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Ö�Ê,6àÇ�Ê.üWÚ�Æ4ÎËÖ�ÝýÊ,-�Í ç òZØ á*â�â�þÞì�çNÿ -0Ê,54ØB/4Ö�Ê.üyò;ö�Ò�÷éÝ�+,Ö�+.Ú�Ú�+,Ì�Í�Çv/ Ý&Î�Ú�Æ2/�ÎëêTÇY-0ÇYØ=Ú�Îs+.É�ÌY-�Ù=Ï4Ú�+.Ø�+.É�Ù�Ö�ÎËÖ
äNþ?æxç ÷&Ú � 1���Ð�Å�� Ú�ÆBÇ�Ö�+.6àÇ�Ù"Ç*+.- í És+.-�î"Ç�ÌYÉs+,Ö�Ö0ÇvÖ3Ê.ü�ÝýÇ*+.Í·Í�ÇYÙÃÖ3/�5BÇ�Ú0Ê�Ú�ÆBÇ�Ö�Î�6�Ï4ÉËÇ�Í�ÇYÙ·Ö�Ì�ÆBÇv/�54ÉËÇ
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Ãí4þ
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5BÖ0Î�Ø4î3+�/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É � É�Î�ØBÇ*+,-9+.Ú�Ú�+,Ì�Í�+.ØB/�+ýÚ�-�54ØBÌ*+.Ú0Çv/�/�ÎëêbÇk-�ÇkØÃÚ�Îs+.ÉÃ+.Ú�Ú�+,Ì�Í äNÿ?æxç�ô +.-�î"ÇY-WÌYÉs+,Ö0Ö0ÇvÖ�Ê.ü�ÝýÇ*+.Í
Í�ÇYÙ�Ö�ÝýÇY-0Ç�/4ÇY6àÊ,ØBÖ�Ú�-�+.Ú0Çv/õ+.ÚÞÒ��31�� � 1	��Ð�Å á*â�â��ðä��?æxç ÷&Ú���ÓÃÒ á*â�â�â Î�6�Ï^Ê�Ö0Ö0Î�È4ÉËÇ�/�ÎëêTÇY-0ÇYØ=Ú�Îs+.ÉËÖ
ÝýÇY-0ÇÞ5BÖ0Çv/ Ú0Ê·+.Ú�Ú�+,Ì�Í �BçNÿ -0Ê,54ØB/4Ö�Ê.üýò;ö�Ò�÷ ä�
�æxí +.ØB/n+.Ú�ÓÃ÷ � ì�ã�ã�ì +.Ú�Ú�+,Ì�Í�Ö�Ê,Ønò;ö�Ò�÷ ü[Ê,-�54Ï Ú0Ê
ü[Ê,54-&-0Ê,54ØB/BÖ�ÝýÇY-0Ç�Î�6�Ï4-0Ê�)"Çv/ ä��?æxç

÷�Ú���ÓÃÒ ì�ã�ã�ì 6�54É�Ú�Î�Ï4É�ÎËÌ*+.Ú�Î�)"Ç�/�ÎëêTÇY-0ÇYØ=Ú�Îs+.ÉËÖ�ÝýÇY-0Ç�5BÖ0Çv/·Ú0Êà+.Ú�Ú�+,Ì�Í2+ÞÖ�É�Î�î�Æ=Ú0ÉëÙ 6àÊ=/�Î���Çv/2)"ÇY-0Ö�ÎËÊ,Ø
Ê.ü�òZö�Ò�÷ Ì*+.É�ÉËÇv/°ò;ö�Ò�÷ ��� äNâ?æxçWè Ç�Ö�ÆBÊ�ÝùÎ�ØñÚ�Æ4ÎËÖÞÏ�+.Ï^ÇY-ÞÚ�Æ�+.ÚÞÚ�ÆBÇY-0Ç ÇkúÃÎËÖ0Ú0ÖÞ+�È^ÇYÚ�Ú0ÇY-�+.Ú�Ú�+,Ì�Í�ü[Ê,-
ò;ö�Ò�÷ ����í +.ØB/�Ú�Æ�+.Ú�Ú�Æ4ÎËÖ�+.Ú�Ú�+,Ì�Íà+.ÉËÖ0Ê�ÝýÊ,-�ÍÃÖ�Ê,ØÑ+�ÉËÇvÖ0Ö�6àÊ=/�Î���Çv/à)�ÇY-0Ö�ÎËÊ,Ø�Ê.übò;ö�Ò�÷ßÝýÇ&Æ�+*)�Ç�Ì�ÆBÊ�Ö0ÇYØ
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Î�ØðÓÃÇvÌYÚ�ÎËÊ,Ø � Ý�Ç�Ö�ÆBÊ�Ý ÆBÊ�Ý Ú0Ê!��ØB/ Ú�ÆBÇ�Ö�54È4Í�ÇYÙ�Ö�5BÖ0Çv/ Î�ØnÚ�ÆBÇ�Ê,54Ú�Ï454Ú�Ú�-�+.ØBÖ�üóÊ,-�6�+.Ú�ÎËÊ,Ø í +.ØB/ ÝýÇ
ÌvÊ,ØBÌYÉ�5B/4Ç�Î�Ø ÓÃÇvÌYÚ�ÎËÊ,Ø ÿ�ç
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ò;ö�Ò�÷ Ê,Ï^ÇY-�+.Ú0ÇvÖ�Ê,ØßÈ4ÉËÊ=Ì�Í�Ö�Ê.ü � � È4Î�Ú0Ö í 5BÖ�Î�Ø4î°+ á*ì��
� È4Î�ÚÑÍ�ÇYÙ ç Å�ÆBÇ ÌYÎ�Ï4ÆBÇY-�ÌvÊ,ØBÖ�ÎËÖ0Ú0ÖÑÊ.ü�Ö0ÇY)"ÇY-�+.É
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¯
ç Ò�+,Ì�ÆéÊ,Ï^ÇY-�+.Ú�ÎËÊ,Ø��PÊ,Î�ØBÖ Ú0Ê,î"ÇYÚ�ÆBÇY-2ÚZÝýÊ

