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(216 + 1)∗
ÎËÖ

1
í +.ØB/�Ú�ÆBÇ�ÎË/4ÇYØ=Ú�Î�ÚZÙ�ÇYÉËÇY6àÇYØ=Ú�Ê.ü

Z216

ÎËÖ
0
ç Ó=Î�ØBÌvÇ

1 = g0 ÝýÇ�Æ�+*)"Ç φ(1) = 0
ç

� ÉËÇ*+.-�É�Ù í
φ
ÎËÖ�Ê,ØBÇ � Ú0Ê � Ê,ØBÇ ç

ô ÇYÚ
a = gx +.ØB/ b = gy È^Ç�ÚZÝýÊàÇYÉËÇk6àÇYØÃÚ0Ö�Ê.ü�# � (216 + 1)∗

ç Å�ÆBÇYØ

a¯ b = gx15
15 ¯ gy1515 ¯ · · · ¯ gx0

0 ¯ gy00 .



òxü�+.Ú�ÉËÇ*+,Ö�Ú3Ê,ØBÇ�Ê.ü
xi, yi

ÎËÖ
0
Ú�ÆBÇYØ

gxi

i ¯ gyi

i = gxi+yi

i

í Ý&Î�Ú�Æ
xi + yi ∈ {0, 1}

ç òxü
xi = yi = 1

ÝýÇ
î"ÇYÚ

g1
i ¯ g1

i = g1
i+1 ¯ g0

i

í Ú�Æ�+.Ú�ÎËÖ í ÝýÇ�î"ÇYÚ�+ �ZÌ*+.-�-�Ù � ç�� Ê,Ú0Ç�Ú�Æ�+.Ú
g15 = −1

í Ö0Ê�Îëü
x15 = y15 = 1ÝýÇ�Æ�+*)�Ç

g1
15 ¯ g1

15 = g0
15

í Ý&Æ4ÎËÌ�Æ�6àÇ*+.ØBÖ�Ú�ÆBÇ�Ì*+.-�-�Ù�ÎËÖ�Ö�Æ4ÎëüóÚ0Çv/·Ê,54Ú�Ê.ü9Ú�ÆBÇ�ÌvÊ,6�Ï454Ú�+.Ú0Î�Ê,Ø ç
�B-0Ê,6 Ú�Æ4ÎËÖ�ÝýÇ�Ö0ÇvÇ�Ú�Æ�+.Ú

a ¯ b = gx¢y í Ö�ÆBÊ�Ý&Î�Ø4î Ú�Æ�+.Ú φ(a ¯ b) = φ(a) ¢ φ(b)
í +.ØB/�Ú�Æ�+.Ú

φ-0ÇvÖ0Ï^ÇvÌYÚ0Ö&Ú�ÆBÇ�î�-0Ê,54Ï�Ê,Ï^ÇY-�+.Ú�ÎËÊ,ØBÖ ç Å�Æ4ÎËÖ�Ö0ÆBÊ�Ý�Ö&Ú�Æ�+.Ú
φ
ÎËÖ�+.Ø2ÎËÖ0Ê,6àÊ,-�Ï4Æ4ÎËÖ�6 ç

� ¹ � µ2±D²��=¡?�Ã³^§�±�©B�¦W¡. �¦��=¡�§�±���£à ��
φ

òZØ�+ ÌY-�Ù=Ï4Ú0Ê,î�-�+.Ï4Æ4ÎËÌ�Ö0ÇYÚ�Ú�Î�Ø4î í ÝýÇÞ6�+*Ù�-0ÇYî�+.-0/
φ
+,Ö�+ á �� È4Î�Ú�Ó � È^Ê*ú ç Å�ÆBÇà+.È^Ê�)"Çà+.Ø�+.É�Ù�Ö�ÎËÖ�Ö�ÆBÊ�Ý�Ö

Ú�Æ�+.Ú
a ¯ b = φ−1(φ(a) ¢ φ(b))

ç òxØéÊ,Ú�ÆBÇY-·ÝýÊ,-0/4Ö í Ú�Æ�Ç ÚZÝýÊõ/�Îs+.î�-�+.6àÖ2È^ÇYÉËÊ�Ý 6�+*ÙÛÈ^Ç 5�Ö0Çv/
Î�Ø=Ú0ÇY-0Ì�Æ�+.ØBî"Çv+,È4É�Ù ç

φ

φ−1

φ

�	��� j���j ADO[>kH&>�FI:.S.LNMV~�L J�_GFxJGH&O

è Ç2Æ�+*)"Ç�ÌvÊ,6�Ï454Ú0Çv/×Ú�ÆBÇ Ó � È^Ê*ú
φ
Çkú�Ï4É�ÎËÌYÎ�Ú�É�Ù°5�Ö�Î�Ø4î

g0 = 3
+,Ö�+ Ï4-�Î�6�Î�Ú�Î�)�Ç�ÇYÉËÇY6àÇYØ=Ú í +.ØB/

Ì�ÆBÇvÌ�Í�Çv/ÑÎ�Ú0Öý/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É^Ï4-0Ê,Ï^ÇY-�Ú�ÎËÇvÖ ç òZØ�Ú�ÆBÇ��B-0Ö�Ú�Í�ÇYÙ � 6�Îëú�Î�Ø4î�És+*Ù�ÇY-�Î�Ø Ç*+,Ì�ÆÑ-�Ê,54ØB/ í
Z

(r)
1

+.ØB/
Z

(r)
4+.-0Ç&6�Îëú4Çv/�Ý&Î�Ú�ÆàÚZÝýÊ�Ê.üTÚ�ÆBÇ&ÝýÊ,-0/4Ö�5BÖ�Î�Ø4î

¯
ç �3Ö�Î�Ø4î�Ú�ÆBÇ&ÎËÖ0Ê,6àÊ,-�Ï4Æ4ÎËÌ�/�Îs+.î�-�+.6$+.È^Ê�)�Ç í Ý�Ç�6�+*Ù��B-0Ö�Ú

Ö�ÇYØB/�Ú�ÆBÇ�Í�ÇYÙÃÖ9+.ØB/�Ú�Æ�Ç�ÚZÝýÊ3ÝýÊ,-0/4Ö9Ú�Æ4-0Ê,54î�Æ
φ
í +.ØB/�Ú�ÆBÇYØ�ÌvÊ,6�È4Î�ØBÇý5BÖ�Î�Ø4î

¢
ç òxØ�Ú�ÆBÇ�+.Ø�+.É�Ù�Ö�ÎËÖ9Ê.ü�Ú�ÆBÇ

/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É�Ï4-0Ê,Ï^ÇY-�Ú�ÎËÇvÖ�Ý�Ç�Ö�ÆBÊ,54ÉË/·Ú�ÆBÇY-0Çkü[Ê,-0Ç�ÉËÇYÚ�Ú�ÆBÇ�Ê,54Ú�Ï454Ú3/�ÎëêTÇY-0ÇYØBÌvÇvÖ3Ê.ü
φ
È^Ç
¯
í Ö�54È4Ú�-�+,ÌYÚ�ÎËÊ,Ø

6àÊ=/�54ÉËÊ
216 çè Ç�ü[Ê,54ØB/ÑÚ�Æ�+.Ú�Îëü�ÝýÇ3ÉËÇYÚýÚ0ÆBÇ3Î�Ø4Ï454Ú&/�ÎëêTÇY-0ÇYØBÌvÇvÖ�Ú0Ê

φ
È^Ç�/�ÎëêTÇY-0ÇYØBÌvÇvÖ�Ý&Î�Ú�Æ -0ÇvÖ�Ï^ÇvÌYÚ�Ú0Ê

⊕
í Ú�ÆBÇYØ

Ú�ÆBÇ�ü[Ê,É�ÉËÊ�Ý&Î�Ø4î�/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É�ÆBÊ,ÉË/4Ö�Ý&Î�Ú�Æ2Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ
1/2 �

δ⊕ = FFFDx
φ
−→ δ¯ = 215.

Å�ÆBÇ�/�ÎëêTÇY-0ÇYØBÌvÇ
δ¯

ÎËÖ�Ï4-0ÇvÖ0ÇY-�)"Çv/�Ú�Æ4-0Ê,54î�Æ�Ú�ÆBÇ�Í"ÇYÙ � +,/4/�Î�Ú�ÎËÊ,Ø ç Å�Æ4-0Ê,54î�Æ
φ−1 ÝýÇ�î"ÇYÚ�Ú�ÆBÇ�-0ÇY)�ÇY-0Ö0Çv/

/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É�Ý&Î�Ú�Æ�Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ
1/2 � δ¯

φ−1

−→ δ⊕
ç Å�ÆBÇvÖ�ÇÞ6�+*Ù È^Ç�ÌvÊ,6�È4Î�ØBÇv/�Î�Ø=Ú0Ê2Ú�ÆBÇ�/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É



δ⊕
Z

(r)
j ¯

−→ δ⊕
Ú�Æ�+.Ú í Ê,Ø2Ú�ÆBÇ�+*)�ÇY-�+.î"Ç�Ê�)"ÇY-3+.É�ÉzÍ�ÇYÙ�Ö

Z
(r)
j

í ÆBÊ,ÉË/4Ö�Ý&Î�Ú�Æ�Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ
1/4

Ô
j ∈ {1, 4}

Ü ç
��Ê,-ÞÇ*+,Ì�Æ°Í�ÇYÙ

Z
(r)
j

í ÝýÇÑÆ�+*)�Ç�Ì�ÆBÇvÌ�Í�Çv/ðÚ�ÆBÇ Çkú4+,ÌYÚÞÏ4-0Ê,È�+.È4Î�É�Î�ÚZÙñÊ.ü�Ú�Æ4ÎËÖÞ/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É ç Å�ÆBÇ�Í"ÇYÙ�Ö
1+.ØB/

−1
+.-0ÇÞÍÃØBÊ�Ý&Ø�Ú0Ê È^ÇÞÝýÇ*+.Í 54ØB/4ÇY-

¯
í Ú�ÆBÇ�/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É�ÆBÊ,ÉË/4Ö�Ý&Î�Ú�Æ�Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ

1
+.ØB/

0.5
í

-0ÇvÖ0Ï^ÇvÌYÚ�Î�)"ÇYÉ�Ù ç Å�ÆBÇ�Ö�6�+.É�ÉËÇvÖ�Ú�Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙnÚ�Æ�+.Ú�Ê=ÌYÌY54-�ÖÑÔDü[Ê,-�Ú�Æ�Ç�Í"ÇYÙ�Ö
3
+.ØB/

−3
Ý&Î�Ú�Æ

g0 = 3
Ü�Î�Ö

î�-0Ç*+.Ú0ÇY-�Ú�Æ�+.Ø
0.166..

í +.ØB/�Ú�ÆBÇ�Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ�É�ÎËÇvÖ3Î�Ø Ú�ÆBÇ�-�+.Ø4î"Ç
0.23 − 0.27

üóÊ,-
216 − 22

Ê.ü�Ú�ÆBÇ
Ï^Ê�Ö�Ö�Î�È4ÉËÇ�)�+.É�5BÇvÖ�ü[Ê,-

Z
(r)
j

ç

� ¹ � µ2±D²��=¡?�Ã³^§�±�©B�®.ªW©4¡.©4®�§*��¡,±�£v§�±�®� ���´Yµ·¶�¸����	� �
ô ÇYÚ3Ú�ÆBÇ � � � È4Î�Ú�ÌYÎ�Ï4ÆBÇY-�È4ÉËÊ=Ì�Í·È^Ç�/4ÇYØBÊ,Ú0Çv/�È=Ù

