
����������	�
�	�
��������������������� "!$#&%

'�(*),+.-0/213+,/4/�546

798;:=<?>�@BADC?@E>GFIH�J�KILNMPOPQ.RTS.8VUWC.LNXY8ZFIO[LNKD\�>G@B]^8;FI_G8PC=Q.`W>GF[abJP\

c�d�ePfPg0h,iGfkj

AD7Vl�mnLNOVJ�oGpGqsr?LNK9r?tu>vMxw�MPLN:.S.8ZFyazLNKIS�J�{�|G}�qsr?LNK9wY8;\�~?8PO[LN_GC.8�~•rv\�€?<=•�JGO[O[8Z\�JGC.~•‚ƒ<

„=JGL…<*mTK�†B‡ˆl‰|�ŠkŠk|‹J9O[tNLN_kSvKItŒ\•H&>*~ˆLNŽ.8�~•XY8ZFIO[Lu>GC&M�JGtNtN8�~•A•7Vl�m‘qs‚’abJ�O^J�K[KxJGMxwY8P~•“?O[LuC?_VH•“.tŒKILN:.tNLNM�J�KILNXY8

~ˆLN”"8ZFI8PCvKILuJGtNOP<,ADC3KIS?LuOz:.JG:•8;FbaT8V:ˆFI8PO[8PCvKWJ•tu8;O[O‘H&>ˆ~ˆLŒŽ,8�~�Xk8;FIO[LN>kC�>�@BAD7Vl�m–a^8VM�JGtNt

AD7Vl�mzqs‚V—k|vQ"JGC,~•JGC�J�K[KxJGMxw�>GC˜KIS?LNO9MPLN:.S?8;F�<™RTS.LNO‹J0K[KxJGMxw•JGtNO[>3a^>GFIw*O9>kC˜A•7Vl�m‘qs‚ƒQ"J�C,~•LNH&:?FI>0Xk8PO

>GCšKIS?8‹J0K[KxJGMxw�:?FI8;O[8PCvKI8�~šJ�K‘†�‡ˆl›|GŠGŠY|*<

œ2•"žbŸ� �¡.¢W£•¤•¥˜¡?žz¦‘§* �¨�¡.©4¦yª^ž�«y¬y­• b®?¯°®=±D¦9ªW•™¡.£•«y¢9±D²ƒ•™¡.•=³^§ˆ±•©B­•®™¡ˆžz¦W§*©B³‘©B­Džz£ˆ±•£•«9´Yµ·¶�¸2¹

º »?¼W½•¾"¿VÀ•ÁƒÂÃ½"ÄI¿W¼

Å•ÆBÇ·È4ÉËÊ=Ì�Í°ÌYÎ…Ï4ÆBÇY-ÑÐ‹Ò•ÓÕÔ[ÐV-0Ê,Ï^Ê•Ö0Çv/×ÒVØBÌY-�Ù=ÏBÚ�ÎËÊ,ØÛÓÃÚ�+.ØB/B+.-0/�ÜÞÝ•+,Ö‰Î…Ø=Ú�-0Ê=/�5BÌvÇv/ß+.Ú’ÒV54-0Ê=ÌY-�ÙÃÏ4ÚàÎ…Ø

á*â•â•ãåä…ákæxç•è

ÆBÇYØé/�ÎëêTÇY-0ÇYØ=Ú�Îs+.É˜ÌY-�ÙÃÏ4Ú�+.Ø�+.É…ÙÃÖ�ÎËÖ

äNì?æ

È^ÇvÌ*+.6àÇnÍ=ØBÊˆÝ&ØÕÎ…Ø

á*â•â�á•í

Ú�ÆBÇn+.É…î"Ê,-�Î…Ú�Æ46ïÝ•+,Ö

Ì�Æ�+.Ø4î"Çv/

í

+.ØB/ð-0ÇYØ�+.6àÇv/ñÚ0Ê�ò;Ð‹Ò•ÓßÔóòZ6‰Ï4-0Êˆ)™Çv/ñÐ‹Ò•Ó4Ü

ç9ô

+.Ú0ÇY-�Ú�ÆBÇ›ÌYÎ…Ï4ÆBÇY-�Æ�+,Ö�È^ÇvÌvÊ,6àÇÑÍÃØBÊˆÝ&Øõ+,Ö

ò;ö�Ò‹÷øÔóòxØÃÚ0ÇY-�Ø�+.Ú�ÎËÊ,Ø�+.ÉBö�+.Ú�+šÒVØBÌY-�ÙÃÏ4Ú�ÎËÊ,Øà÷3É…î"Ê,-�Î…Ú�Æ46ÑÜ

í

+.ØB/ÞÎ…Ö9Ú0Ê=/B+*Ù˜5�Ö0Çv/�Î…ØÞ6’+.Ø=Ù�ÌY-�Ù=Ï4Ú�Ê,î•-�+.Ï4Æ4ÎËÌ

ÌvÊ,6‰Ï^Ê,ØBÇYØ=Ú0Ö

ç

òZö�Ò‹÷ùÆ�+,Ö˜È^ÇvÇYØðÇkú�Ú0ÇYØBÖ�Î…)™ÇYÉ…ÙnÌY-�ÙÃÏ4Ú�+.Ø�+.É…ÙÃÖ0Çv/

í

È454Ú�-0ÇY6’+.Î…ØBÖ�54Ø=È4-0Ê,Í™ÇYØ

ç‘è

ÇàÈ4-�ÎËÇkûBÙn6àÇYØ=Ú�ÎËÊ,Ø

Ö�Ê,6àÇ�Ê.üWÚ�Æ4ÎËÖ•ÝýÊ,-�Í

ç

òZØ

á*â•â•þÞì�çNÿ

-0Ê,54ØB/4Ö�Ê.üyò;öšÒƒ÷éÝ•+,Ö�+.Ú�Ú�+,Ì�Í™Çv/ Ý&Î…Ú�Æ2/�ÎëêTÇY-0ÇYØ=Ú�Îs+.É‘ÌY-�Ù=Ï4Ú�+.Ø�+.É…Ù�Ö�ÎËÖ

äNþ?æxç

÷&Ú

�

1���ÐƒÅ�� Ú�ÆBÇ�Ö�+.6àÇ˜Ù"Ç*+.-

í

És+.-�î"Ç�ÌYÉs+,Ö�Ö0ÇvÖ3Ê.ü‹ÝýÇ*+.Í·Í™ÇYÙÃÖ3/�5BÇ˜Ú0Ê’Ú�ÆBÇ�Ö�Î…6‰Ï4ÉËÇ˜Í™ÇYÙ·Ö�Ì�ÆBÇv/�54ÉËÇ

ÝýÇY-0ÇšÏ4-0ÇvÖ0ÇYØ=Ú0Çv/

ä �,æxç

÷&ÚýÒ��š1��

�

1	��Ð‹Å

á*â•â�
Ãí4þ
�

+.ØB/

þ�çNÿ
�

-0Ê,54ØB/›)"ÇY-0Ö0ÎËÊ,ØBÖýÊ.üWòZö�Ò‹÷ÕÝýÇY-0Ç3È4-0Ê,Í™ÇYØ

5BÖ0Î…Ø4î3+•/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É

�

É…Î…ØBÇ*+,-9+.Ú�Ú�+,Ì�Í�+.ØB/�+ýÚ�-�54ØBÌ*+.Ú0Çv/�/�ÎëêbÇk-�ÇkØÃÚ�Îs+.ÉÃ+.Ú�Ú�+,Ì�Í

äNÿ?æxçˆô

+.-�î"ÇY-WÌYÉs+,Ö0Ö0ÇvÖ‘Ê.ü�ÝýÇ*+.Í

Í™ÇYÙ�Ö˜ÝýÇY-0Ç›/4ÇY6àÊ,ØBÖ�Ú�-�+.Ú0Çv/õ+.ÚÞÒ��31��

�

1	��Ð‹Å

á*â•â��ðä��?æxç

÷&Ú��‹ÓÃÒ

á*â•â•â

Î…6‰Ï^Ê•Ö0Ö0Î…È4ÉËÇ›/�ÎëêTÇY-0ÇYØ=Ú�Îs+.ÉËÖ

ÝýÇY-0ÇÞ5BÖ0Çv/ Ú0Ê·+.Ú�Ú�+,Ì�Í

�BçNÿ

-0Ê,54ØB/4Ö•Ê.üýò;öšÒƒ÷

ä�
ˆæxí

+.ØB/n+.Ú˜ÓÃ÷

�

ì•ã•ã•ì

+.Ú�Ú�+,Ì�Í�Ö�Ê,Ønò;ö�Ò‹÷ ü[Ê,-š54Ï Ú0Ê

ü[Ê,54-&-0Ê,54ØB/BÖ�ÝýÇY-0Ç�Î…6‰Ï4-0Êˆ)"Çv/

ä��?æxç

÷•Ú��‹ÓÃÒ

ì•ã•ã•ì

6�54É…Ú�Î…Ï4É…ÎËÌ*+.Ú�Î…)"Ç�/�ÎëêTÇY-0ÇYØ=Ú�Îs+.ÉËÖ�ÝýÇY-0Ç�5BÖ0Çv/·Ú0Êà+.Ú�Ú�+,Ì�Í2+ÞÖ�É…Î…î•Æ=Ú0ÉëÙ 6àÊ=/�Î���Çv/2)"ÇY-0Ö�ÎËÊ,Ø

Ê.üšòZö�Ò‹÷ Ì*+.É…ÉËÇv/°ò;ö�Ò‹÷

��� äNâ?æxçWè

Ç›Ö�ÆBÊˆÝùÎ…ØñÚ�Æ4ÎËÖÞÏ�+.Ï^ÇY-ÞÚ�Æ�+.ÚÞÚ�ÆBÇY-0Ç ÇkúÃÎËÖ0Ú0ÖÞ+–È^ÇYÚ�Ú0ÇY-’+.Ú�Ú�+,Ì�Í�ü[Ê,-

ò;ö�Ò‹÷

����í

+.ØB/‰Ú�Æ�+.ÚƒÚ�Æ4ÎËÖ•+.Ú�Ú�+,Ì�Íà+.ÉËÖ0Ê�ÝýÊ,-�ÍÃÖƒÊ,ØÑ+�ÉËÇvÖ0Ö‹6àÊ=/�Î���Çv/à)™ÇY-0Ö�ÎËÊ,Ø’Ê.übò;ö�Ò‹÷ßÝýÇ&Æ�+*)™Ç�Ì�ÆBÊ•Ö0ÇYØ

Ú0ÊàÌ*+.É…É‘òZö�Ò‹÷

�����,ì

Ô•-0Ç*+,/–+,Ö��xÎË/4Ç*+�ú›Æ�+.Éëü��;Ü

ç

Å•ÆBÇ�Ï�+.Ï^ÇY-�ÎËÖ�Ê,-�î™+.Ø4ÎËÖ0Çv/–+,Ö•ü[Ê,É…ÉËÊˆÝ�Ö

ç

òZØ–ÓÃÇvÌYÚ�ÎËÊ,Ø

ì

ÝýÇ�î•Î…)"Ç•+�È4-0Î…ÇküV/4ÇvÖ0ÌY-�Î…Ï4Ú�ÎËÊ,Ø�Ê.ü9ò;öšÒƒ÷ +.ØB/

Î…Ú0Ö3)•+.-�Îs+.Ø=Ú0Ö

í

Î…ØnÓÃÇvÌYÚ�ÎËÊ,Ø

þ

ÝýÇ˜È454Î…ÉË/�Ú�ÆBÇ�/�ÎëêTÇY-0ÇYØ=Ú�Îs+.ÉVÌ�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ�5BÖ0Çv/–Ú0Ê›+.Ú�Ú�+,Ì�Í–òZö�Ò‹÷

��� �,ì�í

Î…ØðÓÃÇvÌYÚ�ÎËÊ,Ø

�

Ý•Ç‰Ö�ÆBÊˆÝ ÆBÊˆÝ Ú0Ê!��ØB/ Ú�ÆBÇ‰Ö�54È4Í™ÇYÙ�Ö�5BÖ0Çv/ Î…ØnÚ�ÆBÇ‰Ê,54Ú�Ï454Ú•Ú�-�+.ØBÖ�üóÊ,-�6’+.Ú�ÎËÊ,Ø

í

+.ØB/ ÝýÇ

ÌvÊ,ØBÌYÉ…5B/4Ç•Î…Ø ÓÃÇvÌYÚ�ÎËÊ,Ø

ÿ�ç



� �����.Â�¾=Ä��‹½"ÄI¿‘¼ø¿	�˜»
���
�

ò;ö�Ò‹÷ Ê,Ï^ÇY-�+.Ú0ÇvÖ›Ê,ØßÈ4ÉËÊ=Ì�Í�Ö›Ê.ü

� �

È4Î…Ú0Ö

í

5BÖ�Î…Ø4î°+

á*ì��
�

È4Î…ÚÑÍ™ÇYÙ

ç

Å•ÆBÇ ÌYÎ…Ï4ÆBÇY-›ÌvÊ,ØBÖ�ÎËÖ0Ú0ÖÑÊ.ü˜Ö0ÇY)"ÇY-�+.É

+.Ï4Ï4É…ÎËÌ*+.Ú�ÎËÊ,ØBÖ–Ê.ü�Ú�Æ4-0ÇvÇ î•-0Ê,54ÏéÊ,Ï^ÇY-�+.Ú�ÎËÊ,ØBÖ

©
í

¢
+.ØB/

¯
ç

Òƒ+,Ì�ÆéÊ,Ï^ÇY-�+.Ú�ÎËÊ,Ø��PÊ,Î…ØBÖ Ú0Ê,î"ÇYÚ�ÆBÇY-2ÚZÝýÊ

ÝýÊ,-0/BÖàÊ.ü

á �

È4Î…Ú0Ö

ç

Å•ÆBÇ2Ê,Ï^ÇY-�+.Ú�ÎËÊ,Ø

©
Î…Ö‰È4Î…Ú;Ý&ÎËÖ0Ç

�

�š1

í

¢
ÎËÖ’+,/4/�Î…Ú�ÎËÊ,Ø×6àÊ=/�54ÉËÊ

216 í

+.ØB/

¯
ÎËÖ

6�54É…Ú�Î…Ï4É…ÎËÌ*+.Ú�ÎËÊ•Ø26àÊ=/�54ÉËÊ

216 + 1
í

Ý&ÆBÇY-0Ç�Ú�ÆBÇ�+.É…É

���

ÇY-0ÊÞÝ•Ê,-0/›ÎËÖ•Ú�-0Ç*+.Ú0Çv/2+,Ö•Ú�ÆBÇ�ÇYÉËÇY6àÇYØ=Ú

216 ç

òZö�Ò‹÷

Æ�+,Ö‹ÇYÎ…î•Æ=Ú‹-0Ê,54ØB/4Ö

í

üóÊ,É…ÉËÊˆÝýÇv/‰È=ÙÞ+.ØàÊ,54Ú�Ï454Ú‹Ú�-�+.ØBÖ�üóÊ,-�6’+.Ú�ÎËÊ,Ø

ç

�3ØBÇ•-0Ê,54ØB/àÊ.üTò;öšÒƒ÷Û+.ØB/ÞÚ�ÆBÇ&Ê,54Ú�Ï454Ú

Ú�-�+.ØBÖ�üóÊ,-�6’+.Ú�ÎËÊ,Ø–ÎËÖ�Ö0ÆBÊˆÝ&Ø·Î…Ø2Ú�ÆBÇ �Bî•54-0Ç�È^ÇYÉËÊˆÝ

ç

Z
(1)

Z
(1)

Z
(1)Z

(1)

Z
(1)

Z
(1)

Z
(9)

Z
(9)

Z
(9)

Z
(9)

1 2 3 4

5

6

1 2 3 4

F
irst round

O
utput transform

7 additional rounds

structure
MA-

�	���

j��,j

‡vK[FI“.M;KI“ˆFI89>�@BAD7Vl�m



Å•ÆBÇ2Ö0ÇvