributed by a multiplication by a power of ¢
(cf. Proposition 11). If we collect all the log k powers of ¢ and only multiply them
in one shot, then (8m)'**" can be replaced by 2 - (4m)"°2*. We therefore obtain

”XH < 3logk YR, Jog k+1 * (2 : (4m)logk> : (k * YR, log k+1 6)
2
= 3985 (2 (logh + 1) - p(m)**F) 2 (4m) k-
_ O(k?) logm+4.58) ﬁ
When when p = poly(}), we can set s = 1 and choose a modulus
qg= O(kBIOgm+4.58) . ﬂ

We remark that even with the more careful analysis, the factor 2 - (4m)l°gk is

still somewhat loose. If we instead use the empirical estimation in Proposition 11
that ||¢; - zi]| < m, we can set

q= O(HXH) _ O(k310g7n+2.58) X /B

For the power-of-2 case we recall that 'yl’og i = k- and thus

Ix]| <355 - AR tog k41 - ()2 - (k- B)
_ 3logk . (p(m)Z log k k. ,B
_ O(k2logm+0.58) . 5
Since s = 2 for the power-of-2 case, we have a total slack of k after recursive
composition. Therefore we can choose a modulus ¢ = O(k?1°8™+158) . 3 For

comparison, [11] give a bound of O(k31°8™+45) . 3 which is larger by a factor of
O(klog m+3).

"' A concurrent work [2] proves that the knowledge error of 21%6% can be achieved.



Remark 5. We may ask if another factor of log k can be shaved off the exponent by
a more careful analysis of products of the form [], <j<logk Ci; * %i;- Experimenting
with random products of this form in the power-of-2 case suggests the norm grows
as (m/ 4)2(1°g *=1) in the worst case (over the choice of ¢;; - z;;) which is comparable
to our analytical bound. The same bound is also approached from above in the
prime case as m grows. Using that these products are over randomness of the
extractor, we may also consider the average case which empirically grows as
(m/4)°8*0°ek) Baged on this data, we speculate that ¢ = O(kleem+OM) . g
is attainable.

4.4 Impossibility

A wide class of proof systems has knowledge soundness relative to (€, Ls g), where
£ is a knowledge extractor conforming to the following pattern.

Definition 8 (Algebraic Extractors). Let IT be a proof system conforming
to Definition 3 with g =1 (3-move). Let € be an extractor for Ly g. We say & is
3-move degree-d algebraic if ET conforms to the following pattern:

1. & specifies a special monomial M* € M, where M is the set of all f-variate
degree-d homogenous monomials.

2. € runs P some number of times to generate t accepting transcripts for some
t € N. In the k-th transcript, let the verifier challenges be (c; 1)

3. & finds coefficients ay, € R for k € Z; such that

€Ly "

D ar-M(er) =0 YV MeM\{M},

k€EZy

Z ay - M*(ci) = s.

kEZ,
4. If € fails to find the coefficients ay in the above step, it aborts.

We justify the definition of algebraic extractors, focusing on 3-move 2-challenge
protocols. One challenge protocols can be captured by setting Sy = {1}.

We first consider a linear-size Schnorr-like proof system which is complete for
L, g. Classically a knowledge extractor € for Ly g for some (s, 5’) is of degree
d =1 and proceeds as follows: Suppose P is a convincing prover for the statement
(A,y). The extractor £ collects from t = 2 correlated accepting transcripts
an image y and two preimages X¢ and X;, such that A - %o = ¢; 0¥ + cp,0y and
A - X1 = c11¥ + ¢o,1y. Subtracting the two equations yields A - (%9 — %1) =
(c1,0—c11) ¥ + (o0 — o) - y. The extractor £ then attempts to solve the
following system of linear equations

cioci1), (0
Z=35
0,0 Co,1 1
for z = (zp,21), and return x = 29X + 21%X;. The special monomial here is
M*({(Xo,X1)}) = Xo for some formal variables Xj.