(w1, w2, w3, w4)
í Ý&ÆBÇY-0Ç�Ç*+,Ì�Æ

wi
ÎËÖ�+ á �� È4Î�Ú�ÝýÊ,-0/

-0Çkü[ÇY-�-0Çv/·Ú0Ê�+,Ö&ÝýÊ,-0/
i
ç

÷�É�É�/�ÎëêbÇY-0ÇYØBÌvÇvÖ�Î�Ø2Ú�ÆBÇ�Ì�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ�+.-0Ç�Ý&Î�Ú�Æ�-0ÇvÖ�Ï^ÇvÌYÚ�Ú0Ê
⊕
í +.ØB/·ÝýÇ�/4ÇYØBÊ,Ú0Ç

δ = FFFDx
ç

ô ÇYÚ�+�Ï�+.Î�-�Ê.üVÚ0ÇkúÃÚ0Ö�+.Ú�Ú�ÆBÇ�È^ÇYî�Î�Ø4Ø4Î�Ø4î Ê.ü�Ê,ØBÇ�-0Ê,54ØB/�Æ�+*)�Ç�/�ÎëêTÇY-0ÇYØBÌvÇ
(δ, δ, δ, δ)

ç4è Ê,-0/4Ö
2
+.ØB/

3Ý&Î�É�ÉVÆ�+*)�ÇÞ/�ÎëêTÇY-0ÇYØBÌvÇ
δ
+?ü�Ú0ÇY- � ��1 Ý&Î�Ú�Æ

Z
(r)
2

+.ØB/
Z

(r)
3

ç Ò�+,Ì�Æ�Ê.ü�Ú�ÆBÇ�ÝýÊ,-0/4Ö
1
+.ØB/

4
Ý&Î�É�ÉVÆ�+*)"Ç

/�ÎëêbÇY-0ÇYØBÌvÇ
δ
+?ü�Ú0ÇY-V6�54É�Ú�Î�Ï4É�ÎËÌ*+.Ú�ÎËÊ,Ø�Ý&Î�Ú�Æ

Z
(r)
1

+.ØB/
Z

(r)
4

Ý&Î�Ú�Æ�Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ
1/4

ç Å�Æ=5BÖVÚ�ÆBÇ&/�ÎëêbÇY-0ÇYØBÌvÇ
+?üóÚ0ÇY-�Ú�ÆBÇ�Í�ÇYÙ � 6�ÎëúÃÎ�Ø4îàÉs+*Ù"ÇY-�Î�Ø2Ú�ÆBÇ�È^ÇYî�Î�Ø4Ø4Î�Ø4î�Ê.üyÚ�ÆBÇ�-0Ê,54ØB/·ÎËÖ

(δ, δ, δ, δ)
Ý&Î�Ú�Æ2Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ

2−4 çÓ=Î�ØBÌvÇ�Ú�ÆBÇ�/�ÎëêTÇY-0ÇYØBÌvÇvÖ3Î�Ø�ÝýÊ,-0/4Ö
1
+.ØB/

3
+.-�Ç�Ú�ÆBÇ�Ö�+.6àÇ�+.ØB/2Ú�ÆBÇ�/�ÎëêbÇY-0ÇYØBÌvÇvÖ3Î�Ø�ÝýÊ,-0/4Ö

2
+.ØB/

4
+.-0Ç�Ú�ÆBÇ�Ö�+.6àÇ í Ú0ÆBÇ�ÚZÝýÊÞÎ�Ø4Ï454Ú�/�ÎëêTÇY-0ÇYØBÌvÇvÖ�Ú0Ê�Ú�ÆBÇ � ÷ � Ö�Ú�-�5BÌYÚ�54-0Ç�+.-0Ç�È^Ê,Ú�Æ

0
ç Å�ÆBÇYØ·Ú�ÆBÇ�Ê,54Ú�Ï454Ú

/�ÎëêbÇY-0ÇYØBÌvÇvÖ�Ê.ü�Ú�ÆBÇ � ÷ � Ö�Ú�-�5BÌYÚ�54-0Ç·Ý&Î�É�É&È^Ç
0
í Ö0Ê Ú�ÆBÇ·/�ÎëêbÇY-0ÇYØBÌvÇ2Ê.ü�Ú�ÆBÇ È4ÉËÊ=Ì�Í�Ö�+?üóÚ0ÇY-�Ú�ÆBÇ � ��1

Ý&Î�Ú�Æ�Ú�ÆBÇ�Ê,54Ú�Ï454Ú0Ö�üó-0Ê,6 Ú�ÆBÇ ��÷ � Ö�Ú�-�5BÌYÚ�54-0Ç�Ý&Î�É�É�È^Ç
(δ, δ, δ, δ)

ç Ó=Î�ØBÌvÇ�ÝýÊ,-0/4Ö
2
+.ØB/

3
Æ�+*)�Ç�Ç '=5�+.É

/�ÎëêbÇY-0ÇYØBÌvÇvÖ�Ú�ÆBÇÞ/�ÎëêTÇY-0ÇYØBÌvÇ�Ê.ü�Ú�ÆBÇ�È4ÉËÊ=Ì�ÍÃÖ�+?üóÚ0ÇY-�Ú�ÆBÇÞÖ�Ý�+.Ïn+.Ú�Ú�ÆBÇ�ÇYØB/ Ê.ü�Ú�ÆBÇ�-0Ê,54ØB/ Ý&Î�É�É�+.ÉËÖ0ÊÑÈ^Ç
(δ, δ, δ, δ)

ç
Å�Æ4ÎËÖ�Ê,ØBÇ � -0Ê,54ØB/ñÌ�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ�6�+*ÙnÈ^Ç�ÌvÊ,ØBÌ*+.Ú0ÇYØ�+.Ú0Çv/ñÝ&Î�Ú�ÆñÎëÚ�Ö0ÇYÉëü

8
Ú�Î�6àÇvÖ�Ú0Ê2üóÊ,-�6 Ú�ÆBÇ

8
�

-0Ê,54ØB/�/�ÎëêTÇY-0ÇYØ=Ú�Îs+.ÉWÌ�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ

(δ, δ, δ, δ)
8
-0Ê,54ØB/4Ö
−→ (δ, δ, δ, δ)

Ú�Æ�+.Ú�ÆBÊ,ÉË/4Ö�Ý&Î�Ú�Æ2Ï4-0Ê,È�+.ÈBÎëÉ�Î�ÚZÙ
(2−4)8 = 2−32 çÅ�ÆBÇàÏ4-0Ê,È�+.È4Î�É�Î�ÚZÙ�Ê.ü&Ú�Æ4ÎËÖ�Ì�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ�6�+*Ù È^ÇàÎ�ØBÌY-0Ç*+,Ö0Çv/ È=Ù�+�üI+,ÌYÚ0Ê,-�üóÊ,54-�+,Ö�üóÊ,É�ÉËÊ�Ý�Ö ç òZØ

Ú�ÆBÇ �B-0Ö�Ú3-0Ê,54ØB/
Z
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+.ØB/
Z

(1)
4

+.-0Ç�Î�ØBÖ0ÇY-�Ú0Çv/�5BÖ�Î�Ø4î
¯
çBè Ç�ÉËÊ=Ê,Í�+.Ú3Ú�ÆBÇ�+.É�Ú0ÇY-�Ø�+.Ú�Î�)�Ç�/�Îs+.î�-�+.6 ü[Ê,-

Ú�Æ4ÎËÖ�Ê,Ï^ÇY-�+.Ú�ÎËÊ,Ø í ÌvÊ,Ø=Ú�+.Î�Ø4Î�Ø4îÞÚ�ÆBÇ�Ó � È^Ê*ú�ÇvÖ
φ
ç Å�ÆBÇYØ�ÝýÇ3Ö0ÇvÇ�Ú�Æ�+.ÚýÚ�ÆBÇ��B-0Ö�Ú�+.Ï4Ï4É�ÎËÌ*+.Ú�ÎËÊ,Ø·Ê.ü

φ
ÎËÖý/4Ê,ØBÇ

Ú0Ê�ÝýÊ,-0/4Ö
1
+.ØB/

4
Ê.ü�Ú�ÆBÇ�Ï4És+.Î�Ø=Ú0ÇkúÃÚ�È4ÉËÊ=Ì�Í í È^Çkü[Ê,-0Ç�+.Ø=ÙnÍ"ÇYÙ � 6�+.Ú0ÇY-�Îs+.ÉýÆ�+,Ö�È^ÇvÇYØðÎ�ØBÖ�ÇY-�Ú0Çv/ ç Å�Æ4ÎËÖ

6àÇ*+.ØBÖ�ÝýÇÑÌ*+.ØñÖ0ÇYÉËÇvÌYÚ�Ú0ÆBÇàÏ4És+.Î�Ø=Ú0Çkú�Ú�Ï�+.Î�-0Ö�Ö�5BÌ�Æ Ú�Æ�+.Ú�Ú�ÆBÇ�ÝýÊ,-0/4Ö
1
+.ØB/

4
Ý&Î�É�É�Æ�+�)"Ç�/4ÎEêbÇY-0ÇYØBÌvÇ

δ¯
È^ÇküóÊ,-0Ç

φ(Z
(1)
1 )

+.ØB/
φ(Z

(1)
4 )

+.-0Ç�Î�ØBÖ0ÇY-�Ú0Çv/ í Ý&Î�Ú�Æ�Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ
1
ç Å�ÆBÇYØ2Ú�ÆBÇ�Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ·Ê.ü9Ú�ÆBÇ

Ì�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ0Ú�ÎËÌÑÊ.ü&Ú�ÆBÇ �B-0Ö�Ú�-0Ê,54ØB/ Ý&Î�É�É�È^Ç
2−2 Î�ØBÖ�Ú0Ç*+,/ Ê.ü 2−4 í +.ØB/�Ú�ÆBÇ�Ê�)"ÇY-�+.É�É�Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ�Ê.üÚ�ÆBÇ

8
� -0Ê,54ØB/2Ì�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ�Ý&Î�É�ÉzÈ^Ç

2−30 ç

� � ���ø¾ ��Â�¿�� ��¾��
è Ç·Ö0ÇYÉËÇvÌYÚ

232 Ï�+.Î�-0Ö�Ê.ü�Ï4És+.Î�Ø=Ú0Çkú�ÚàÝ&Î�Ú�Æ�/�ÎëêbÇY-0ÇYØBÌvÇ
(δ, δ, δ, δ)

í +.ØB/×+,Ö�Í ü[Ê,-ÞÚ�ÆBÇ2ÌvÊ,-�-0ÇvÖ�Ï^Ê,ØB/�Î�Ø4î
ÌYÎ�Ï4ÆBÇY-�Ú0Çkú�Ú0Ö ç ÷�Ï�+.Î�-�Ê.ü�Ï4És+.Î�Ø=Ú0ÇkúÃÚ0Ö�Ú�Æ�+.Ú�Æ�+,Ö�üóÊ,É�ÉËÊ�ÝýÇv/ Ú�ÆBÇÞÌ�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ�ÎËÖ�Ì*+.É�ÉËÇv/�+��
	�����yÏ�+.Î�- í
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232 Ï�+.Î�-0Ö ç
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 Ú�Æ�ÝýÊ,-0/4Ö�Ê.üVÚ�Æ�Ç�ÌYÎ�Ï4ÆBÇY-�Ú0Çkú�Ú0Ö3Î�Ø�Ê,ØBÇ�Ï�+.Î�- ç�è Ç�ÌvÊ,6�Ï454Ú0Ç�Ý&Æ�+.Ú3)�+.É�5BÇvÖ�Ô�Îëü+.Ø=ÙBÜ
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+.Ø�/
Z
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