ÝýÊ,-0/BÖàÊ.ü á � È4Î�Ú0Ö ç Å�ÆBÇ2Ê,Ï^ÇY-�+.Ú�ÎËÊ,Ø
⊕
Î�Ö�È4Î�Ú;Ý&ÎËÖ0Ç � ��1 í

¢
ÎËÖ�+,/4/�Î�Ú�ÎËÊ,Ø×6àÊ=/�54ÉËÊ

216 í +.ØB/ ¯ ÎËÖ
6�54É�Ú�Î�Ï4É�ÎËÌ*+.Ú�ÎËÊ�Ø26àÊ=/�54ÉËÊ

216 + 1
í Ý&ÆBÇY-0Ç�Ú�ÆBÇ�+.É�É ��� ÇY-0ÊÞÝ�Ê,-0/�ÎËÖ�Ú�-0Ç*+.Ú0Çv/2+,Ö�Ú�ÆBÇ�ÇYÉËÇY6àÇYØ=Ú

216 ç òZö�Ò�÷Æ�+,Ö�ÇYÎ�î�Æ=Ú�-0Ê,54ØB/4Ö í üóÊ,É�ÉËÊ�ÝýÇv/�È=ÙÞ+.ØàÊ,54Ú�Ï454Ú�Ú�-�+.ØBÖ�üóÊ,-�6�+.Ú�ÎËÊ,Ø ç �3ØBÇ�-0Ê,54ØB/àÊ.üTò;ö�Ò�÷Û+.ØB/ÞÚ�ÆBÇ&Ê,54Ú�Ï454Ú
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Å�ÆBÇ2Ö0ÇvÌY54-�Î�ÚZÙ°Ê.ü�ò;ö�Ò�÷ É�ÎËÇvÖ�Î�ØõÚ0ÆBÇ�üI+,ÌYÚ�Ú�Æ�+.ÚàØBÊnÚZÝýÊ�Ê.ü�Ú�ÆBÇ·Ú�Æ4-0ÇvÇ·î�-0Ê,54Ï×Ê,Ï^ÇY-�+.Ú�ÎËÊ,ØBÖ�+.-0Ç
ÌvÊ,6�Ï�+.Ú�Î�È4ÉËÇ í Î�Ø�Ú�ÆBÇ�Ö0ÇYØBÖ0Ç�Ú�Æ�+.Ú�Ú�ÆBÇ�/�ÎËÖ�Ú�-�Î�È454Ú�Î�)"Ç�És+*Ý /4Ê=ÇvÖ�ØBÊ,Ú�Æ�Ê,É�/ ç Å�ÆBÇà/4ÇvÖ�Î�î�ØBÇY-0Ö�Æ�+*)�Ç�+.ÉËÖ0Ê
6�+,/4Ç�Ö�54-0Ç�Ú�Æ�+.Ú3+.Ø=Ù�ÚZÝýÊàÌvÊ,Ø=Ú�Î�î�5BÊ,5BÖ�î�-0Ê,54Ï�Ê,Ï^ÇY-�+.Ú�ÎËÊ,ØBÖ�Î�Ø�ò;ö�Ò�÷ +.-0Ç�ØBÇY)�ÇY-&Ú�ÆBÇ�Ö�+.6àÇ ç
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5BÖ�Çv/�Î�Ø�-0Ê,54ØB/

