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� A�MB2436YSM¾JL3d8B8F3[Õrã6;>C\;>?i7[JLA�M�= O `:;�768B8NY\5|;�MT2\7[M 〈X1, X2, X3〉 = 〈A, B, C〉
7[C\RÀMT24;G?T;

;
êSAL8NM�K4ALC\76?T=ðU
3@;��¿U>AD;GCdMi8
αi

8T3ÀMT2\7[M
X4 = α1A ⊕ α2B ⊕ α3C

× �È;�U>7[C\C43[M,2\7açd;
α1

3d?
α2

;Gñ�Y\76J<MT3Âè>;G?T3 O 8TALC\U
;·3[MB24;>?B`�AV8N;åMT24;$Ô*7[AL?B8 (A, C)
7[C*R

(B, C)
`:36Y4JVRÈC43[M

K*;$;GC\U
3dY4C�MT;>?B;GRÇADCð;GA�MB24;>?
f1
3d?

f2
7[C\RÇMT24;$7[MNMB7dUiÓ *�����`r3dY4JLRÈ7[Ô4Ô\JD=d× !@3Â`r;·U>76C

768B8NY45·;�`�A�MB2436YSM·JL3d8B8�36ÕFã6;>C\;>?i7[JLA�M�= O MB2\7]M α1 = 1
7[C\R

α2 = 1
×�æzÕ_`:;�C\3]`�7[Ô4Ô4JL=

MT24;�ADC@çd;>?TMTALK4JD;�Ui2\7[C\ã6;¿36Õ_ç]7[?BAL76K4JD;~8
A′ = A ⊕ B O B′ = B O 76C\R C ′ = C O Z

U>76C
K*;$?B;>`�?BA�MTMT;GCµ7d8

Z = f1(A
′ ⊕ B′, B′) ⊕ f2(C

′, A′ ⊕ α3C
′)
× !SADC\U>;

(B′, C ′)
AV8¾C436M

;>C\U>36Y4C�MT;G?T;~RÀALCÇ;>ADMT2\;>?
f1
3d?

f2
O MT24;GCZMB24;|7[MNMi76UiÓ *�����7[Ô\Ô4JDAL;G8G×�1'2@Y\8 d ≥ 3

× �_3[MT;
MT2\7[M¾8TY\Ui2À?B;G768T36C\ADC4ã�7[JV8N3�76Ô4Ô4JLAD;~8_`�2\;>C

m + c ≥ 3 O MB2@Y\8IA�Õ m + c ≥ 3
7[C*R

k = 2`r;¾2\7açd;
d ≥ 3

×



1'24AL8$8NM�=@JD;Â36ÕX?B;G768T36C\ADC4ãµ7[JLJD3]`F8|Y\8|MB3ðAD5·Ô4?B3]ç6;�5·3d8NM·36Õ_MB24;ÀK*3dY4C\R48·3dC
d
K@=

U
36C*8NAVRS;>?BALC4ã'MT24;r7[Ô4Ô4JLAVU>7[K\ADJLA�M�=I3[Õ@MB24;�8T;GU
3dC\R¾ã6;GC4;>?BAVUä7]MNMi76UiÓ *����\×G1'24;r8N3dJD;ä;>êSU>;>ÔSMBAD3dC
AL8rMT2\;XÔ\76?B765·;
MT;G?r8T;
M

c = 2 O k = 3 O 7[C*R m = 1
`�24AVUi2�U
3d?T?B;G8TÔ�36C\R480MT3�MT24;IÔ4?B3]ça76K4JL=

8N;~U
Y4?B;¹8TUi24;G5·;I36Õ�E_AD?B3d8T;¹7[C\R�`�ADJLJ)K�;,RSAV8TU>Y\8N;~R�ALC�!@;GU
MTAL36CÀí4×¼ìS×

��� ����� 
"� �rÎ�� ��Ð�Ñ·Î��
t
/ �È;¹C43]` MTY4?BC�K*3dY4C\R48'3dC

d
ALC�MT3·K*3dY4C\R48F36C�MT24;¾5·ADC\AD5åY45

C�Y\5�K�;>?036Õ¡U>365·Ô4?B;G8B8NAL36CåÕÖY4C\U
MTAL36C\80MT2\7[M05�Y\8NM�K�;FY\8T;GR O tmin
×�� 24ADJL;_76C�=�JDALC4;G76?�U
3d5|ï

K4ADC*7]MTAL36C�3[Õ�MT2\;
c
;>ê@MT;>?BC\76J�36YSMBÔ4YSMB8'5åY\8NM_RS;>Ô�;>C\R�3dCÂ7[M�JD;~768NM

d
ALC4C4;G?_U
3d5·Ô4?T;~8T8TAL36C

ÕÖY4C\U�MBAD3dC\8 O 7|K*3dY4C\R�36C�MT24;¹5·ALC4AL5·76J�C@Y45�K�;>? tmin
3[Õ�U>365·Ô4?B;G8B8NAL36C�ÕÖY4C\U
MTAL36C\8�AV8'C436M

AD5·5·;GRSAV7]MB;6×4E_;>?B;X`:;IR4;>?BADçd;X7åça76JDY\;_ÕÖ3d?
t
ADC*RS;>Ô�;>C\R4;>C�MTJL=¿3[Õ�MT24;¹7[C*7[JL=@8TAV8�C4;G;GRS;~R$MB3

RS;>?BADçd;
d
×

æxC�MB24;�8TAD5·Ô4JL;¹U>768T;IMT2\7[M
c = 2

7·U
3d5�K4ALC\7]MB36?BAL76J�8�M�=@JL;I36Õ�?B;G7d8N3dC4ALC4ã|UG7[C�K*;¹Y*8N;~R
7[C\RÍMT24AV8$8T243]`F8,MB2\7]M

tmin ≥ 3d
2

ADÕ
d
AV8·;>çd;>C 76C\R

tmin ≥ 3(d−1)
2 + 2

3[MB24;>?B`�AL8T;6×
EF3]`:;>ç6;G?X7�5|3d?T; � ;
êSALK4JL;å7[Ô\Ô4?T3�76Ui2 O 8TUG7[JLADC\ã¿K*;>MNMB;>?IMT3�JL76?Tãd;>?FÔ*7[?i7[5·;
MB;>?i8 O Y\8N;~8X76C
7[C\76JD3dã6=$`�ADMT2ÀU
3SRSALC4ã|MT24;G36?B=6×

â 36C\8TALR4;>?<ç6;~U�MT3d?B8<36Õ
t
;>JL;>5·;>C�Mi83��U>36?B?T;~8NÔ�36C\R4ADC4ãXMT3¾MB24;�C@Y45�K�;>?�3[Õ¡ADC�MT;G?TC*7[J4U
3d5|ï

Ô4?T;~8T8TAL36CÀÕÖY4C*U�MTAL36C*8 � 7[C*RÇ7]MTMB7dUi2ZMT3�;G7dUi2Z;
ê@MB;>?BC\7[J<36Y4MTÔ4YSM¾K4JL3SUiÓ hc.out
i

7�ç6;~U�MT3d?
vi`�243d8T;¿ç]7[JLY4;¿AV8�RS;>MT;G?T5·ALC4;GRöK@=µ`�24;
MB24;>?|7[CöALC�MT;>?BC\76JrU
3d5·Ô4?T;~8T8TAL36CµÕÖY4C\U
MTAL36C ALC � YSï

;>C\U>;G8
hcv.out

i

×�æzÕ_U
365·Ô4?B;G8B8TAD3dCðÕÖY4C\U�MBAD3dC
f (j) AV8å7dU�MBADçd;¿ADC hcv.out

i

MB24;>CÍ8T;
MåMT24;
jth

;>C�MT?B= 3[Õ
vi
MT3 �6O 36MT24;G?T`�AV8T;�ADM¿2\768|MB24;Âç]7[JLY4; � × P 3d?$;
ê47[5·Ô4JL; O ADÕ t = 3

7[C\R ÕÖ36?
8N3d5|;åÔ4?B36Ô�3d8T;GRZU>36C\8NMT?BY\U�MBAD3dCZ36C\JD=

f (1) 76C\R f (3) 7[?B;�ALC@ç63dJDçd;GRÀALC hcv.out
i

O MT24;GCÇ`:;
8N;>M

vi = (1, 0, 1)
×

æxC$MTY4?BC4ALC4ã|36Y4?r?T;~8NY4JDMr3dC
d
ADC�MB3|7åU
36C*8�MB?B76ADC�M�3dC

tmin
O `:;XU>36C\8TAVRS;>?rMT24;IÔ4?B36K4JL;>5

3[Õ<JD3@36Ó@ALC4ã·ÕÖ36?F7·K\ADC\76?T=�U
3SRS;¹36Õ�JL;>C4ã6MT2
t
`�A�MB2À5·ADC4AL5$7[J�R4AL8NMB76C\U
;

d
76C\RÂRSAL5|;GC\8TAD3dC

c
×41'24; !@ALC4ã6JL;
MB36C�K�36Y\C\R�=@AL;>JVR48

c ≤ t− d + 1
76C\R�8T3

t ≥ c + d− 1
×S1'24;¹EX7[5·5·ADC4ã

K*3dY4C\R�AL8:MBADãd2�MT;>? O K4YSMXAL8'5·36?B;¾ADC@çd36JLç6;GR�7[C\R�ã6ALç6;GC�ALC �FÔ4Ô�;>C*RSA�ê �I×

������ÏaÎ 
�Ê@Ð ��Î#� ��Ð�Ñ Î#�
t
/ æzM�AL8�ADC�MB;>?B;G8NMTALC4ãðMT3 C43[MB;ÀMT2\7[M�U>36CSé\ãdY4?i7]MTAL36C*8$`�A�MB2

Ô\7[?TMTAVU
Y4JV7[?�ÕÖ;G7[MTY4?B;G8�5|ALã62�MÂ7[JLJD3]` 7ÍR4;GRSAVU>7[MT;GR O 76C\R Ô�3[MT;GC�MTAV7[JLJD=õMTALã62�MB;>? O 7[C*7[JL=@8TAV8
ÕÖ36?¹MB24;¿K�36Y4C\R\8¹36C

t
× �_Cö;
ê47[5·Ô4JL;$AL8,ã6ALç6;>CðALC �FÔ4Ô�;>C\R4A�ê â ×�E_3]`r;Gç6;>?¹8TADC*U
;¿8TY\Ui2

7[C\76JD=S8TAL8IRS3@;G8IC436M¹76Ô4Ô4JL=ÂMT3�MT2\;|ãd;>C4;G?B76J�5·3SRS;GJ�`:;·2\7aç6;å;G8NMB76K4JDAV8T24;GR O ��A�M,?B;>JLAD;~8_3dC
7�Ô\76?NMBALU>Y4JV7[?XÕÖ36?B5 MT3�MT24;·ALC4Ô4YSM¹JV7a=6;>? ��O `:;|RS3�C436MIY\8T;·A�M¾ALCÇMB24;$RS;>?BADç]7[MTAL36CZ36Õ�MT2\;
K*3dY4C\R48�ALCÀ1�76K4JL; � ×

� �ÈÝrÚ
�dÛSÜ\ß_à�Û4á�ÝrÚ
�

HIADçd;>C 7 8T;
M�3[Õ,Ô\76?B765·;
MT;G?B8
(c, t, k, m)

ADM�AV8¿;~768T=ÍMB3ÍY\8T;ZMB24;ÇC4;G`�JD=õ;G8NMB76K4JLAL8T24;GR
K*3dY4C\R48|MB3µUi24;~UiÓð`�24;
MB24;>? O 76UGU
36?iRSALC4ãÀMB3µ3dY4?·U
?BA�MB;>?BAL7 O MB24;Â8TUi24;G5·;�AV8·C4;GU>;G8B8T76?TALJL=
ADC\8T;GU>Y4?B;6×�1�Y4?BC4ALC4ãÂMT24AV8|7[?B36Y4C\R O A�ÕF3dC4;¿`'7[C�MB8¹MT3ZK4Y\ADJVR 7Z8BUi24;>5·;$`�ADMT2Í8T365·;¿Ô\?T;>ï
RS;
é\C\;GR

c O k O 76C\R m
MT24;GCµ3dC4;$U>76CµU>365·Ô4YSMB;¿7�JL3]`:;>?¾K*3dY4C\R

tmin
3dCÇMB24;$C@Y45�K�;>?

3[Õ<ADC�MT;G?TC*7[J�U>365·Ô4?B;G8B8NAL36C�ÕÖY4C\U
MTAL36C\8'MB2\7]MX5�Y\8NMFK*;�Y\8N;~R O ALCZ7·Ô\7[?i7[JLJL;>J)U
3dCSé\ãdY4?B7[MTAL36C
MT2\7[MF`r;¹U
3dC\8TALRS;G?�ADC P ADãdY4?B; � ×



� / � �����rÎ*Ñ~Ñ���� ��Ê�	dÎ���Ñ��>Ï � 	!����Î���Ñ
�_8TADC4ãIMB24;'K*3dY4C\R48ä;~8�Mi7[K4JLAV8N24;~R,ALC !@;GU
MTAL36C��_`:;ré\?B8NM0U
3dC\8NAVRS;G?�ALC�MT;G?T;~8�MBADC4ã¾Ô\76?B765·;
MT;G?
8N;>MB8_8TY\Ui2À768

c ∈ {2, 3, 4} O k ∈ {2, 3} O 7[C*R m ∈ {1, 2}
×41'24;G8T;,U
3d?T?B;G8TÔ�36C\R�MT3�UG768T;G8

`�24;>?B;¾`r;¾7[AL5 MT3·3dKSMB76ADCÂRS36Y\K4JD; O MT?BADÔ\JD; O 36?Fñ�Y\76R4?TY4Ô\JD;IK4JL3@UiÓ�ïzJD;GC4ã[MB2�U>36C\8NMT?BY\U�MBAD3dC\8 O
Y\8NALC4ãI7�K4JL3@UiÓ¹U>ADÔ42\;>?�`�A�MB2,Ó6;G=¾8TALè>;0MB24;r8B7[5·;r36?)M�`�AVU
;�MT24;rK4JL3@UiÓ¹8TADèG; O 7[C\R,Ô4?T3SU>;G8B8NALC4ã
;>ADMT24;G?�36C4;¹3d?rM�`:3·K4JL3@UiÓS8'36Õ�5·;G8B8T76ã6;d×
�È;ZY*8N;ÂMB24;ÇK�36Y4C*R48¿3dC

d
7[C\R 3dC\U
;

c O k O 76C\R m
76?T;ZUi243�8N;GC `r;Z8T;G76?BUi2õÕÖ36?

MT24;¿8T5$7[JLJD;~8�M
t
MT2\7[M�8T7[MTAV8�ÕÖ=È36Y4?¹K�36Y\C\R48G× �È;¿MT2@Y\8,RS;G?TALç6;$76CÈALC�MT;>ãd;>?

tmin
ÕÖ3d?¹MT2\;

5|ALC4AL5�Y45 C@Y45åK*;G?�36Õ4ADC*RS;>Ô�;>C\R4;>C�M<U>365·Ô4?B;G8B8NAL36CIÕÖY4C*U�MTAL36C*8�MB2\7]M�5�Y\8NM�K�;:Y\8N;~R¹ALC,MT2\;
8NÔ�;GU>A�é\;~R�U>36C\8NMT?BY\U�MBAD3dC)×��F36MT;rMT2\7[M<7Xã6ALç6;GC

tmin
RS3@;G8�C43[M<5·;G7[C�MT2\7[M08N;~U
Y4?B;r8BUi24;>5·;~8

`�A�MB2
tmin

ALC4C4;>?�U
3d5|Ô\?T;~8T8TAD3dC_ÕÖY\C\U�MBAD3dC\8�C\;GU
;~8T8B7[?BALJD=F;>êSAL8NMG×~^F7]MB24;>? O C43F8T;GU>Y4?B;�8TUi2\;>5·;
U>7[C�;
êSAV8�MF`�ADMT2�ÕÖ;G`r;G?�ADC\R4;>Ô�;>C\RS;GC�M_U
365·Ô4?B;G8B8TAD3dC¿ÕÖY4C\U
MTAL36C\8F3[Õ�MB24;,8NMB7]MB;GR�M�=@Ô*;d×

æx5|5·;~RSAL7[MT;GJD=ÈMT24;G?T;�7[?B;$ADC�MT;G?T;~8�MBADC\ãZ?T;~8NY\J�Mi8�7[C*Rð`r;¿C\3[MT;¿MT2\7[Må8N;~U
Y4?B;�8BUi24;>5·;~8
`�A�MB2

(c, t, k, m)
Ô\7[?i7[5·;
MB;>?i8

(2, 3, 2, 1)
36?

(2, 3, 3, 2)
7[?B;�AL5·Ô*3�8T8TALK4JD;d×�1'24;~8N;ÀU
3d?Nï

?T;~8NÔ�36C\RöMT3ZMB24;�8BUi24;G5|;~8,36Õ �_76C\RSA¹ü � � � ��ë¼ì �aîz× !SADC\U>;�3dY4?åK�36Y\C\R48|7[?B;�RS;>?BALç6;GRðK@=
ã6;>C\;>?i7[JLAL8TADC\ãÂ7[MNMi76UiÓS8¹36C ë¼ì �]îr`:;¿;
êSÔ�;GU�M�MT24AV8¹MB3ZK*;�MT24;�U>768T;6×�EF3]`:;>ç6;G? O U>36C\8NMT?BY\U
ï
MTAL36C\8'Y\8TALC4ã·ÕÖ36Y4?�ALC4C4;G?FU
3d5|Ô\?T;~8T8TAD3dC¿ÕÖY4C*U�MTAL36C*8 O `:36Y\JLR�8�MBADJLJ)K�;¹ADC*8N;~U
Y4?B;6×

æxC\RS;>;~R O ÕÖ3d?¾MT24;¿5·3�8�M,C\7[MTY4?i7[J0UG768T;·`�A�MB2 c = 2 O k = 2 O 7[C\R m = 1 O MT2\;¿U>768T;3[Õ � ���I7[C*R ���$� ��� ��� O 3dC4;¾5�Y\8NM�Y\8N;¹7[M'JL;G7d8�M:é\çd;IALC4C4;G?FU
3d5|Ô\?T;~8T8TAD3dC$ÕÖY4C\U
MTAL36C\8'ALCÂ7
Ô\7[?i7[JLJD;GJ)ÕÖ?i7[5·;>`:36?BÓ¿MB3�3dKSMB76ADCÇ7�8N;~U
Y4?B;�2\7d8N2ÂÕÖY\C\U�MBAD3dCÇ3	�¡;>?BALC4ã�í � ïwK\A�MX76C\R � ì �]ïzK4ADM
8N;~U
Y4?BA�M�=$?B;G8TÔ�;GU�MBADçd;>JL=6×41'24AV8'AV8'5|3d?T;IMB2\7[C�36C4;¾5·ALã62�MF2\7aç6;I;
êSÔ�;GU
MT;GR)×41'24;,U>7d8N;I3[Õ<7
ñdY*76RS?BY4Ô4JL;XK\JD3SUiÓ�ïwJL;>C\ã[MT2�36YSMBÔ4YSM�AV8r;Gç6;GC�5·36?B;IR4?B765·7[MTAVU[×@æzÕ�3dC4;I`�AL8T24;GR�MT3·RS;~8NALã6C�7
U
365·Ô4?B;G8B8TAD3dC�ÕÖY4C*U�MTAL36CÂMB2\7]MFY*8N;~R��������������$7d8F7·K4Y4ALJLR4ADC4ã�K4JD3SUiÓ¿K\YSM_3	�¡;>?B;GRÀì��[í]ïzK4ADM
8N;~U
Y4?BA�M�= O MT24;GCÂ36C4;¾`:36Y4JVR�K*;¹?B;Gñ�Y4AL?T;~R$MB3$Y\8N;¹7[MFJD;~768NM';GADãd2�M'Ô*7[?i7[JLJD;GJ�ADC\8NMB76C�MTAV7]MTAL36C*8
3[Õ �������������åMT3$Ô\?T3SRSY\U>;¹7|8T;GU>Y4?B;¾U>365·Ô4?B;G8B8NAL36C¿ÕÖY4C\U�MBAD3dC)×

� /�� � Ï]Î-�rÎ*Ñ~Ê@Ð 	dÎ���Ñ��>Ï � 	!����Î���Ñ

P ALã6Y\?T;Zìµ8N2\3]`F8|7 (2, 5, 2, 1)
ïx8BUi24;>5·;¿MB2\7]M$AV8$8N;~U
Y4?B;À7[ã�7[ALC\8�M|MT2\;Z7]MNMi76UiÓS8·U
3dC\8NAVR@ï

;>?B;GR$ALC�MB24AV8rÔ*7[Ô�;>?~× P Y4?NMB24;>?'?B;G8T;G76?BUi2$`�ALJDJ�RS;>MT;G?T5·ALC4;X`�2\;
MT2\;>?:3[MT2\;>?�7]MTMB76UiÓS8r7[Ô4Ô4JL=6×
EF3]`:;>ç6;G? O MT24AV8X8BUi24;G5|;�AL8_36C4;�ÕÖ?T3d5 7$?i7[C\ã6;¹3[Õ�R436Y4K4JL;�K\JD3SUiÓ�ïwJL;>C\ã[MT2Â2\7d8N2ZÕÖY4C\U�MBAD3dC
U
36C*8�MB?TY\U
MTAL36C\8,MT2\7[M|5·ALã62�M·K*;�ADC*8�Mi7[C�MTAV7]MB;GRö`�ADMT2 �������������È36?|3[MB24;>?|K4JL3@UiÓöU>ADÔ42\;>?i8
`�A�MB2ZALR4;>C�MTAVU>76J�K4JL3SUiÓ�76C\RÀÓd;>=Â8NALè>;~8>× �F3[MB;,MB2\7]MXMT24AV8_AV8_MT24;å36C4JL=�8TY\Ui2ÇU>36C\8NMT?BY\U
MTAL36C
MT2\7[M�?B;>5$7[ALC\8)Y\C\U
3d5|Ô\?T3d5|AV8T;GR�× P ALã6Y4?B;rì_7[JV8N3FRS;GÔ4AVU�MB8�7 (2, 5, 3, 2)

ïxU
3dC\8NMT?BY\U�MBAD3dC_MB2\7]M
?T;~8NAV8�Mi8�3dY4?�ã6;>C\;>?BALUr7]MNMi76UiÓS8 O 5·;>;>MB8�36Y4?<K�36Y4C*R O 7[C\RåU
36Y\JLR¹K�;:ADC\8NMB76C�MTAV7]MT;~R,`�ADMT2!�������� � �X36?<7XU>ADÔ42\;>?<JDALÓ6; ����� � ��36?�;>ç6;GC '��	� ��
&�
� '%#%� � ��� �)� ��� � `�ADMT2·7_Ód;>=¹JL;>C4ã6MT2�M�`�ALU>;
MT24;¹K4JL3SUiÓ¿JL;>C4ã6MT2)×\1'2\;IÔ*7[?i7[5·;
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ï �d7dU>ñ�Y4;~8 O &�76C4C4AVUiÓ !S;>Y4?BADC O 76C\R
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vx�m´Gf��mf�´���
¹gB��hBf[º��)c�n>º�n]gin~lmviÁGuwf�������� &�(������/��( #"��&�( � &�� -+')��������( * � &�� � ')( !$#"���$! &�( �
� ��# ' �"! �
� t@¸�eG´~hBv 4 0 ½ 5�1 Á >���� 1 Á
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}do¹h 1 > 2 0 nG¶�6 ��# �$')�/��7%&������ ! ( � &�� - ' ����� � # ! ��( #"� tS¸@e>´~hiv 1 @ 4 8 1 > 4 Á � ¸dc��mf�´GhBcx½9��hTc�lDe>´dt
0 @3@ 3 Á

> 1 Á��6Á�I�hilmvxhBy�e>f@³ � Á � gT²df�hi�mhBc�Á � hBgin~f�³���c�hi�mo,eG´~hBv_nGf n ½�Ä��¼º � e>vx²Âb�}df�gBº��mnGf�v'¶Vn>cI{|}�gN²
E\hivxv¿j<²@e>f 2n U�nGc�ÆSÁ�uwfÍp_Á � cNe>o¹hBc�t�h�³d�¼º�nGc�t+� *�.���( #"��� !�( � �"��-+� &�# &&%�� ' >`@ ) .\L
��)+* �-, 03242$C t6»anGlm}�o¹h 1�3 � 3 nG¶H6 ��# �$')�/��7 &������ ! ( � &�� -+')����� � # ! ��( #"� t6¸@eG´Ghiv 3 5 3 8 3 �3@[Á
� ¸dc��mf�´GhBcx½9��hTc�lDe>´dt 0 @�@ 2 Á

> 3 Á�E)Á p_ÁVI�f6}�³dvxhifFe>f@³��_ÁRE�e>�ÖÁSW:hBÃ < ºxºNe>gTÆ[v\n~f < lmlas:n~}�Ädlmh � l�n]gNÆ+E\hif�´>º�² � eGvx²Fb�}df�gBº��mnGf�v
n>¶ � eGvx²�p:e
º�h >~t\u�f�gilm}@³6�mf�´,º�²�h¾��e
cNeGlmlmhil¼½�sF{�Á¡u�f < Á\s'h � eGf]º��mvit4h�³d�¼º�nGc�t<� *�.���( #"��� !�(
� �"�"-+� &$# &&%���' >�@ ) . ��)+* �-,1A O	� t
»anGlm}�o¹h�� 2 @rnG¶K6 ��# �$')�/�/7%&������ !�( � &�� -+')����� � # ! ��(+#�� t
¸�eG´Ghiv 3 >A@�8 3 > 6 Á � ¸dc��mf�´GhBcx½9��hTc�lDe>´dt->���� 3 Á

> 2 Á�E)Á p_Á!I�f[}@³6vxhif¿eGf�³¿b�Á¡{|}dlml�hTc�Á � n~o¹h < ºxºNeGgNÆ[v < ´~eG�mf�vzºFe,s'nG}�Ä�lmh�E*hifd´Gº�² � e>vx²���c�nG½
¸SnGv�eGl�Á6uwf � Á6p�n
y]tah�³d�¼º�nGc�t � *�.���( #"��� !�( � �"��-+� &�# &&%��D' � � , ����)+* �-, A 2$C t6»anGlm}�o¹h 1 5�6 6
n>¶�6 ��# �$')�/��7%&������ ! ( � &�� -+')����� � # ! ��(+#"� t@¸@e>´~hiv 3 4 0 8 3 5�1 Á � ¸6c��mf�´~hTcx½;��hBc�l�eG´6t 0 @3@ 2 Á

> 4 Á�E)Á p_ÁFI�f6}�³dvxhif|eGf�³ � ÁS��c�hif�hBhil�Á � e>vx²¿b�}�fdgBº��mn~f�v � e>vxh�³$n~f � lmn]gNÆ � �m¸�²dhBc�v:e>f@³�
:}�e>½
º�hTc�f@e>cxy � n[³dhiviÁ*uwf]I¾Á=I��mo eGf�³�j:Á�{·e
º�vx}�o¹nGº�n6t4h�³d�¼º�n>c�vit<� *�.���(+#���� ! ( � �"��- � &$# &&%��]'
� � , ����)+* �-, A O�� t>»anGl�}do¹h >3> 4�1 nG¶ 6 ��# �$')�/�\7%&������ ! ( � &�� -+')����� � # ! ��(+#�� t>¸�eG´~hBv 5 5 8P�3@[Á
� ¸dc��mf�´GhBcx½9��hTc�lDe>´dt->���� 4 Á

> 5 Á�E)Á p_Á�I�f6}�³dvxhifõeGf�³ � Á���c�hif�hBhil�ÁFb@eGvzº�eGf�³ � higB}dc�h � e>vx²��mf�´ � e>vxh�³ n~f � n[³6hiviÁFuwf
� Á � Á=IFeGlm�mvxÆ6���Gc�Ámt*h�³d�¼º�nGc�tH� *�.���( #"����! ( � �M�"-+� &$# &&%�� ' ��)+* �+,/.�A O�
 t\»an~lm}do¹h > 0 � 3 n>¶
6 �/# �$')���+7 &������%! ( � &�� - ' ����� � # ! ��( #"� t@¸�eG´Ghiv 3 6 2 8 3 � 6 Á � ¸dc��mf�´GhBcx½9��hTc�lDe>´dt">���� 5 Á

> 6 Á�E)Á p_Á5I�f[}@³6vxhifIe>f@³ � Áa��c�hifdhihil�Á � nGf�vzºxc�}dgBº��mn~f¾n>¶ � higi}6c�häeGf�³Ib@e>vzº � e>vx²¹b�}�fdgBº��mn~fdvHT:vz½
�mfd´_Wrn~f[Ä��mf�e>cxy��)cxc�n>cx½ � n>cxc�higBº��mf�´ � n[³dhBviÁ , >�>�> , ����( � � # �$! &�( � &�( ,"(S��&��"�����$!$&�(?,�� ��&��"� t
3 6 > � @M	 0�2 0 3 8 0�2�1 �6t 0 @�@ 0 Á

>S�6Á��_Á5E�e>��e>f@³��dÁ E�Áa{·eGvxvxhBy]Á � e>vx²Ib�}df�gBº��mnGf�v � e>vxh�³XnGf � lmn]gNÆ � �m¸d²�hBc�viÁGuwf_p_Á < Á
pr}dhi¸�¸Shil�t
hi³d�¼º�nGc�tK� *�.���( #"��� ! ( � �M�"-+� &$# &&%��J'`>`@ ) . ��)+* �+, A O�0 t�»anGlm}�o¹h 4 2�6 nG¶�6 �/# �$')����7 &������
!�( � &�� -+')����� � # ! ��( #"� t@¸�eG´Ghiv 2�2 8 5 @6Á � ¸dc��mfd´~hBcx½9��hBc�l�eG´dt">S�$� 0 Á

0 @6Á��_ÁeE�e>��tF�6Á E)Á�{·eGvxvxhBy]tdeGf�³ � Ád{|}dc�¸d²]y]Á6{·e>c�Æan
» � �m¸d²�hBc�v0e>f@³¹s'���4hBc�hif]º���eGl � cxy6¸dºNe>f@eGl¼y[½
vx�mviÁSu�f·sIÁ U ÁSs'e
»[�mhivit�h�³d�¼º�nGc�t=� *�.���(+#"��� ! ( � �"��- � &$# &&%��G'Z>`@ ) . ��)+* �-, A OPf t�»an~lm}do¹h
2 3 5 n>¶�6 ��# �$')�/�+7%&������%! ( � &�� -+')����� � # ! ��(+#�� t�¸@e>´~hiv > 5 8 1�6 Á � ¸dc��mf�´GhBcx½9��hBc�l�e>´dt->��$�%>~Á

0 >~Á��_Á�E�e>��t � Á<UÂeGl�³d»~n~´~hBlÖt�U Á � n~²dlÖt�e>f@³Zj:Á�{|hi�mhBc�Á � higB}dc��¼ºwyÀn>¶:u�º�hBcNe>º�hi³ � eGvx²Çb�}�fdgB½
º��mnGf�v � e>vxh�³¿n~f � lmn]gTÆ � �m¸�²dhBc�viÁ\uwf¿sIÁ pFÁ � º��mf�vxnGf*t4h�³6�¼º�nGc�t�� *�.���( #"��� !�( � �"��-+� &�# &&%�� '
��)+* �-,/. A O�� t@»anGlm}�o¹h 5 5�1 n>¶ 6 ��# �$' ����7 &������ ! ( � &�� -+')����� � # ! ��( #"� t4¸�eG´~hBv 1 5 �R8 1 �3@[Á
� ¸dc��mf�´GhBcx½9��hTc�lDe>´dt->���� 1 Á

0�0 Á � Á5E*}dgTÆ[viÁ < b@eG�mlm}dc�hT½wb6c���hBf@³dl¼y�s:hivx�m´~f¾��c��mf�gi�m¸dl�h�¶Vn>c � eGvx²Xb�}df�gBº��mn~fdviÁ
uwf � Á>p�n
y]tih�³d�¼º�nGc�t
� *�.���(+#�����! ( � �M�"-+� &$# &&%�� L � � , ����)+* �-, 032$2$C t<»~n~lm}�o¹h 1 5�6�6 nG¶ 6 ��# �$')�/� 7%&������ !�(
� &�� -+')����� � # ! ��( #"� t@¸�eG´~hBv 3 5�3 ½ 3 � 3 Á � ¸6c���fd´~hBcx½9��hBc�l�eG´6t 0 @3@ 2 Á

0�1 Á_{�ÁHE*�mvxÆan
»St¡pFÁ E�Á¡p��m»ahivzº�t¡eGf@³�sIÁ�UÂeG´~fdhBc�Á�j\Ã<h�e>Æ~e>Ä�lmh � l�n]gNÆ � �m¸d²�hBc�viÁ�u�fZ{�ÁH �}�fd´dt
hi³d�¼º�nGc�t�� *�.���( #"��� ! ( � �"��- � &$# &&%�� ' ��)+* �+,/. A 250 t4»anGlm}�o¹h 0�3�3 0 n>¶Q6 ��# �$')�/� 7%&������ !�(
� &�� -+')����� � # ! ��( #"� t@¸�eG´~hBv 1 >B½ 3 4 Á � ¸6c��mf�´~hTcx½;��hBc�l�eG´6t 0 @3@ 0 Á

0 3 Á�pFÁa{·e>º�vx}�o¹n>º�ndt$I¾Á4I�}dc�nGv�eiÃäe6t]eGf@³Ij:Á]u�º�nG²*Á]��c��mo,eGl¼½�s'}@e>lds:��vzºNe>f�gih � nG}�f�³dv�nG¶=E*�mfdh�e>c
� n[³6hiv*Ã0�¼º�² < ¸d¸�lm�mg�e>º��mnGfFº�n � cxy6¸dº�nG´GcNe>¸�²]y]Áiu < � p � cxyd¸6º�n~lmn~´>y�h���c��mf[º < c�gN²��m»ah~tBprhB¸SnGcxº
0 @3@ 2�� >S� 3 Á < »~e>�mlDe>Ä�lmh'¶Lc�nGo?	 �]�a�G�������~�>�[�6�i�[�)�x�G�]§>�)�z�G�~� Á



0�2 Á-UõÁ*{|hi�mhBcFeGf�³d�XÁ � ºNe �4hilmÄ�eGgN²*Á!W:nGf�lm�mf�h�e
c��¼ºwy � c��¼º�hBc���e�¶LnGc � cxy6¸dº�nG´GcNeG¸d²��mg¾bd}�f�gTº���nGf�viÁ
u�f �dÁ ½;�dÁ 
:}d��v/�]}�e>º�hBc:eGf�³ �dÁK��eGf@³6hBÃäe>lml�hGtSh�³d�¼º�n>c�vitX� *�.���( #"��� !�( � �"�"-+� &$# &&%��?'Z>`@ ) .\L
��)+* �-, A ^PO t�»an~lm}do¹h 3 1�3 nG¶�6 ��# �$')�/�(7%&������ !�( � &�� -+')����� � # ! ��(+#�� t)¸�eG´Ghiv 2�3 �R8 2�4 0 Á
� ¸dc��mf�´GhBcx½9��hTc�lDe>´dt->�� 6 �6Á

0�4 Á < Á �dÁ�{|hif�h�:Bhivit � Á < Áe��eGf�vzº�nGf�h~tde>f@³���Á � Á:��e>f?�:n>c�vxgT²dnGº�Á �%��(+*4c/& &�� &b� � - -K# ! �/* � �"��- L
� &&%�� ��- �e� Á � p � ��c�hivxvit�uwf�gGÁ�t � n]g�e¾pre>º�nGf*t�b<E�t:T � < t
>���� 4 Á

0�5 Á�pFÁ � Á[{|hBc�Æ[lmh~Á3�:fdh\UÀeiy � eGvx²,b�}df�gBº��mnGf�v�eGf�³¾s+� � Áau�fD�XÁ � cNe>vxv�e>cN³\tah�³d�¼º�nGc�t3� *�.���(+#"���
!�( � �M�"-+� &$# &&%��D' ��)+* �-,/. A ^PO t6»anGlm}�o¹h 3 1 2 n>¶�6 ��# �$')�/��7%&������ ! ( � &�� -+')����� � # ! ��(+#�� t
¸�eG´Ghiv 3 0�6 8 3�3 4 Á � ¸dc��mf�´GhBcx½9��hTc�lDe>´dt->�� 6 �6Á

0�6 Á_{�Á3W:eGf@³6��tPU Á3E*hihGt:I¾Á � eGÆ[}dcNe>�Öt6e>f@³ � Á:E*hBh~Á � higi}6c��¼ºwy < f@eGl¼y6vx�mvänG¶¡e 0���1 ½ÖcNe>º�h:s'n~}dÄ�lmh
E\hif�´>º�² � n~o¹¸6c�hivxvx�mn~fZb�}df�gBº��mn~fÀ�mf � l�e>gTÆ]½�ÄSn��Z{|n[³dhBlÖÁ)u�f � Á<�:��lmÄShBcxº¾eGf�³ � Á � eGf�³6½
vxgN²[}�²\t�h�³d�¼º�n>c�vit4a ���/� � & ����� ���/��> (+# �M�"-+�$! &�(J' a � >[03242�C t~»~n~lm}�o¹h 1 2�2 5 n>¶!6 ��# �$')�/�/7 &������
!�( � &�� -+')����� � # ! ��( #"� t@¸�eG´Ghiv 0 3 1 8 0 2 3 Á � ¸dc��mf�´GhBcx½9��hTc�lDe>´dt 0 @�@ 2 Á

0 �6Á+W:e>º��mn~f�eGl\uwfdvzº��mº�}6º�h'nG¶ � ºNeGf�³�e>cN³6v0eGf�³·j�higN²�fdn~lmn~´>y]Á�b¡uw� � >�� 5 	 < ³6»~e>f�gih�³(�)f�gBcxy6¸dº��mnGf
� ºNeGf�³�e>cN³4t3W:n
»ahioXÄShBc 0 @�@!>¹Á < »GeG�ml�eGÄ�lmh'¶Dc�n~o?	 �[�a�G��� ���]§a�>�[§��Ö���a�
�)���[��� Á

1 @6Á+W:e>º��mn~f�eGl)uwfdvzº��¼º�}dº�hIn>¶ � ºNeGf@³de>cN³6v�eGf�³�j�higN²�fdn~lmn~´>y]Á¾b¡uw� � > 6 @>½ 0 	 � hBgi}dc�h � eGvx² � ºNe>fd½
³de>cN³4t < }�´G}�vzº 0 @�@ 0 Á < »GeG�ml�eGÄ�lmh�¶Lc�nGo?	 �]�a�G�������]§a�>�6§*�Ö���a�>�����[��� Á

1 >~Á+W:e>º��mn~f�eGl�uwf�vx�¼º�}6º�h¹nG¶ � ºNe>f@³�e
cN³dv_eGf�³Âj�higN²�fdn~lmn~´>y]Á � � 6 @�@>½ 4 5 	�p�higin~o¹o¹hBf@³�e
º��mn~f�¶LnGc
º�²dh�j\c���¸dlmh<s�e>ºNe_�)f�gBcxy6¸dº��mnGf < l�´GnGc��¼º�²�o >Öj<s+� < @ � lmn]gNÆ � �m¸�²�hTc�ta{·eiy 0 @3@ 3 Á < »~e>�mlDe>Ä�lmh
¶Dc�n~o?	 �[�a�>�������]§~�>�6§��Ö�d�a�>�)���]��� Á

1 0 Á � Á<��c�hif�hBhil�Á_� ( ��# ���/! � ��( *�� ���/! %�( & � � �"�"-+� &&%�����- �)! #��%����� a ')( # �$! &�( � Á0��²dsÅº�²�hBvx��vit
IFe
º�²�nGl��mhiÆ~h+T:f��m»ahTc�vx�mº�hB�mº_E\hi}�»~hif*t">���� 1 Á

1�1 Á � Áä��c�hif�hihBlÖt < Á � n~vxvxhil�eGhTc�vitrpFÁQ�:n
»GeGhBcxº�vitäeGf@³ �6Á/��eGf@³6hBÃäe>lml�hGÁ � n~lmlm�mvx��nGfd½Ö¶Lc�hBh � e>vx²
bd}�f�gTº���nGf�v � e>vxh�³�nGf � lmn]gTÆ � �m¸�²dhBc < lm´~n>c��mº�²do¹viÁ�u�f � ��& #"�/��*�! (e%��Jf�O$^PO�,"( �����"( ���$! &�( �$#
� ����(+� � ��( � &�(S� ���/��(+#�� &�( � ��# ')��!��
�J, �/# � ( &$# &&%��
	&.�# � �$'PC�f$O$^PO���
 ' �"! # ��� � � !��������M# ��(+*�� t
¸�eG´Ghiv 0 @ 1 8 0 >A@6Á4u �����ät�>S� 6 �[ÁSub�����Èg�e
ºNeGlmn~´¹f[}�oXÄShBc 6 � ��� 0�5 5 3 ½ 6 Á

1�3 Á � Á���c�hifdhihil�t\p_ÁX�:n
»GeGhBcxº�vit*eGf�³ �6Á���eGf�³dhBÃ<eGlmlmh~Á � eGvx²�b�}df�gBº��mn~fdv � e>vxh�³�nGf � lmn]gNÆ � �¼½
¸d²�hBc�vS	 < � y6f]º�²�hBº��mg < ¸�¸6c�naeGgN²*Á\u�f�sIÁ pFÁ � º��mf�vxn~f\t\h�³d�¼º�nGc�t<� *�.���( #"����! ( � �"�"-+� &$# &&%�� '
��)+* �-,/. A O�� t@»anGlm}�o¹h 5 5�1 n>¶ 6 ��# �$' ����7 &������ ! ( � &�� -+')����� � # ! ��( #"� t4¸�eG´~hBv 1 4�6 8 1 5�6 Á
� ¸dc��mf�´GhBcx½9��hTc�lDe>´dt->���� 1 Á

1 2 Á��6Á ½;�dÁ 
:}��mv/�]}@e>º�hTc|e>f@³ {�Á\�:�mcNe>}�l¼º�Á 0 fd½�Ä��¼º � eGvx²6½Ö¶V}�fdgBº��mn~fdv(Trvx�mf�´Àfd½�Äd�mº � ydo¹o¹hTºxc���g
� l�n]gNÆ � ��¸d²�hBc < l�´GnGc��¼º�²�o¹viÁGuwf �dÁ ½;�dÁ�
:}d�mv/�[}�e>º�hBc�e>f@³`�6Á$��eGf�³dhBÃ<eGlmlmh~t~hi³d�¼º�nGc�vite� *�.���(+#"���
!�( � �"�"-+� &$# &&%�� '[>`@ ) . ��)+* �-, A ^PO t0»an~lm}�o¹h 3 1�3 nG¶`6 ��# �$' ��� 7 &������ ! ( � &�� -+')�����
� # ! ��( #"� t�¸@eG´Ghiv >A@ 0 8 >�@$�[Á � ¸dc��mfd´~hBcx½9��hBc�l�eG´dt">S� 6 �[Á

1�4 Á � Á~��c�hifdhihil�t>p_Á��:n
»GeGhBcxº�vitGeGf�³ �6Á���eGf�³dhBÃ<eGlmlmh~Á4�:fFº�²dh<�¡n�Ã<hTc)nG¶4{|hBo¹nGcxyF�mfXº�²dh�s'hBvx��´Gf
n>¶ � n~lmlm�mvx��nGfÈp�hivx�mvzºNeGf]º � e>vx²Àb�}�fdgBº��mn~fdviÁ¡uwf �dÁ � hiÄShBcxcxy�eGf@³  IÁ��S²�hBf�´dt�h�³d�¼º�n>c�vit�� *�L
.���( #"��� ! ( � �M�"-+� &$# &&%���' � � , ����)+* �+,1A O�0 t
»an~lm}�o¹h 5 > 6 n>¶!6 ��# �$')�/� 7 &������ ! ( � &�� -+')�����
� # ! ��( #"� t�¸@eG´Ghiv >A@ 2 ½ > 0 >~Á � ¸dc��mf�´GhBcx½9��hBc�l�e>´dt->��$� 0 Á

1 5 Á�p�n~f�eGl�³ E�Á\pr�m»ahBvzº�ÁXprb � > 1 0 >$	¡j<²�h¹{|s 2 {|hivxv�e>´~hB½�s'�m´~hBvzº < l�´GnGc��¼º�²�o·t < ¸dc��ml >���� 0 Á
< »~e>��l�e>Ä�lmh'¶Lc�nGo?	 �[�~�G�������
¢a¢a¢��x�>�~�a¦)�z�>�a���G�a¦[§��G�a¦6§��������\�����a� Á

1�6 Á�sXÁ<UÀeG´Gf�hBc�Á < �:hif�hTcNeGlm�?:ih�³ � �¼cxº�²�³�eiyÈ�)c�nGÄ�lmhio·Á)uwfµ{�Á� �}df�´dt¡h�³d�¼º�nGc�t\� *�.���( #"����!�(
� �"�"-+� &$# &&%��(' ��)+* �-,/.10324250 t�»an~lm}do¹h 0�3�3 0 n>¶�6 ��# �$')�/��7%&������ ! ( � &�� -+')����� � # ! ��(+#�� t
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e
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MT3dC$K*3dY4C\R�×@EF;G?T;X`r;_ã6ALç6;F7[C�AD5·Ô4?B3]ç6;~Råçd;>?i8NAL36C·36Õ�MB24;XEX7[5·5·ADC\ã�K�36Y4C\RZë ì � î��







c ≤ t − log2

(

∑

d−1

2

i=0

(

t
i

)

) A�Õ
d
AV8�3SR4R O 76C\R

c ≤ t − log2

(

(

t−1
d

2
−1

)

+
∑

d

2
−1

i=0

(

t
i

)

) A�Õ
d
AV8�;>çd;>C)×

1'24AL8äUG7[CåK*;�Y\8T;GR�MT3¾ãdADçd;:7XK*3dY4C\Rå36C
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c
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d
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MT;G?_8T;
MB8
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k · (k − 1)
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t ≥

c · (m + c)

k
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