Next we observe that in the proof of knowledge soundness of the lattice
Bulletproof protocol constructed in Section 4.1, the degree-2 knowledge extractor
solves the following system of linear equations

2 2 2
€10 €11 C1,2 0
€0,0°C1,0Co,1"C1,1Co2-Cl2|z=s|1
2 2 2
€0,0 €0,1 €02 0

for z = (2o, 21, 22). The special monomial here is M*({(Xg, X1)}) = XoX.

A degree-2d example can be obtained by modifying the lattice Bulletproof
protocol in Section 4.1, such that instead of “folding” A and x in halves when
given challenges (co, ¢1), we compute

d d
A= g b=k kA and X = E b - R xy.
k=0 k=0

Let M*({(Xo,X1)}) = X¢ - X¢ and notice that
A-xe M ({(co,e)}) -y + ({M({(co, e1)}) : M € M\ {M*}}).

Remark 6. Both Definition 8 and our results below can be generalised to g > 1.
However, we found no good candidate construction with more than three moves.
Thus, to avoid preempting future generalisations we do not formalise it here.

The next technical lemma shows that the above extraction strategy forces
s € (M*(S*) — M*(S*)) - Z~! (a fractional ideal) for some ideal Z and for S* =
{(cok,---s¢f—1,k) bez,- Here and in what follows we extend the notation of
M*(-) to sets in the natural way, e.g. M*(Xo,X1) = Xo - X1 is extended to
M*({(Xo, X1), Yo, Y1)}) = {Xo - X1, Y, - Y1 }. To illustrate the lemma, consider
the linear-size Schnorr proof with S; = {1} as an example. Here the lemma states
that s € (co,0 — co,1). Similarly, for the lattice Bulletproof the lemma states that

5 € <{Ci,o Gl — G0 Cjal}i¢j> when ({c},}, {c?’0}> =R fori,j € Zs.
Lemma 5. Letd, f,t €N, ai,c;,, € R fori € Zs and k € Zy. Fori € Zy, write
Sr={cik:ke€l}, S*= Hiezf S¥. For k € Zy, write ¢, = (Coky---,Cf-1,k) €
S*. Let M be the set of f-variate degree-d homogeneous monomials. Fiz M* € M.
For M € M\ {M*}, let M := M/ ged(M, M*). Suppose

U={(M,j): M € M\{M"},M(c;) #0,j € Z¢} # 0.

Let T = s jyev (M(€5))- If ez, ax-M(cy) = 0 for all M € M\ {M*} then

si= Y ap-M*(cx) € (M*(S*) — M*(8%))- T
kEZy

the latter being a fractional ideal in the field of fractions K of R.



Proof. For any (M, j) € U, we have a; = — ZkeZt\{j} ak%‘é’;; € K. Extending

the given notation, let M* = M*/ ged(M, M*) (dependent on M). We obtain

s = Z arM*(ci) = Z arM™(cy) + a; M*(c;)

kEZ; keZ:\{j}
= Z arM™*(ci) — Z akj\zé(cé) M*(c; )
k€Z:\{j} k€Z\{j} (c;)
= > ap (M (ck)M(c;) — M(cx)M*(cy)) /M(c)
keZ:\{j}
= Y (MM (e)) - M(eo) N (ey)) /M ()
keZ\{5}
E M(lj)<M(S*)M*(S*) ~ M(SY)M(SY))
1 \ * * * v * * *
=7 Cj)(M(S YM*(S*) — M(S*)M*(S*))
C M(Cj)<M*(S*)*M*(S*)>-
We conclude that
se N ~ (10)<M*<s*> — MH(SY)) = (M(S*) — M () - T,

(M,j)eU

We can now state the main result of this section which rules out algebraic
extractors achieving inverse polynomial soundness error and small slack. We
state our impossibility for 3-move protocols for simplicity. However, as mentioned
above, the ideas in the proof generalise to arbitrary moves. At a high level, our
proof strategy is to construct an adversary that only answers challenges such
that all accepting transcripts land in the same coset ¢ of some ideal q chosen
by the adversary, i.e. ¢ = ¢; ;, mod q. Then, e.g. for linear-size Schnorr proofs
€0,0 — €o,1 € q which implies s € q by Lemma 5.

Theorem 6. Let R be a cyclotomic ring. Let ¢ C R be a prime ideal of norm
N(q) = |R/q| = q. Let IT be an f-challenge 3-move public-coin proof system,
where S;\ {0} # 0 fori € Zy, and [,z |Si| = [liez, ni 2 q’. Let £ be a
degree-d algebraic extractor for Ls 5. Let k < q=f/2. Suppose IT has k-knowledge
soundness relative to (£, Ls g) for some 3 € R, then s € q?~1.

Proof. Let k = q=f /2—¢ for some ¢ > 0. Suppose the claim is false, then s ¢ g9

Let M* be the special monomial specified by €. Pick any i* € Z; such that
M*(C) # C&. Let Si. C S;- \ {0} be a largest subset so that all elements belong
to the same coset modulo q. For each ¢ € Z; \ {i*}, let S C S; be a largest



subset so that all elements belong to the same coset modulo q. We note that
by construction S} has the property that S7 — S C q for all i € Zy, and S
contains only non-zero elements. Since q has ¢ cosets, by the pigeonhole principle,
|S¥| > [ni/q] for all i € Zs \ {¢*}. For i = ¢*, if S;« contains only non-zero
elements, then |SA| > [n;+/q]. Otherwise |Si| > [(ny — 1)/q].

We construct an adversary A. This adversary A behaves almost exactly like the
honest prover P, except that it insists on answering only those challenges coming
from S* = Hier S;. If Ais challenged with any other values, it aborts. If S;-
contains only non-zero elements, then A successfully convinces the honest verifier
V with probability p = Hier (ni/ql/ni > ¢ > q¥/2 — e = k. Otherwise,
by noting that n;« > 1 since S;» contains at least one non-zero element, we
have p = ([(ni+ —1)/ql/n~) Hier\{i*} (na/q)/ni) > (1 = 1/nie)g= =1 >
ati)2>qgt)2—e=k.

On the other hand, we see that for any algebraic extractor £, £ fails to
find algebraic combinations of differences of challenges to produce s. To see why,
suppose that £ does not abort according to Definition 8. Since S}, is constructed
such that 0 ¢ S3 and M*(C) # CZ, the set U defined in the statement of Lemma 5
is non-empty. By Lemma 5, we have s € (M*(C) — M*(C))-Z7t C q¢- L.
Since ¢ is prime, we either have q = Z, or q and Z are coprime. In the former case
we have s € g1, and in the latter we have s € q¢ C q?~! since s is integral.

To conclude, £A always fails, which contradicts to the claim that IT has
k-knowledge soundness relative to (€, L, g) for some § € R. O

Remarks about the tightness of Theorem 6. The assumption that q is prime is
made without loss of generality: if q is not prime then we can pick a prime factor
of q. The assumption Hiezf |S;| > ¢f can typically be dropped if IT admits a
“zero-knowledge simulator” which simulates the prover’s messages by guessing
the challenge to be sent by the verifier, which can be done with probability at
least ¢~/ if [Licz, 15il < g’/ .12 The assumption x < ¢~/ /2 (instead of k < ¢~ /)
is made to account for the unlikely scenario that the extractor £ manages to
collect challenge tuples which contain too many zeros. The conclusion s € q¢~1
(instead of s € q¢) is to account for the unlikely event that Z # R.

For example, if there exists i* € Z; such that M*(C) # CL, 0 ¢ S;-, and
p € Si« for some invertible element p € R (e.g. p = 1), then we can assume
x < ¢~/ instead and conclude that s € q¢ using the same proof. In particular,
with this additional (natural) assumption, if s = 1 and q = (1 — ¢) which has
norm p, then IT does not have k-knowledge soundness relative to (£, Ls g) for
any algebraic extractor £, any f € R, any x < ¢/, and any f € N.

By repeating f times a 1-challenge 3-move public-coin proof system with
knowledge error p~!, which can be constructed from a subtractive set of size
p, such as the one constructed in Theorem 2, one can reduce the knowledge
error to p~f relative to an algebraic extractor. Therefore the bound & < p~/ in
Theorem 6 is in a sense tight, assuming algebraic extractors.

12° Although such a simulator usually exists naturally, it seems difficult to argue about
its existence generically.
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