r
í Ý&ÆBÇY-0Ç�Ú�Æ�Ç�Ê,54Ú�Ï454Ú�Ú�-�+.ØBÖPü[Ê,-�6�+.Ú�ÎËÊ,ØnÌYÊ,5BØ=Ú0Ö�+,Ö3Ú�ÆBÇ�ØBÎëØÃÚ�Æ
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Ö�54È4Í"ÇYÙ�Ö�+.-0Ç�ØBÇvÇv/4Çv/ ç Å�ÆBÇYÙ�+.-0Ç3î"ÇYØBÇY- �
+.Ú0Çv/�+,Öyü[Ê,É�ÉËÊ�Ý�Ö ç Å�ÆBÇ�5BÖ0ÇY-�Ö0ÇYÉËÇvÌYÚ0Ö�+ á*ì��
� È4Î�Ú�6�+,Ö�Ú0ÇY-VÍ�ÇYÙ í )ÃÎËÇYÝýÇv/à+,ÖVÇYÎ�î�Æ=Ú á �
� È4Î�Ú�ÝýÊ,-0/4Ö ç Å�ÆBÇ �B-0Ö�Ú
� Ö�54È4Í�ÇYÙÃÖ�+.-0Ç�Ú�+.Í�ÇYØn+,Ö3Ú�ÆBÇvÖ0Ç � ÝýÊ,-0/4Ö í üó-0Ê,6 ÉËÇküóÚ3Ú0Ê�-0Îëî�ÆÃÚ ç Å�ÆBÇYØ Ú�ÆBÇ�6�+,Ö�Ú0ÇY-�Í"ÇYÙ2ÎËÖ�ÌYÙÃÌYÉ�ÎËÌ*+.É�É�Ù
-0Ê,Ú�+.Ú0Çv/ ì�ÿ Ï^Ê�Ö�Î�Ú�ÎËÊ,ØBÖ�Ú0Ê&Ú�ÆBÇVÉËÇkü�Ú í +.ØB/�Ú�ÆBÇV-0ÇvÖ054É�Ú�Î�Ø4î�ÇYÎ�î�Æ=Ú á �
� È4Î�ÚzÝýÊ,-0/BÖW+.-0ÇVÚ�+.Í"ÇYØ�+,ÖzÚ�ÆBÇVØBÇkúÃÚ�Ö�54È �
Í�ÇYÙ�Ö í +.ØB/�Ö0Ê&Ê,Ø ç Å�ÆBÇ�Ê,-0/4ÇY-zÚ�ÆBÇ�Ö�54È4Í�ÇYÙÃÖ�+.-0ÇVÚ�+.Í"ÇYØ�Î�Ø�ÎËÖ
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òZØ äNâ?æxí +Ñ),+.-�Îs+.ØÃÚ�Ì*+.É�ÉËÇv/ ò;ö�Ò�÷ ��� ÎËÖ�+.Ú�Ú�+,Ì�Í"Çv/ ç òZØ òZö�Ò�÷ ���Þí Ç*+,Ì�Æ

¢
Çkú4ÌvÇYÏ4Ú�ü[Ê,-�Ú�ÆBÇ�ÚZÝýÊ�Î�Ø Ú�ÆBÇ

Ê,54Ú�Ï45BÚ�Ú�-�+.ØBÖ�üóÊ,-�6�+.Ú�ÎËÊ,Ø·ÎËÖ&Ì�Æ�+.Ø4î"Çv/ Ú0Ê�+.Ø
⊕
ç Å�ÆBÇ�+.5BÚ�ÆBÊ,-0Ö�Ú�ÆBÇYØ2Ö�ÆBÊ�ÝåÚ�Æ�+.Úýü[Ê,-

2112 Ê.üWÚ�ÆBÇ�Í�ÇYÙÃÖÚ�ÆBÇY-0Ç�Çkú�ÎËÖ�Ú0Ö�+n6�54É�Ú�Î�Ï4É�ÎËÌ*+.Ú�Î�)"Ç /�ÎëêbÇY-0ÇYØ=Ú�Îs+.É�Ì�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ Ê�)�ÇY-ÑÇYÎ�î�Æ=ÚÑ-0Ê,54ØB/4Ö�Ú�Æ�+.Ú�ÆBÊ,ÉË/4ÖÑÝ&Î�Ú�Æ
Ï4-0Ê,È�+.ÈBÎëÉ�Î�ÚZÙ

2−32 çòxØ�Ú�Æ4ÎËÖ�Ï�+.Ï^ÇY-�ÝýÇ�ÌvÊ,ØBÖ0ÎË/4ÇY-ýòZö�Ò�÷ �����,ì�í Ý&ÆBÇY-0Ç�ÝýÇ3Ê,Ø4É�ÙàÌ�Æ�+.Ø4î"Ç�Æ�+.Éëü�Ê.üzÚ�ÆBÇ
¢ 
 Ö�Î�Ø�Ê,ØBÇ�-0Ê,54ØB/Ú0Ê

⊕ 
 Ö ç òxØ ò;ö�Ò�÷ �����,ì Ê,Ø4É�Ù�Ú0ÆBÇ ¢ 
 ÖýÝ&ÆBÇY-0Ç Z(r)
2

+.ØB/
Z

(r)
3

+.-0Ç�Î�ØBÖ0ÇY-�Ú0Çv/·+.-0Ç�Ì�Æ�+.Ø4î"Çv/ Ú0Ê
⊕ 
 Ö í Ú�ÆBÇ� ÷ � Ö�Ú�-�5BÌYÚ�54-0Ç�ÎËÖ&ÉËÇküóÚ&54ØBÌ�Æ�+.Ø4î"Çv/ ç
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(216 + 1)∗

Å�ÆBÇÞÈ�+,Ö�ÎËÖ�Ê.üýÊ,54-�+.Ø�+.É�ÙÃÖ�ÎËÖ�ÌvÊ,6àÇvÖ�üó-0Ê,6 Ú�ÆBÇ�ü[+,ÌYÚ�Ú�Æ�+.Ú�È^Ê,Ú�Æ
Z216

+.ØB/$# �
(216 + 1)∗

+.-0Ç�ÌYÙÃÌYÉ�ÎËÌ
î�-0Ê,54ÏBÖ í +.ØB/·Ú�ÆBÇY-0ÇküóÊ,-0Ç�ÎËÖ0Ê,6àÊ,-�Ï4Æ4ÎËÌÑÔóÖ0ÇvÇ ä�á*ã?æ Ü ç '3ÇY-0Ç�ÝýÇ�ÇvÖ�Ú�+.È4É�ÎËÖ0Æ·Ú0Æ4ÎËÖ&ÎËÖ0Ê,6àÊ,-�Ï4Æ4ÎËÖ�6 +,Ö�ü[Ê,É�ÉËÊ�Ý�Ö ç

ô ÇYÚ
g0
È^Çà+�Ï4-0Îë6�Î�Ú�Î�)�ÇàÇYÉËÇY6àÇYØ=Ú�Ê.ü%# �

(216 + 1)∗
í +.ØB/n/4Ç �BØBÇ

gi = g2
i−1

üóÊ,-
i = 1, . . . , 15

ç
Å�ÆBÇYØ�Ç*+,Ì�Æ�ÇYÉËÇY6àÇYØ=Ú

a
Î�Ø&# �

(216 + 1)∗
Ì*+.Ø2È^Ç�Ý&-�Î�Ú�Ú0ÇYØ254Ø4Î('=5BÇYÉ�Ù·+,Ö

a = gx15
15 ¯ gx14

14 ¯ · · · ¯ gx0
0 ,

Ý&ÆBÇY-0Ç Ç*+,Ì�Æ
xi ∈ {0, 1}

ç ��Ê,-�Ö�Î�6�Ï4ÉËÇY-ÞØBÊ,Ú�+.Ú�ÎËÊ,Ø°ÝýÇ�Ý�ÎëÉ�É�Ý&-�Î�Ú0ÇÑÚ�Æ4ÎËÖ�+,Ö
a = gx çyô ÇYÚ φ È^ÇÑÚ�ÆBÇ

6�+.Ï�üó-0Ê,6)# �
(216 + 1)∗

Ú0Ê
Z216

/4Ç �BØBÇv/�È=Ù
φ(a) = x

í Ý&ÆBÇY-0Ç
a = gx ç�è Ç�Ö�ÆBÊ�ÝøÚ�Æ�+.Ú

φ
ÎËÖ�+.Ø

ÎËÖ�Ê,6àÊ,-�Ï4Æ4ÎËÖ�6 ç
Å�ÆBÇ�ÎË/4ÇYØ=Ú�Î�ÚZÙ�ÇYÉËÇY6àÇYØ=Ú�Ê.ü*# �

(216 + 1)∗
ÎËÖ

1
í +.ØB/�Ú�ÆBÇ�ÎË/4ÇYØ=Ú�Î�ÚZÙ�ÇYÉËÇY6àÇYØ=Ú�Ê.ü

Z216

ÎËÖ
0
ç Ó=Î�ØBÌvÇ

1 = g0 ÝýÇ�Æ�+*)"Ç φ(1) = 0
ç

� ÉËÇ*+.-�É�Ù í
φ
ÎËÖ�Ê,ØBÇ � Ú0Ê � Ê,ØBÇ ç

ô ÇYÚ
a = gx +.ØB/ b = gy È^Ç�ÚZÝýÊàÇYÉËÇk6àÇYØÃÚ0Ö�Ê.ü�# � (216 + 1)∗

ç Å�ÆBÇYØ

a¯ b = gx15
15 ¯ gy1515 ¯ · · · ¯ gx0

0 ¯ gy00 .



òxü�+.Ú�ÉËÇ*+,Ö�Ú3Ê,ØBÇ�Ê.ü
xi, yi

ÎËÖ
0
Ú�ÆBÇYØ

gxi

i ¯ gyi

i = gxi+yi

i

í Ý&Î�Ú�Æ
xi + yi ∈ {0, 1}

ç òxü
xi = yi = 1

ÝýÇ
î"ÇYÚ

g1
i ¯ g1

i = g1
i+1 ¯ g0

i

í Ú�Æ�+.Ú�ÎËÖ í ÝýÇ�î"ÇYÚ�+ �ZÌ*+.-�-�Ù � ç�� Ê,Ú0Ç�Ú�Æ�+.Ú
g15 = −1

í Ö0Ê�Îëü
x15 = y15 = 1ÝýÇ�Æ�+*)�Ç

g1
15 ¯ g1

15 = g0
15

í Ý&Æ4ÎËÌ�Æ�6àÇ*+.ØBÖ�Ú�ÆBÇ�Ì*+.-�-�Ù�ÎËÖ�Ö�Æ4ÎëüóÚ0Çv/·Ê,54Ú�Ê.ü9Ú�ÆBÇ�ÌvÊ,6�Ï454Ú�+.Ú0Î�Ê,Ø ç
�B-0Ê,6 Ú�Æ4ÎËÖ�ÝýÇ�Ö0ÇvÇ�Ú�Æ�+.Ú

a ¯ b = gx¢y í Ö�ÆBÊ�Ý&Î�Ø4î Ú�Æ�+.Ú φ(a ¯ b) = φ(a) ¢ φ(b)
í +.ØB/�Ú�Æ�+.Ú

φ-0ÇvÖ0Ï^ÇvÌYÚ0Ö&Ú�ÆBÇ�î�-0Ê,54Ï�Ê,Ï^ÇY-�+.Ú�ÎËÊ,ØBÖ ç Å�Æ4ÎËÖ�Ö0ÆBÊ�Ý�Ö&Ú�Æ�+.Ú
φ
ÎËÖ�+.Ø2ÎËÖ0Ê,6àÊ,-�Ï4Æ4ÎËÖ�6 ç
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φ

òZØ�+ ÌY-�Ù=Ï4Ú0Ê,î�-�+.Ï4Æ4ÎËÌ�Ö0ÇYÚ�Ú�Î�Ø4î í ÝýÇÞ6�+*Ù�-0ÇYî�+.-0/
φ
+,Ö�+ á �
� È4Î�Ú�Ó � È^Ê*ú ç Å�ÆBÇà+.È^Ê�)"Çà+.Ø�+.É�Ù�Ö�ÎËÖ�Ö�ÆBÊ�Ý�Ö

Ú�Æ�+.Ú
a ¯ b = φ−1(φ(a) ¢ φ(b))

ç òxØéÊ,Ú�ÆBÇY-·ÝýÊ,-0/4Ö í Ú�Æ�Ç ÚZÝýÊõ/�Îs+.î�-�+.6àÖ2È^ÇYÉËÊ�Ý 6�+*ÙÛÈ^Ç 5�Ö0Çv/
Î�Ø=Ú0ÇY-0Ì�Æ�+.ØBî"Çv+,È4É�Ù ç

φ

φ−1

φ

�	��� j���j ADO[>kH&>�FI:.S.LNMV~�L J�_GFxJGH&O

è Ç2Æ�+*)"Ç�ÌvÊ,6�Ï454Ú0Çv/×Ú�ÆBÇ Ó � È^Ê*ú
φ
Çkú�Ï4É�ÎËÌYÎ�Ú�É�Ù°5�Ö�Î�Ø4î

g0 = 3
+,Ö�+ Ï4-�Î�6�Î�Ú�Î�)�Ç�ÇYÉËÇY6àÇYØ=Ú í +.ØB/

Ì�ÆBÇvÌ�Í�Çv/ÑÎ�Ú0Öý/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É^Ï4-0Ê,Ï^ÇY-�Ú�ÎËÇvÖ ç òZØ�Ú�ÆBÇ��B-0Ö�Ú�Í�ÇYÙ � 6�Îëú�Î�Ø4î�És+*Ù�ÇY-�Î�Ø Ç*+,Ì�ÆÑ-�Ê,54ØB/ í
Z

(r)
1

+.ØB/
Z

(r)
4+.-0Ç&6�Îëú4Çv/�Ý&Î�Ú�ÆàÚZÝýÊ�Ê.üTÚ�ÆBÇ&ÝýÊ,-0/4Ö�5BÖ�Î�Ø4î

¯
ç �3Ö�Î�Ø4î�Ú�ÆBÇ&ÎËÖ0Ê,6àÊ,-�Ï4Æ4ÎËÌ�/�Îs+.î�-�+.6$+.È^Ê�)�Ç í Ý�Ç�6�+*Ù��B-0Ö�Ú

Ö�ÇYØB/�Ú�ÆBÇ�Í�ÇYÙÃÖ9+.ØB/�Ú�Æ�Ç�ÚZÝýÊ3ÝýÊ,-0/4Ö9Ú�Æ4-0Ê,54î�Æ
φ
í +.ØB/�Ú�ÆBÇYØ�ÌvÊ,6�È4Î�ØBÇý5BÖ�Î�Ø4î

¢
ç òxØ�Ú�ÆBÇ�+.Ø�+.É�Ù�Ö�ÎËÖ9Ê.ü�Ú�ÆBÇ

/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É�Ï4-0Ê,Ï^ÇY-�Ú�ÎËÇvÖ�Ý�Ç�Ö�ÆBÊ,54ÉË/·Ú�ÆBÇY-0Çkü[Ê,-0Ç�ÉËÇYÚ�Ú�ÆBÇ�Ê,54Ú�Ï454Ú3/�ÎëêTÇY-0ÇYØBÌvÇvÖ3Ê.ü
φ
È^Ç
¯
í Ö�54È4Ú�-�+,ÌYÚ�ÎËÊ,Ø

6àÊ=/�54ÉËÊ
216 çè Ç�ü[Ê,54ØB/ÑÚ�Æ�+.Ú�Îëü�ÝýÇ3ÉËÇYÚýÚ0ÆBÇ3Î�Ø4Ï454Ú&/�ÎëêTÇY-0ÇYØBÌvÇvÖ�Ú0Ê

φ
È^Ç�/�ÎëêTÇY-0ÇYØBÌvÇvÖ�Ý&Î�Ú�Æ -0ÇvÖ�Ï^ÇvÌYÚ�Ú0Ê

⊕
í Ú�ÆBÇYØ

Ú�ÆBÇ�ü[Ê,É�ÉËÊ�Ý&Î�Ø4î�/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É�ÆBÊ,ÉË/4Ö�Ý&Î�Ú�Æ2Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ
1/2 �

δ⊕ = FFFDx
φ
−→ δ¯ = 215.

Å�ÆBÇ�/�ÎëêTÇY-0ÇYØBÌvÇ
δ¯

ÎËÖ�Ï4-0ÇvÖ0ÇY-�)"Çv/�Ú�Æ4-0Ê,54î�Æ�Ú�ÆBÇ�Í"ÇYÙ � +,/4/�Î�Ú�ÎËÊ,Ø ç Å�Æ4-0Ê,54î�Æ
φ−1 ÝýÇ�î"ÇYÚ�Ú�ÆBÇ�-0ÇY)�ÇY-0Ö0Çv/

/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É�Ý&Î�Ú�Æ�Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ
1/2 � δ¯

φ−1

−→ δ⊕
ç Å�ÆBÇvÖ�ÇÞ6�+*Ù È^Ç�ÌvÊ,6�È4Î�ØBÇv/�Î�Ø=Ú0Ê2Ú�ÆBÇ�/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É



δ⊕
Z

(r)
j ¯

−→ δ⊕
Ú�Æ�+.Ú í Ê,Ø2Ú�ÆBÇ�+*)�ÇY-�+.î"Ç�Ê�)"ÇY-3+.É�ÉzÍ�ÇYÙ�Ö

Z
(r)
j

í ÆBÊ,ÉË/4Ö�Ý&Î�Ú�Æ�Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ
1/4

Ô
j ∈ {1, 4}

Ü ç
��Ê,-ÞÇ*+,Ì�Æ°Í�ÇYÙ

Z
(r)
j

í ÝýÇÑÆ�+*)�Ç�Ì�ÆBÇvÌ�Í�Çv/ðÚ�ÆBÇ Çkú4+,ÌYÚÞÏ4-0Ê,È�+.È4Î�É�Î�ÚZÙñÊ.ü�Ú�Æ4ÎËÖÞ/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É ç Å�ÆBÇ�Í"ÇYÙ�Ö
1+.ØB/

−1
+.-0ÇÞÍÃØBÊ�Ý&Ø�Ú0Ê È^ÇÞÝýÇ*+.Í 54ØB/4ÇY-

¯
í Ú�ÆBÇ�/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É�ÆBÊ,ÉË/4Ö�Ý&Î�Ú�Æ�Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ

1
+.ØB/

0.5
í

-0ÇvÖ0Ï^ÇvÌYÚ�Î�)"ÇYÉ�Ù ç Å�ÆBÇ�Ö�6�+.É�ÉËÇvÖ�Ú�Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙnÚ�Æ�+.Ú�Ê=ÌYÌY54-�ÖÑÔDü[Ê,-�Ú�Æ�Ç�Í"ÇYÙ�Ö
3
+.ØB/

−3
Ý&Î�Ú�Æ

g0 = 3
Ü�Î�Ö

î�-0Ç*+.Ú0ÇY-�Ú�Æ�+.Ø
0.166..

í +.ØB/�Ú�ÆBÇ�Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ�É�ÎËÇvÖ3Î�Ø Ú�ÆBÇ�-�+.Ø4î"Ç
0.23 − 0.27

üóÊ,-
216 − 22

Ê.ü�Ú�ÆBÇ
Ï^Ê�Ö�Ö�Î�È4ÉËÇ�)�+.É�5BÇvÖ�ü[Ê,-

Z
(r)
j

ç
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ô ÇYÚ3Ú�ÆBÇ � � � È4Î�Ú�ÌYÎ�Ï4ÆBÇY-�È4ÉËÊ=Ì�Í·È^Ç�/4ÇYØBÊ,Ú0Çv/�È=Ù

(w1, w2, w3, w4)
í Ý&ÆBÇY-0Ç�Ç*+,Ì�Æ
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ÎËÖ�+ á �
� È4Î�Ú�ÝýÊ,-0/

-0Çkü[ÇY-�-0Çv/·Ú0Ê�+,Ö&ÝýÊ,-0/
i
ç

÷�É�É�/�ÎëêbÇY-0ÇYØBÌvÇvÖ�Î�Ø2Ú�ÆBÇ�Ì�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ�+.-0Ç�Ý&Î�Ú�Æ�-0ÇvÖ�Ï^ÇvÌYÚ�Ú0Ê
⊕
í +.ØB/·ÝýÇ�/4ÇYØBÊ,Ú0Ç

δ = FFFDx
ç

ô ÇYÚ�+�Ï�+.Î�-�Ê.üVÚ0ÇkúÃÚ0Ö�+.Ú�Ú�ÆBÇ�È^ÇYî�Î�Ø4Ø4Î�Ø4î Ê.ü�Ê,ØBÇ�-0Ê,54ØB/�Æ�+*)�Ç�/�ÎëêTÇY-0ÇYØBÌvÇ
(δ, δ, δ, δ)
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+.ØB/

3Ý&Î�É�ÉVÆ�+*)�ÇÞ/�ÎëêTÇY-0ÇYØBÌvÇ
δ
+?ü�Ú0ÇY- � ��1 Ý&Î�Ú�Æ

Z
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+.ØB/
Z

(r)
3

ç Ò�+,Ì�Æ�Ê.ü�Ú�ÆBÇ�ÝýÊ,-0/4Ö
1
+.ØB/

4
Ý&Î�É�ÉVÆ�+*)"Ç

/�ÎëêbÇY-0ÇYØBÌvÇ
δ
+?ü�Ú0ÇY-V6�54É�Ú�Î�Ï4É�ÎËÌ*+.Ú�ÎËÊ,Ø�Ý&Î�Ú�Æ
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(r)
1

+.ØB/
Z

(r)
4

Ý&Î�Ú�Æ�Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ
1/4

ç Å�Æ=5BÖVÚ�ÆBÇ&/�ÎëêbÇY-0ÇYØBÌvÇ
+?üóÚ0ÇY-�Ú�ÆBÇ�Í�ÇYÙ � 6�ÎëúÃÎ�Ø4îàÉs+*Ù"ÇY-�Î�Ø2Ú�ÆBÇ�È^ÇYî�Î�Ø4Ø4Î�Ø4î�Ê.üyÚ�ÆBÇ�-0Ê,54ØB/·ÎËÖ

(δ, δ, δ, δ)
Ý&Î�Ú�Æ2Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ

2−4 çÓ=Î�ØBÌvÇ�Ú�ÆBÇ�/�ÎëêTÇY-0ÇYØBÌvÇvÖ3Î�Ø�ÝýÊ,-0/4Ö
1
+.ØB/

3
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2
+.ØB/

4
+.-0Ç�Ú�ÆBÇ�Ö�+.6àÇ í Ú0ÆBÇ�ÚZÝýÊÞÎ�Ø4Ï454Ú�/�ÎëêTÇY-0ÇYØBÌvÇvÖ�Ú0Ê�Ú�ÆBÇ � ÷ � Ö�Ú�-�5BÌYÚ�54-0Ç�+.-0Ç�È^Ê,Ú�Æ

0
ç Å�ÆBÇYØ·Ú�ÆBÇ�Ê,54Ú�Ï454Ú
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0
í Ö0Ê Ú�ÆBÇ·/�ÎëêbÇY-0ÇYØBÌvÇ2Ê.ü�Ú�ÆBÇ È4ÉËÊ=Ì�Í�Ö�+?üóÚ0ÇY-�Ú�ÆBÇ � ��1

Ý&Î�Ú�Æ�Ú�ÆBÇ�Ê,54Ú�Ï454Ú0Ö�üó-0Ê,6 Ú�ÆBÇ ��÷ � Ö�Ú�-�5BÌYÚ�54-0Ç�Ý&Î�É�É�È^Ç
(δ, δ, δ, δ)

ç Ó=Î�ØBÌvÇ�ÝýÊ,-0/4Ö
2
+.ØB/

3
Æ�+*)�Ç�Ç '=5�+.É

/�ÎëêbÇY-0ÇYØBÌvÇvÖ�Ú�ÆBÇÞ/�ÎëêTÇY-0ÇYØBÌvÇ�Ê.ü�Ú�ÆBÇ�È4ÉËÊ=Ì�ÍÃÖ�+?üóÚ0ÇY-�Ú�ÆBÇÞÖ�Ý�+.Ïn+.Ú�Ú�ÆBÇ�ÇYØB/ Ê.ü�Ú�ÆBÇ�-0Ê,54ØB/ Ý&Î�É�É�+.ÉËÖ0ÊÑÈ^Ç
(δ, δ, δ, δ)

ç
Å�Æ4ÎËÖ�Ê,ØBÇ � -0Ê,54ØB/ñÌ�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ�6�+*ÙnÈ^Ç�ÌvÊ,ØBÌ*+.Ú0ÇYØ�+.Ú0Çv/ñÝ&Î�Ú�ÆñÎëÚ�Ö0ÇYÉëü
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(δ, δ, δ, δ)
8
-0Ê,54ØB/4Ö
−→ (δ, δ, δ, δ)

Ú�Æ�+.Ú�ÆBÊ,ÉË/4Ö�Ý&Î�Ú�Æ2Ï4-0Ê,È�+.ÈBÎëÉ�Î�ÚZÙ
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Ú�ÆBÇ �B-0Ö�Ú3-0Ê,54ØB/
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+.ØB/
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+.-0Ç�Î�ØBÖ0ÇY-�Ú0Çv/�5BÖ�Î�Ø4î
¯
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φ
ç Å�ÆBÇYØ�ÝýÇ3Ö0ÇvÇ�Ú�Æ�+.ÚýÚ�ÆBÇ��B-0Ö�Ú�+.Ï4Ï4É�ÎËÌ*+.Ú�ÎËÊ,Ø·Ê.ü
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1
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4
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6àÇ*+.ØBÖ�ÝýÇÑÌ*+.ØñÖ0ÇYÉËÇvÌYÚ�Ú0ÆBÇàÏ4És+.Î�Ø=Ú0Çkú�Ú�Ï�+.Î�-0Ö�Ö�5BÌ�Æ Ú�Æ�+.Ú�Ú�ÆBÇ�ÝýÊ,-0/4Ö
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+.ØB/
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Ý&Î�É�É�Æ�+�)"Ç�/4ÎEêbÇY-0ÇYØBÌvÇ
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È^ÇküóÊ,-0Ç

φ(Z
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+.ØB/
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+.-0Ç�Î�ØBÖ0ÇY-�Ú0Çv/ í Ý&Î�Ú�Æ�Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ
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ç Å�ÆBÇYØ2Ú�ÆBÇ�Ï4-0Ê,È�+.È4Î�É�Î�ÚZÙ·Ê.ü9Ú�ÆBÇ

Ì�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ0Ú�ÎËÌÑÊ.ü&Ú�ÆBÇ �B-0Ö�Ú�-0Ê,54ØB/ Ý&Î�É�É�È^Ç
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� -0Ê,54ØB/2Ì�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ�Ý&Î�É�ÉzÈ^Ç
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(δ, δ, δ, δ)
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Z

(9)
2

+.Ø�/
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