Multi-Linear Secret-Sharing Schemes

Amos Beimel*, Aner Ben-Efraim*, Carles Padré, and Ilya Tyomkin

! Dept. of Computer Science, Ben Gurion University of the Negev, Be’er Sheva, Israel
2 Dept. of Mathematics, Ben Gurion University of the Negev, Be'er Sheva, Israel
3 Nanyang Technological University, Singapore
4 Dept. of Mathematics, Ben Gurion University of the Negev, Be’er Sheva, Israel

Abstract. Multi-linear secret-sharing schemes are the most common
secret-sharing schemes. In these schemes the secret is composed of some
field elements and the sharing is done by applying some fixed linear map-
ping on the field elements of the secret and some randomly chosen field
elements. If the secret contains one field element, then the scheme is
called linear. The importance of multi-linear schemes is that they pro-
vide a simple non-interactive mechanism for computing shares of linear
combinations of previously shared secrets. Thus, they can be easily used
in cryptographic protocols.

In this work we study the power of multi-linear secret-sharing schemes.
On one hand, we prove that ideal multi-linear secret-sharing schemes in
which the secret is composed of p field elements are more powerful than
schemes in which the secret is composed of less than p field elements (for
every prime p). On the other hand, we prove super-polynomial lower
bounds on the share size in multi-linear secret-sharing schemes. Previ-
ously, such lower bounds were known only for linear schemes.

Keywords: Ideal secret-sharing schemes, multi-linear matroids, Dowl-
ing geometries

1 Introduction

Consider a scenario where a user holds some secret information and wants to
store it on some servers such that only some predefined sets of servers (i.e.,
trusted sets) can reconstruct this information. Secret-sharing schemes enable
such storage, where the dealer — the user holding the secret — computes some
strings, called shares, and privately gives one share to each server. In the sequence
we will refer to the servers as the parties and to the collection of sets of parties
that can reconstruct the secret as an access structure. Secret-sharing schemes
are an important cryptographic primitive and they are used nowadays as a basic
tool in many cryptographic protocols, e.g., [2,9,10,12,27,18,41, 34, 37].

In this work we study the most useful construction of secret-sharing schemes,
namely, multi-linear secret-sharing schemes. In these schemes the secret is a
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sequence of elements from some finite field, and each share is a linear combination
of these elements and some random elements from the field. If the secret contains
exactly one element of the field, then the scheme is called linear. Linear and
multi-linear secret-sharing schemes are very useful as they provide a simple non-
interactive mechanism for computing shares of linear combinations of previously
shared secrets.

We prove two results on the power of multi-linear secret-sharing schemes.
Our first results shows advantages of multi-linear secret-sharing schemes com-
pared to linear schemes, that is, we prove that ideal schemes in which the secret
contains p elements of the field are more efficient than schemes in which the
secret contains less than p field elements (for every prime p). Our second re-
sults proves super polynomial lower bounds on the size of shares in multi-linear
secret-sharing schemes.

Previous Results. Threshold secret-sharing schemes, where all sets of parties
whose size is at least some threshold, were introduced by Shamir [33] and Blak-
ley [5]. Secret-sharing schemes for general access structures were introduced and
constructed by Ito et al. [19]. Better constructions were introduced by Benaloh
and Leichter [3]. Linear secret-sharing schemes were presented by Brickel [7] for
the case that each share is one field element and by Krachmer and Wigder-
son [20] for the case that each share can contain more than one field element.
Karchmer and Wigderson’s motivation was studying a complexity model called
span programs; in particular, they proved that monotone span programs are
equivalent to linear secret-sharing schemes. It is important to note that all previ-
ously mentioned constructions of secret-sharing schemes are linear. Multi-linear
secret-sharing schemes were studied by [4,13], who gave the conditions when
a multi-linear scheme realizes an access structure. Construction of multi-linear
secret-sharing schemes were given by, e.g., [36, 6,39, 38].

To explain why linear secret-sharing schemes are useful, we describe the
basic idea in using secret-sharing schemes in protocols, starting from [2]. In such
protocols the parties share their inputs among the other parties, and, thereafter,
the shares of different secrets are “combined” to produce shares of some function
of the original secrets. For example, the parties hold shares of two secrets a and
b, and they want to compute shares of a 4+ b (without reconstructing the original
secrets). If the schemes are multi-linear, the two secrets a and b are shared using
the same multi-linear scheme, and each party sums the shares of the two secrets,
then the resulting shares are of the secret a + b.

In any secret-sharing scheme, the size of the share of each party is at least
the size of the secret [21]. An ideal secret-sharing scheme is a scheme in which
the size of the share of each party is exactly the size of the secret. For ex-
ample, Shamir’s scheme [33] is ideal. Brickell [7] considered ideal schemes and
constructed ideal schemes for some access structures, e.g., for hierarchical access
structures. Brickell and Davenport [8] showed an interesting connection between
ideal access structures and matroids, that is, (1) If an access structure is ideal
then it is induced by a matroid, (2) If an access structure is induced by a repre-
sentable matroid, then the access structure is ideal. Following this work, many



works have studied ideal access structures and matroids, e.g. [32,35, 25, 24]. In
particular, if an access structure is induced by a multi-linear representable ma-
troid, then it is ideal [35].

Simonis and Ashikhmin [35] considered the access structure induced by the
Non-Pappus matroid. They construct an ideal multi-linear secret-sharing scheme
realizing this access structure, where the secret contains two field elements, and
they prove (using known results about matroids) that there is no ideal linear
secret-sharing realizing this access structure (that is, in any linear secret-sharing
realizing this access structure at least one share must contain more than one
field element). Pendavingh and van Zwam [29] (implicitly) provided another
example of an access structure that can be realized by an ideal multi-linear
secret-sharing scheme, where the secret contains two field elements, but cannot
be realized by an ideal linear secret-sharing scheme. Their example is the access
structure induced by the rank-3 Dowling matroid of the quaternion group. Note
that the rank-3 Dowling matroid [15, 14] can be defined with an arbitrary group
(see Definition 2.9); in this paper we will use it with properly chosen groups.

For a scheme to be efficient and useful, the size of the shares should be small
(i.e., polynomial in the number of parties). The best known schemes for general
access structures, e.g., [19, 3, 20, 13], are highly ineflicient, that is, for most access
structures the size of shares is 2°(") times the size of the secret, where n is the
number of parties in the access structure. The best lower bound known on the
total share size for an access structure is 2(n®/logn) times the size of the
secret [11]. Thus, there exists a large gap between the known upper and lower
bounds. Bridging this gap is one of the most important questions in the study
of secret-sharing schemes. In contrast to general secret-sharing schemes, super-
polynomial lower bounds are known for linear secret-sharing schemes. That is,
there exist explicit access structures such that the total share size of any linear
secret-sharing scheme realizing them is n?(°6™) times the size of the secret [I,
16,17].

Our Results and Techniques. The simplest way to construct a multi-linear secret-
sharing scheme, where the secret is composed of k field elements, is to share each
field element independently using a linear secret-sharing scheme. This results in
a multi-linear scheme whose information ratio (the ratio between the length of
the shares and the length of the secret) is the same as the information ratio
of the linear scheme. The question is if one can construct multi-linear secret-
sharing schemes whose information ratio is better than linear schemes. Our first
result gives a positive answer to this question. Our second result implies that in
certain cases the answer is no — we show that the lower bound of [17] for linear
secret-sharing schemes holds also for multi-linear secret-sharing schemes.

Our first results shows advantages of multi-linear secret-sharing schemes com-
pared to linear schemes. For every prime p > 2, we show that there is an access
structure such that: (1) It has an ideal multi-linear secret-sharing scheme in
which the secret is composed of p field elements. (2) It does not have an ideal
multi-linear secret-sharing scheme in which the secret is composed of k field el-
ements, for every k < p. In other words, we prove that schemes in which the



secret is composed of p field elements are more efficient than schemes in which
the secret is composed of less than p field elements. Previously, this was known
only for p = 2.

To prove this result we consider the access structures induced by rank-3
Dowling matroids of various groups. By known results, it suffices to study when
these matroids are k-linearly representable. We study this question and show
that it can be answered using tools from representation theory. The important
step in our proof is showing that the Dowling matroid of a group G is k-linearly
representable if and only if the group G has a fixed-point free representation
of dimension k (see Section 2.5 for definition of these terms). To complete our
proof, we show that for every p there is a group G}, that has a fixed-point free
representation of dimension p and does not have a fixed-point free representation
of dimension k < p.

Our second results is super polynomial lower bounds on the size of shares in
multi-linear secret-sharing schemes. Prior to our work, such lower bounds were
known only for linear secret-sharing schemes. As proving super polynomial lower
bounds for general secret-sharing schemes is a major open question, any exten-
sion of the lower bounds to a broader class of schemes is important. Specifically,
as the class of multi-linear secret-sharing schemes is the class that is useful for
applications, it is interesting to prove lower bounds for this class. We show that
the method of Gél and Pudlék [17] for proving lower bounds for linear secret-
sharing schemes applies also to multi-linear secret-sharing schemes. As a result,
we get that there exist access structures such that the total share size of any
multi-linear secret-sharing scheme realizing them is n0°8™) times the size of
the secret (even when the secret contains any number of field elements).

2 Preliminaries

Notations. We will frequently use block matrices throughout this paper. To
differentiate these block matrices, they will be inside square brackets, or in bold

letters (e.g. A = where A, B,C, D are matrices). In all the proofs and

A B

o)
examples, except in the proof of Theorem 4.5, all blocks are of size k x k. For
a matrix A, we denote the i*" column of A by A;. We denote fields by F or E
(general fields), C (complex numbers), F (algebraic closure of F), and F,m (the
unique field with p™ elements). We denote the integers by Z and the non-negative

integers by N.

2.1 Secret-Sharing Schemes

A secret-sharing scheme is, informally, an algorithm in which a dealer distributes
a secret to a set of parties in such that only authorized subsets of parties can
reconstruct the secret, while unauthorized subsets cannot learn anything about
the secret. We next define secret-sharing schemes, starting with some notations.



Definition 2.1. Let {p1,...,pn} be a set of parties. A collection A C 2{P1-pn}
is monotone if B € A and B C C imply that C € A. An access structure is a
monotone collection A C 2P1-Pn} of non-empty subsets of {p1,...,pn}. Sets
i A are called authorized, and sets not in A are called unauthorized.

Definition 2.2 (secret-sharing). A secret-sharing scheme X with domain of
secrets S is a pair X = (II, 1), where p s a probability distribution on some
finite set R called the set of random strings and II is a mapping from S X R to
a set of n-tuples K1 x Ko X --- x K, where K; is called the domain of shares
of pj. A dealer distributes a secret s € S according to X by first sampling a
random string r € R according to p, and applying the mapping II on s and
r, that is, computing a vector of shares II(s,7) = (s1,...,8,), and privately
communicating each share s; to party p;. For a set A C {p1,...,pn}, we denote
I 4(s,r) as the restriction of II(s,r) to its A-entries.

Correctness. The secret s can be reconstructed by any authorized set of parties.
That is, for any set B € A (where B = {pi,,...,pijp }), there ezists a
reconstruction function RECONp : K;, X ... x K; . — S such that for every
se S,

|B]

Pr[RECONE(IIg(s,7)) =s] = 1. (1)

Perfect Privacy. Every unauthorized set cannot learn anything about the secret
(in the information theoretic sense) from their shares. Formally, for any set
T ¢ A, for every two secrets a,b € S, and for every possible vector of shares

<Sj>pj€T:
Pr[IIr(a,r) = (sj)p;er | = Pr[II7(b,r) = (sj)p,er |- (2)

maxi <j<n log | K|
log | 5]
is the domain of secrets and K is the domain of shares of p;.

In every secret-sharing scheme, the information ratio is at least 1 [21]. Ideal
secret-sharing schemes are those where the information ratio is exactly 1, which
means that the size of the domain of the shares is exactly the size of the domain
of the secret.

Multi-linear secret-sharing schemes are schemes in which the computation of
the shares is a linear mapping. More formally, in a multi-linear secret-sharing
scheme over a finite field F, the secret is a vector of elements of the field. To
share a secret s € FF, the dealer first chooses a random vector r € F™ with
uniform distribution (for some integer m). Each share is a vector over the field
such that each coordinate of this vector is some fixed linear combination of the
coordinates of the secret s and the coordinates of the random string 7.

The information ratio of a secret-sharing scheme is , where S

2.2 Matroids

Matroids are combinatorial objects that can be defined in many equivalent ways.
To make things simple, we will stick to one definition based on rank function.



Definition 2.3. A matroid M is an ordered pair (E,r) with E a finite set (usu-
ally E = {1,...,n}) called the ground set and a rank function r: 2 — N satis-
fying the following conditions, called the matroid azioms:

1. r(0) =0,

2. If X CFEandx € E, thenr(X) <r(XU{z}) <r(X)+1,

3. If X CFE and x,y € E such that r(X U{x}) = r(X U{y}) = r(X) then
r(X Ufz}U{y}) = r(X).

A set X C FE is independent if r(X) = |X|, otherwise X is dependent. The
rank of the matroid is defined r(M) :=r(E). A base of M is an independent set
X C E such that r(X) = r(M). The set of bases of a matroid uniquely identifies
the matroid. A circuit is a minimal dependent set. The set of all circuits of
a matroid also uniquely identifies the matroid. Throughout this paper we will
assume that every set X C E of size 2 is independent (called simple matroids or
geometries in the literature).

The simplest example of a matroid is the size of a group, i.e., let E = {1,...,n}
and r(X) = |X|. The 3 axioms are trivially verified. In this matroid, all sets
are independent. Matroids originated from trying to generalize axioms in graph
theory and linear algebra.

Ezample 2.4. Let E = {vy,...,u,} be a set of vectors over some field F. For
X C E let r(X) = dim(span(X)). By linear algebra, the 3 matroid axioms hold.
Furthermore, we can look at the matrix A, in which the i*" column is the vector
v;. In this case, r(X) is the rank of the submatrix containing the columns of the
vectors in X . Matroids that arise in this manner are called linearly representable
(over IF). This can also be generalized as follows:

Definition 2.5. Let M = (E = {1,...,n},r) be a matroid and F a field. A k-
linear representation of M over F is a matriz A with k- n columns Ay, ..., Ag.p
such that the rank of every set X = {i1,...,i;} C E satisfies

F(X) = dim(span(U;, U---U Uij))7

k
where Up = {A@—1)h+15 A=1)-kt2) s Aok} for 1 < € < n. If such a repre-
sentation of M exists then M 1is k-linearly representable. One-linearly repre-
setable matroids are called linearly representable. A matroid is multi-linearly
representable if it is k-linearly representable for some k € N.

An example of a multi-linear representation is given in Example 2.6.

Matroids of rank 3 can be expressed by a geometric representation on a plane
as follows — the bases are the sets of 3 points that are not on a single line. For
a diagram on the plane to represent a matroid it must satisfy the following
condition: Every 2 distinct points lie on a single line. Since every 2 points lie on
a line, usually only lines that pass through at least 3 points are drawn. See [28,
Chapter 1.5] for more details and the more general statement.



Example 2.6. Let A and B be the following matrix and block matrix:

123 g1 g¢ 9" 123 g1 g g7
100-1 0 1 1,0 O —I, 0 I
A=|0101 10 |,B=|00,0 I, -1, 0
0010 1 —1 0011, 0 I, —I,

For any field F, the matrix A (resp. the block matrix B) is a linear (k-linear)
representation of the matroid with 6 points whose geometric representation is
Figure 1 (a). For example, the columns labelled by 1,2,g{ are independent.
Therefore, they do not lie on the same line in Figure 1 (a). On the other hand,
the columns labelled by 1,2, ¢} are dependent, thus, they lie on a line.

a1 a1
3

111

g1
a
Fig. 1. Geometzic Representation of the matroids Qs({1}) and Qs(Z2).

Definition 2.7. Let M be a matroid and F a field. We say that that M is k-
minimally representable over F if there is a k-linear representation of M over
F, but for every j < k there is no j-linear representation of M over F. We will
say that M is k-minimally representable if it is k-minimally representable over
some field F, but not j-linearly representable over any field for j < k.

Ezample 2.8. The Non-Pappus matroid (cf. [28, Example 1.5.15, page 39]) whose
geometric representation appears in Figure 2 is not linearly representable over
any field [28, Proposition 6.1.10], but has a 2-linear representation over F3 [35].
Therefore, the Non-Pappus matroid is 2-minimally representable.

Our primary focus in the first part of the paper will be the multi-linear
representability of the rank-3 Dowling Matroids. These matroids were presented
by Dowling [15,14]. We will show that for every prime p there is a Dowling
Matroid which is p-minimally representable, and furthermore, over a relatively
small field. The Dowling Matroid is defined as follows:

Definition 2.9. Let G = {lg = ¢1,92,---,9n} be a finite group. The rank-
3 Dowling Matroid of G, denoted Q3(G), is a matroid of rank 3 on the set
1" "

E ={1,2,3,¢%, -, 90,97y -y g gy, ..., gV}, That is, for every element
gi € G, there are 3 elements in the ground set of the matroid g.,g!,9)" € E and

9



Fig. 2. The Non-Pappus matroid.

there are 3 additional ground set elements 1,2, 3 not related to the group. Every
subset of 3 elements not in C1 UCy U C3 U Cy is a base of the matroid, where,

Cr={{L2,g}1 <i<n}U{{Lgi g}l <i<j<npU{{20 g}l <i<j<n}
Co={{2,3,9 1 <i<n}U{{2,4/,97}1 <i<j<n}U{{3,4],95}1 <i<j<n},
Cs={{L3, g}l <i<n}U{{l,4/", g/ 1 <i<j<njU{{3,g",gf"H1 <i<j<n},
Cs = {{9i,97,9¢"}g; - 9i - ge = 1}.

Alternatively, it can be defined by the geometric representation appearing in
Figure 3, with additional lines that go through points g;, g7, ;" if and only if
g;i - Gi - g¢e = lg (e.g., there is always a line that goes through g¢i, g7, gy’ since
g1 = IG and lG . 1G . 1G = 1g).5

" g g 1

9n d gz g2 g1

Fig. 3. The Rank-3 Dowling matroid with the lines corresponding to sets {gz{, g7, gé"}
such that g; - g; - g¢ = 1¢ missing.

We note that the matroid in Example 2.6 is the Dowling matroid of the trivial
group. Figure 1 (b) is a geometric representation of the Dowling matroid of the
group Zs, the unique group with 2 elements. Dowling [15, 14] showed that Q3(G)
is linearly representable over F if and only if G is isomorphic to a subgroup of
F*, the group of invertible elements in F. Our main theorem generalizes this

® In the literature, the matroid is sometimes defined a bit differently, e.g., a line goes
through g7, 97,9/ if and only if (g;)™" - (¢:)”" - g¢ = le. This is just a different
naming of the ground set elements.



statement for multi-linear representability. Other forms of representability of
Q3(G), namely representability over partial fields and skew partial fields, have
been studied by Semple and Whittle [30] and Pendavingh and Van Zwam [29].

2.3 Ideal Secret-Sharing Schemes and Matroids

There is a strong connection between secret-sharing schemes and matroids. Ev-
ery matroid with ground set E = {pg,p1,...,pn} induces an access structure
A with n parties E' = {p1,...,pn} by the rule VA C E'; A € A if and only if
r(AU{po}) = r(A). The access structure A is also known as the matroid port. In
a sense, we think of pg as the dealer. Brickell and Davenport [8] showed that all
access structures admitting ideal secret-sharing schemes are induced by matroids.
However, not all access structures induced by matroids are ideal [32][25]. The
class of matroids inducing ideal access structures are called secret-sharing ma-
troids and also almost affinely representable, and discussed in [35]. Every multi-
linearly representable matroid is a secret-sharing matroid. It is still open whether
this inclusion is proper. There is also a strong connection between ideal multi-
linear secret-sharing schemes and multi-linearly representable matroids [20, 13].

Proposition 2.10 The class of access structures induced by multi-linearly rep-
resentable matroids is exvactly the access structures admitting an ideal multi-
linear secret-sharing scheme.

2.4 Basic Results in Linear Algebra and Multi-Linear
Representability

In this section we give some basic results in linear algebra and matroid theory
that are used in the paper. Recall that a matrix A € M, x,(F) is invertible
if and only if it is of full rank if and only if Av # 0 for every v # 0. Also
recall that block matrix multiplication can be carried out in block fashion, e.g.,
AB| |EF| |AE+ BG AF + BH
{CD][GH} o [CE+BGCF+DH
that the order written is important as usually AE # EA, etc.).

, as long as the dimensions match (note

Proposition 2.11 Let A, B,C be k x k matrices then

I, 0 C
(a) rank | A —I) 0 | =2k +rank(BAC —I).
0 B —I
—I Iy
(b) rank | A B = k + rank(B — A).

0 0



Proof. Multiplying by invertible matrices does not change the rank of a matrix.
Therefore,

-I, 0 C -I, 0 C I.o C
rank | A —I; 0 | =rank A -I, 0 |-|0,A-C
0 B —I, 0 B —-I,| oo I,
I, 0 0
=rank | A -1 0 = 2k + rank(BAC — I}).

0 B BAC-1I;

and
=1, —1Iy, —I —1Iy, 1T
rank [ A B | =rank A B {S Ik}
0 0 0 0 F
—Ir 0
=rank | A B—A| =k +rank(B — A).
0 0
B171 . Bl,n
Proposition 2.12 Let B := St be a k-linear representation of
By ... Bon

a matroid M, with B; ; being k X k block matrices, and let G be any invertible
k x k matriz. Then:

Bl,l Bl,j -G ... Bl,n
a) For every 1 < i <mn then is a k-linear repre-
Bnmi...Bn;i-G...Bny,

)

sentation of M.
B171 ce Bl,n

)

b) For everyl <i<m then |G - Bii ... G- B;y| is ak-linear representation
By ... Bmn
of M.
¢) If {1,...,m} is a base of M then there exists a matriz of the form
Iy ... 0 By 41 - B,
: : that is also a k-linear representation of M.
0...Iy B B!

mm—+1 - “mmn



Proof. a) Since G is invertible, it is immediate from basic linear algebra that

Blvil . BLie . Bl,is
rank e
Bm,i1 AN Bl TR Bm,is

Bl,il e Bl,i[, -G Bl,is
— rank : . . ,
Buniy .. Bri, G ... By,

for any submatrix (with j = i), which is exactly what we need to prove.
b) Simillarly, for any submatrix,

BLl-nBLn IkOO Bll---Bl,n
rank Bi,lu'Bi,n = rank 0...G...0 . lean

Bmi - B 0...0...5) |Bmi-- Bmn

s s

= rank GBz’lGBz’n

| By ... Bom

c¢) Since {1,...,m} is a base of M then the columns ¢, ..., ¢y of B are a basis
of the column space of B (which is, therefore, F¥™). Therefore, there is an
invertible linear transformation T such that V1 < i < mk,T(¢;) = e;. Since
T is invertible dim(span{7'(c;,),...,T(c;;)}) = dim(span{c;,,...,¢c;,}) for
any set of columns {c;,, ..., ¢;, }, which implies that by applying 7" to all the
columns of B we get that

0 Ik ... 0 T(Ckarl) T(Ckn)

is a k-linear representation of M



We will call operations Proposition 2.12(a) and 2.12(b) column and row block-
scaling respectively.

2.5 Fixed-Point Free Representations

A standard tool in studying groups is representation theory. Our result relies
heavily on theorems from this extensively researched field of mathematics. We
will only give the necessary definitions and state the result. We then sketch the
main ideas of the proof of this result. The complete proof, which requires much
more representation theory, will appear in the full version.

Definition 2.13. Let G be a finite group and F a field. A representation of
G is a group homomorphism p : G — GL,(F) (the group of n x n invertible
matrices). The dimension or degree of a representation is n. A representation is
called faithful if it is injective. A representation p : G — GL,(F) is fixed-point
free if for every 1 # g € G the field element 1 is not an eigenvalue of p(g), i.c.,
p(g) - v #£wv for every g # 1 and for every v # 0. A fixed-point free group is one
which has a fixed-point free representation.

We note that not all representations of a fixed-point free group G are fixed-
point free, even if the representation is faithful. For example, cyclic groups are
fixed-point free, but also admit non fixed-point free representations:

Example 2.14. Let G = Z,, be the additive group with m elements. Denote ( =

27

em . If p: G — GLy(C) is defined by p(k) = <

k
0 (1)) then p is faithful (because

i # k= p(i) # p(k)) but not fixed-point free because (Cok (1)> (2) = (i)) (and

k
this should only happen for & = 0). However, if we define p(k) = <§0 Cok) then p

¢h 0
0 ¢*
note that the group Z,, also has a fixed-point free representation of dimension
1, by p(k) = (e*).

Fixed-point free groups have been completely classified by the works of Burn-
side and later Vincent [40] and Zassenhaus [44]. The classification can be found,
for example, in [42]. For our purposes we will require only the following result,
easily achieved from the classification:

is fixed-point free, because if k £ 0 then 1 is not an eigenvalue of . We

Proposition 2.15 For every prime p > 2, there exist a prime q > p and a
group G, of order p*q such that:

1. Gy has a fized-point free representation of dimension p over the field Fora,
i.e., the field of characteristic 2 with 2P? elements.

2. The group G, does not admit a fized-point representation of dimension less
than p over any field.



6.18)

Moreover, there exists such q with ¢ = O(p>1®), so the field Fopa has 20(p
elements.

Our proof uses the construction of semidirect product of groups. The definition
can be found in most group theory books. See for example [26]. It also requires
some classical theorems from representation theory, which can be found, for
example, in [31].

The complete proof of Proposition 2.15 will be given in the full version. We
now sketch the main ideas of the proof.

Proof Sketch. Let p > 2 be a prime number. From Linnik’s Theorem [22, 23], there
exists a prime ¢ such that ¢ = np + 1 for some n € N, and ¢ is polynomially
bounded by p. The state of the art improvement, by Xylouris [43], shows that
q= O(p5.18).

From the fact that ¢ = np + 1, it can be deduced that there exists a non-
trivial semidirect product G, = Z; x Z,2, with the action of Z, (we give a
brief explanation of the construction of this group, and why this group works,
in Appendix A). We then show, both directly and using the classification of
fixed-point free groups, that the group G, is fixed-point free, and, thus, has a
fixed-point free representation.

Then, using classical theorems from representation theory, we show that a
fixed-point free representation of G, is of dimension at least p, and that there
indeed exists a fixed-point free representation of dimension p. In particular, we
show directly that there exists such a representation over the field Fopq, which
has 2P = 20(°"™*) glements.

3 Main Theorem and Result

In this section, we prove that there is an access structure that has an ideal p-
linear secret-sharing scheme and does not have an ideal k-linear secret-sharing
scheme for every k < p. As explained in Section 2.3, it suffices to prove that
there is a matroid that is p-minimally representable. We prove this result for the
Dowling matroid, for an appropriate group G. We next state our main theorem.

Theorem 3.1 For a finite group G, the matroid Q3(G) is k-linearly repre-
sentable over a field F if and only if there is a fixed-point free representation
p: G — GLi(F).

The main contribution of the theorem is the new connection between multi-linear
representation of the Dowling matroid over G to the existence of a fixed-point
free representation of the group G. The theorem transfers the problem of multi-
linear representablity of Q3(G) to finding fixed-point free representations of G.
Since fixed-point free groups and representations have been completely classified,
it gives a complete answer to this problem.

To discuss the representations of Q3(G), we define the following block matrix
A,. In Lemma 3.2, we will prove that if Q3(G) is multi-linearly representable,



then A, is a multi-linear representation of @3(G) for some representation p of
G. Then we prove in Lemmas 3.3 and 3.4 that A, represents Q3(G) if and only
if p is fixed-point free.

For a finite group G = {1 = ¢1,92,.-.,9n}, a field F, and a faithful repre-
sentation p : G — GL(F) we denote by A, the following block matrix, which
contains 3k rows and 3(n + 1)k columns.

IO O —Iy ... =I;; 0 ... 0 p(g1)...p(gn)
Ap = 0 Ik 0 p(gl) ,D(gn) *Ik *Ik 0 [N 0
00y 0 ... 0 plor)..-p(gn) I ... —I

Lemma 3.2. If M = Q3(G) is k-linearly representable over F, then there exists
a faithful representation p : G — GLy(F) such that A, is a k-linear representa-
tion of M.

Proof. The technique we use to prove this lemma is a standard one (e.g., see the
proofs of [28, Proposition 6.4.8, Lemma 6.8.5, Theorem 6.10.10] and [29, Lemma
3.35]). We generalize this technique to multi-linear representations by looking
at the representation matrix as a block matrix and using Proposition 2.12. We
repeatedly use the fact that for any multi-linear representation of M, if X C F
and r(X) = n then the rank of the relevant sub-matrix of the representation
(i.e., deleting the columns of elements not in X) is n - k.
Suppose that

Bia Bip Bis Biy ... Big, Bigr...Bigs Bigw ... Bygy
B = Bg’l 3272 B273 B219/1 e BQ?g;_L 32791/ e Bthg B27g/1// o Bgyg;{/
Bsy Bsp B3 By ... Byg Bago ... Bygn Bagw ... By g

is a k-linear representation of M. Then r({1,2,3}) =3 =r(M) so By,...,Bss
span the columns of B. By changing the basis of the column space of B (see
Proposition 2.12(c¢)) there exists a block matrix C of the form

Iy 0 0 Crgr ... Crg, Crgy ... Crgn Gy ... Crgm
C:= 101 0 Cogp ... Crg Cogy ... Oy Cogpr oo Co g
O O Ik 0379/1 .« e Olvgiz 0319/1/ .« e C'?”g;{ 037571// “ e 037g4{/

that is a k-linear representation of M. As Vg € G,r({1,2,¢'}) = 2, we have that

I, 0 Ch g
rank | 0 I Cy 4 | = 2k.
0 0 Csy

Thus, C3,4 = 0. Also 7({1,4¢'}) =2, so
I Cl,g’

rank | 0 Co o | = 2k,
0 Cs,y



therefore, Cs o is invertible (it has to be of full rank since C5, = 0). Since
r({2,¢'}) = 2, by the same argument C 4 is also invertible. Similarly Vg € G,
Ci,g» =0, and Cs g1, Cy 4 are invertible, and Ca gv = 0, and Cy g, C3 g are
invertible.

We now apply column block-scaling (Proposition 2.12(a)) on the columns of

g g by —(Crg)7t, ..., —(Chg,) " respectively to get that
I 000 Crgr(—=(Crg)™) oo Crg (=(Crg)™) 0 ..o 0 Cigp...Crgy
01 O 0279/1 (—(Cl,gi)il) e 0279% (—(Clygil)il) CQ,gi/ L 0279{71{ o ... 0
0 () [k O PR 0 CSygi/ e ngg./”{ C37gi” e ngg./”{,
I, 0 0 =1 ... =1 0o ... 0 Cl,gi” Ol,g;’{/
— 0L 0C, ... Chy Cogy . Cogy O .. 0
O 0 Ik; 0 e 0 03’9/1/ P CS’Q’Z C3,gi// “ee CS’Q’Z/

is a k-linear representation of M. Now by row block-scaling (Propostion 2.12(b))
on the second row by (C} g,l)’1 we get that

n 0 0 —TIy ... —1Ip 0 0 Cl,ga” Cl,g;{’
0 (Cé,gi)_l 0 In ... C;Y%(Cé,gi)—l C2$gi'(cé,g/l)_l 02*945(05’9’1)_1 0 ... 0
0 0 Ix, 0 ... 0 03,911/ C31g4{ Cg’gi// 03,94{/

is a k-linear representation of M. We continue in the same fashion by block-

scaling on the columns of g¢{,..., g/, then row block-scaling on the third row,
then column block-scaling of columns g{”, ..., ¢/, and finally column block scal-

ing of columns 2, 3 to get that

Iy 0 0 —I —I ... —I; O o ... 0 D179£// Dl,g’?” Dlvgil”
D = 0 Ik 0 Ik D2,g§ ...Dgyg;/ —Ik —Ik —Ik 0 0 0
001 O 0O ... O I Dgygé/ Dg’g;{ I I ... —Ij

is a k-linear representation of M.

We next use the fact that D is a multi-linear representation of Q3(G) to prove
that blocks in different parts of the representation are equal, e.g., D3 g = Da ¢.
Since ({91,497, 97"}) = 2, we have that

—Iy 0 Dy g
rank | Iy, —Ip O = 2k,
0 I —I

and this forces D g» = Iy. For j, £ such that g; = g, ' (thus, gj - g1-ge = 1), we
have that r({g}, 97, 9;"}) = 2. So,

-1 0 Dl,gén
rank | I —1I 0 = 2k.
0 D3,g}/ —1I;

By Proposition 2.11(a) we get that rank(Dj v - Dy g0 — I) = 0 so Dy, gr =
(Dl,géu)_l. By symmetric arguments, Dl,g;u = (D27gé)_1 and D27g; = (D37gé/)_1.



Therefore,
Vg € G,Dg,g” = D27g/ = Dl,g”’- (3)

Now let p : G — GLj(F) be the map p(g) = Ds,4. We see that p(1) = I (because
Dy g, = I). By Proposition 2.11(a)

_Ik 0 Dl,gé”
rank | Dy —I 0 = 2k + rank(Ds3, g0 D g1 Dy, g0 — 1)
0 Dyg Iy

= 2k +rank(p(g;) - p(9:) - p(ge) —1).  (4)

By the matroid rank, it is equal to 2k if g; - g; - g = 1 and 3k otherwise, thus,

V9i, 95,90 € G, g5 - 9i - 90 = 1 < plgj) - pgi) - plge) = 1. (5)

We now use (5) to show that p is an injective group homomorphism, which
completes the proof:

For every g € G, since 1-g~'-g = 1, we have I = p(1) - p(g7 1) - p(g) =
I-p(g~") - plg), forcing p(g)~" = p(g~").

Therefore, Vg, h € G, as g-h-(gh)™! = 1, we have I = p(g)-p(h)-p((gh)~!) =
p(g) - p(h) - p(gh)~L. Thus, p(gh) = p(g) - p(h). This proves that p is a group
homomorphism.

For injectivity, if g # h then g-h~!-1 # 1, which implies that p(g) - p(h) ! -
p(1) # I, so p(g) # p(h).

Lemma 3.3. Let p : G — GLi(F) be a faithful representation. If A, is a k-
linear representation of Qs(G) then p is fized-point free.

1

Proof. Since A, is a k-linear representation of Q3(G), for every g # 1 we have
that r({g1,9'}) = 2. So

“I -1,
rank | I p(g)| = 2k. (6)
0 0

By Proposition 2.11(b) we have that

—I =1,
rank | I p(g)| =k + rank(p(g) — Ir). (7)
0 0

By combining (6) and (7), rank(p(g) — Ix) = k. This implies that p(g) — Ij, is
invertible, so Vv # 0, (p(g) — Ix)v # 0, therefore, Vv # 0, p(g)v # v, which means
that 1 is not an eigenvalue of p(g). So, p is fixed-point free, as desired.

Lemma 3.4. If p: G — GLy(F) is a fized-point free representation, then A, is
a k-linear representation of Q3(G).



Proof. To prove that A, is a k-linear representation of M, we need to verify
that VX C E, if 7(X) = n then the rank of the relevant sub-matrix of A, (i.e.,
deleting the columns of elements not in X) is nk. Ranks of most sub-matrices
are trivially verified, e.g.,

Iy 0 —Ij Iy =1 —1I Iy —1Iy,
rank |0 [ O | =rank | 0 p(g;) O | =3k, rank | 0 p(g)| = 2k.
0 0 p(g) 0 0 plg)) 0 0

(Note that Vg € G, the matrix p(g) is invertible, and, therefore, of rank k). So
it is necessary and sufficient to ensure that the following 2 requirements hold:

1. For every two distinct elements g; # g;

—Ip Iy
rank | p(gi) p(g;) | = 2k, (8)
0 0

2. For all g5, g;,9¢ € G (not necessarily distinct)

—Ir, 0 p(ge) 2k if gj-gi-ge =1,
rank (p(g:) —Ix 0 | =r({gi,9],9/'}) = )
0 plg;) —I 3k otherwise.

Ranks of all other relevant sub-matrices follow from similar arguments.

We first show that Equation (8) holds. By Proposition 2.11(b)

I, —I
rank | p(gi) p(g;) | = k +rank(p(g;) — p(g:)), (10)
0 0

so in order to show that Equation (8) holds, we need to verify that for every
two distinct group elements g;,g; rank(p(g;) — p(g;)) = k. Since p is fixed-
point free and g; 'g; # 1, for every v # 0,v # p(g; "g;)v = (p(g:) " p(g;))v, s0
Yo #£ 0, p(g:)v # p(g;)v, thus, Yo # 0, (p(g:) — p(g;))v # 0, which implies that
p(gi) — p(g;) is invertible and, therefore, of rank k, so (8) holds.

We next show that Equation (9) holds. By Proposition 2.11(a) and the defi-
nition of a homomorphism,

—I, 0 plge)
rank |p(g:) —Ir 0 | =2k +rank(p(g; - gi - 9¢) — Ir). (11)
0 plg5) —1Ix

So, to prove that (9) holds, we need to show that

0if gj-gi-ge=1
rank(p(g; - gi - ge) — Ix) = {k ggthirw?se.

By arguments similar to the above



1. If g; - gi - g¢ # 1 then rank(p(g; - g; - g¢) — Ir) = k, as p is fixed-point free.
2. If g; - gi - g¢ = 1 then rank(p(g; - g; - g¢) — Ix) = 0. (This in fact true for any
representation because p(g; - g; - g¢) = p(1) = Ij.)

Proof (Proof of Theorem 3.1). Combining the lemmas we get Theorem 3.1:
If G has a fixed-point free representation p of dimension k, then by Lemma 3.4,
the block matrix A, is a k-linear representation of Q3(G), and, in particular,
Q3(G) has a k-linear representation. On the other hand, if Q3(G) is k-linearly
representable then, by Lemma 3.2, it has a faithful representation p of dimension
k such that A, is a k-linear representation of Q3(G), so, by Lemma 3.3, p is
fixed-point free.

We combine Theorem 3.1 with Proposition 2.15 to get our desired result:

Corollary 3.5. For every prime p > 2 there is a matroid that is p-minimally
representable. Moreover, the matroid has poly(p) ground points and this repre-
sentation exists over a finite field with 200°™) elements.

Proof. Let ¢ and G, be as in Proposition 2.15. By Theorem 3.1 and Proposition
2.15, over the field Fara, the matroid Q3(G,), which has 3p*q+ 3 elements in the
ground set, is p-linearly representable. Furthermore, over any field, the matroid
Q3(Gp) is not j-linearly representable for any j < p. So, Q3(G,) is p-minimally
representable. By Proposition 2.15, if we chose the appropriate ¢, then the field
Fare has 20°"™) clements.

We next rephrase the result in secret-sharing terms.

Corollary 3.6. For every prime p, there exists an access structure with poly(p)
parties, which has an ideal p-linear secret-sharing scheme with secrets of length
poly(n), but has no ideal k-linear secret-sharing scheme for every k < p.

Since the matroid has 3p?q + 3 elements in the ground set, the corresponding
access structure has 3p2q + 2 parties. Therefore, for every prime p, the smallest
access structure of this type has O(p”18) parties. Also note that the schemes is
over a field with 2P°Y(P) elements, so every share can be represented by poly(p)
bits.

4 Lower Bounds for Multi-Linear secret-sharing Schemes

The best known lower bounds for linear secret-sharing schemes is n?(1°8™ [1,
16,17]. By modification of the claims in [17], we show that these lower bounds
hold also for multi-linear secret-sharing schemes. Thus, even using multi-linear
schemes one cannot construct efficient schemes for general access structures.

We will use the following alternative definition of multi-linear secret sharing
schemes, proven to be equivalent in [13] (following [7,20]).



Definition 4.1 (Multi-Target Monotone Span Program). A multi-target
monotone span program is a quadruple M = (F, M, p, X), where F is a finite
field, M is an a X b matriz over F, the function p : {1,...,a} — {p1,...,Pn}
labels each row of M by a party, and X is a set of k independent vectors in F®
such that for every A C {p1,...,pn} either

— The rows of the sub-matriz obtained by restricting M to the rows labeled by
parties in A, denoted M 5, span every vector in X. In this case, we say that
M accepts A, or,

— The rows of M 4 span no non-zero vector in the linear space spanned by X.
In this case, we say that M rejects B.

We say that M accepts an access structure A if M accepts a set B if B € A,
and rejects every set B ¢ A. The size of a multi-target monotone span program
is a/k, where a is the number of rows in the matriz and k is the number of
vectors in the set X.

Note that not every labeled matrix is a multi-target span program. For example,
if £ > 1 and for some set A, the rows in M4 span exactly one vector in X, then
this is not a multi-target span program. By [13] a multi-linear secret-sharing
scheme realizing an access structure 4 with total share size a exists if and only if
there exists a multi-target monotone span program accepting A that has a rows.
In particular, if there exists a multi-target monotone span program accepting
A with a; rows labeled by p; for 1 < j < n and k vectors in the set X, then
the exists a multi-linear secret-sharing scheme realizing A with information ratio
maxi<;<n @;/k. In ideal multi-linear secret-sharing schemes a; = k for every j.

Assume, w.l.o.g., that X = {ey,...,e;}. We make 2 observations regarding
multi-target monotone span program.

Observation 4.2 If B € A and N = Mg then the rows of N span X, thus
V0 < s < k there exists some vector vy such that e = v;N.

Observation 4.3 If T ¢ A then for every s € {1,...,k} there exists a vector
wy € F° such that the following hold: (1) Mrw, = 0, (2) Vi # s,e; - ws = 0,
and (3) es - ws =1 (that is, the coordinate s in wg is 1).

Proof. If T ¢ A, then the rows of M do not span any of the vectors in X. Let
My x be the matrix containing the rows of My and additional rows ey, ..., e
and Mrp x\ (s} the same matrix with the row es deleted. By simple linear algebra,
for every 1 < s < k, we have that rank M7 x < rank M7 x\ (s}, which implies
that |kernel My x| > ’kernel Mt x\(s}|, and so there is some vector ws € Fb
such that e, - w, = 1 and My x\(syws = 0 (so evidently Mrw, = 0 and
Vi #£ s,e;-ws =0).

We next quote the definition of a collection with unique intersection from [17].
Such collections are used in [17] to prove lower bounds for monotone span pro-
grams; we show that the same lower bound holds for multi-target monotone span
programs.



Definition 4.4. Let A be a monotone access structure, with B = {B,..., B¢}
the collection of minimal authorized sets in A. Let C = {(C1,0,C11),(C2,0,C2,1),
.. ,(Ct0,Cr1)} be a collection of pairs of sets of parties. We say that C satisfies
the unique intersection property for A if

1. For every 1 < j <t,{p1,...,pon}\ (Cj0UCj1) ¢ A.
2. For every 1 < i < £ and every 1 < j < t, exactly one of the following
conditions hold (1) BiNCjo #0, (2) BiNCj1 # 0.

Note that if B € A and {p1,...,pn} \C ¢ A, then BN C #  (otherwise,
B C{p1,...,pn}\C, contradicting the monotonicity of A). Thus, Condition (2)
in Definition 4.4 requires that B; intersects at most one of the sets Cj; o, Cj 1.

Theorem 4.5. Let C be a collection satisfying the unique intersection property
for A. Define a matriz D of size £ x t, with D; j; = 0 if BN C;o # 0 and
D;; =14 BinC;1 # 0. Then, the size of every multi-target monotone span
program accepting A is at least rankg (D).

Proof. Let M = (F,M,p,X = {e1,...,ex}) be a multi-target monotone span
program accepting A, and denote the number of rows of M by m. For every
1 < i < /{since B; € A the rows of M labeled by the parties of B; span X. By
Observation 4.2, for every 1 < r < k, there exists v;, such that v; .M = e, and
the non-zero coordinates of v, , are only in rows labeled by B;.
Fix 1 <j <tandlet Tj = {p1,...,pn} \ (Cj0UCj1). Since T; ¢ A, by Obser-
vation 4.3, for every 1 < s < k there exists a vector w; s such that Mr,w; s = 0,
es - wjs=1and Vr # s,e, - wj s =0. Let y; s := Mw; s and define z; ; to be
the column vector achieved from y; ; by replacing all coordinates in y; s labeled
by parties in C} o with zero. The only non-zero coordinates in z; , are in coor-
dinates labeled by Cj ;.
Define L as the matrix with rows v11,...,v¢1,v1,2,...,0¢2,...,V¢ and R the
matrix with columns z1,1,...,2¢1, 21,2, -+, 26,2, - -, Z¢,;- Note that by definition
the rows of L are of length m, so L has m columus, thus, rank(L) < m.

Let D = LR. We next prove that D is a block matrix of the form:

DO0...0
0D...0
00...D

where D is the matrix defined in the Theorem. We need to show that v; -z, ; =0
if r # s (off the diagonal matrix block) and v, , - 2z, ; = D; ; if r = s.

- If B;n Cj)o #* 0, D;; =0. Furthermore, B; N Cj, 1 =0, thus, Vi and Zs,j
do not share non-zero coordinates and v;, - 2, ; = 0. In particular, if r = s
then v; ;- 2z, ; = 0= D, ;, and if r # s then v, , - 2z, ; = 0 as desired.

- It BiNCj1 #0, then D; ; =1, B;NCjo =0, and all coordinates in v,
labeled by C ¢ are zero, thus,

Vigr 25,5 =Vir- Ysj= 'Ui,'ers,j =€ Ws; = {



In particular, if r = s then v; -2, ; = 1 = D; j and if r # s then v, -z, ; = 0.

So ranky(D) = k - ranky(D), and since M is a k-linear representation, its size is

% > ranklj(L) > rank]l:p(D) _ rankF(D).

By [17], for every n there is an access structure A with n parties, for which
there exists a collection C satisfying the unique intersection property, such that
rankg (D) > n?(1°87) (where D is as defined in Theorem 4.5). So by Theorem
4.5,

Corollary 4.6. For every n, there exists an access structure N, with n parties
such that every multi-target monotone span program over any field accepting it
has size n?{087),

As multi-target monotone span program are equivalent to multi-linear secret-
sharing schemes [20], the same lower bound applies to multi-linear secret-sharing
schemes.

Corollary 4.7. For every n, there ewists an access structure N,, with n par-
ties such that the information ratio of every multi-linear secret-sharing scheme
realizing it is n*?(°8n)
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A The Construction of the Group G,

In this section we briefly explain the construction of the group Gy, (for any prime
p), which appears in Proposition 2.15. We then give a partial explanation of why
any fixed-point free representation of G, is of dimension at least p. The complete
proofs, and more details on the construction, will be given in the full version.

Semidirect products. We assume some familiarity with group basics, such as
group homomorphisms and automorphisms. Let N be a group. Recall that the
set of all automorphisms of N, denoted Aut(N), is also a group, with group
operation being composition, and the identity element being the identity map.
We now recall the definition of an action of a group H on a group N.

Definition A.1. Let H and N be two groups. By an action of H on N, denoted
H ~ N, we mean a group homomorphism ¢: H — Aut(N).

To simplify the notation, if no confusion is possible, we use shorter notation
x9 := (¢(g))(x). Since ¢ is a homomorphism, the identity of G is mapped to the
identity automorphism.



Example A.2. For any pair of groups H and N, there always exists the trivial
action 7: H — Aut(N), which maps every element of H to the identity auto-
morphism. A non-trivial action, however, does not always exist, and depends on
the choice of H and N.

Example A.3. Let H = Zo and N = Zs. To avoid confusion we denote N =
{0,1,2} and H = {fo, f1} - Then H acts on N by ¢(f1)(1) = 2. We note that
this completely identifies the action because f; and 1 are generators of H and
N respectively. Thus, for example, f1(2) = f1(1+1) = fi(1)+ f1(1) =2+2=1
and fo(1) = f10 f1(1) = f1(2) = 1. So it remains to verify only that this is well
defined, which is a very small task.

Lemma A.4. Let ¢: Gy — G2 be a group homomorphism, and ¢: Go ~ N a
group action. Then 1 induces a group action V*(¢): G1 ~ N, given by compo-
sition (V*(9))(z) := ¢(¢(x)). Furthermore, if 1 is surjective and the action ¢ is
non-trivial then so is ¥*().

Proof. Follows easily from the definitions.
The following proposition is well known.

Proposition A.5 For any prime g, the group of automorphisms of Z, is iso-
morphic to the group Zg—_.

This allows us to build a non-trivial action of Z, on Zg, if p, ¢ are primes such
that ¢ =1 mod p.

Proposition A.6 Let p,q € N be two primes such that ¢ =1 mod p. Then Z,
admits a non-trivial action on Z,.

Proof. From Proposition A.5 Aut(Zg) ~ Zq—1. Thus, it suffices to construct a
non-trivial homomorphism ¢: Z,, — Z,—1. Let n € N be such that ¢ — 1 = np,
and set ¢(z) := nx mod ¢. Then ¢ is a non-trivial homomorphism.

Corollary A.7. Letp,q be as in Proposition A.6. Then Z,> admits a non-trivial
action on Zg.

Proof. We have a natural surjective homomorphism v: Z,» — Z, given by
¥(x) := x mod p. Thus, by Proposition A.6 and Lemma A.4, ¢*(¢) is a non-
trivial action of Z,> on Zj.

There may exist other non-trivial actions of Z,> on Z,;. However, from now
on when we mention the action of Z,» on Z,, we mean that we have fixed
an isomorphism Aut(Z,) ~ Z,—1 and we refer to the non-trivial action *(¢)
constructed in the proof of Corollary A.7.

Definition A.8. Let H be a group acting on another group N, and ¢: H —
Aut(N) the action. The semidirect product, denoted N x4, H , is the set N x H =
{(n,h)In € N,h € H} equipped with the following operation

(nl,hl) . (7?,2,]7,2) = (711 'Tlgl, hl . ]’Lz) (13)



We leave to the reader to verify that (13) indeed defines a group-law. We will
often omit ¢ in the notation of the semidirect product, and write simply N x G.
When the action of G on N is not trivial we will say that the semidirect product
is mon-trivial. An attractive property of non-trivial semidirect products is that
they are not abelian, even if H and N are.

Lemma A.9. If N xG is a non-trivial semidirect product then it is not abelian.

Proof. Since G acts non-trivially, there exist g € G and h € N such that h9 # h.
Therefore (en, g) - (h,ec) = (h?,9) # (h,g) = (h,ec) - (en, 9)-

Proposition A.10 Let p and q be prime integers satisfyingq =1 mod p. Then
there exists a non-trivial semidirect product G, = Zq X Zyp2. The group has p%-q
elements.

Proof. Follows immediately from the definitions and Corollary A.7.

Suitability of G,. We now explain why the above construction works for us.
Since a full proof requires quite a few pages of background in representation
theory, we will only give a brief overview and refrain from proving the following
claims, which rely on some classical theorems in representation theory. But first
we state Linnik’s theorem:

Theorem A.11 (Linnik’s Theorem). There ezists constants ¢, L such that
for any pair of co-prime integers a and d, with 1 < a < d, the smallest prime of
the form a +nd (n > 1) is smaller than cd®.

Linnik didn’t give an explicit bound on L, but later works have shown that L is
in fact very small. The current state of the art is L < 5.18 due to Xylouris [43].

Corollary A.12. For every prime p, there exists a prime q, with ¢ = O(p>%),
for which a non-trivial semidirect product Zq X Z,> exists.

Now fix a prime p and a prime ¢ such that ¢ = 1 mod p, and let G, =
Zgq X Zy2 be the non-trivial semidirect product explained above.

Lemma A.13. The group G, is solvable and every proper subgroup of G\ is
cyclic. Thus, from the classification of solvable fized-point free groups (see for
example [42, Theorem 6.1.11]), the group G, admits a fized-point free represen-
tation.

Lemma A.14. The group G, is not abelian. This implies that G, does not have
fized-point free representations of dimension 1.

Lemma A.15. The group G, does not have any fized-point free representations
over fields of characteristic p,q.

Lemma A.16. OQver fields of characteristic different from p, q, the dimension of
the smallest fized-point representation of G, divides the order of G. Thus, since
the dimension cannot be 1, G, has a fized-point free representation of dimension
> p.

The completion of Proposition 2.15 (i.e., bounding the size of the field) is done
by explicitly building a fixed-point free representation of G, of dimension p over
the field ngq.



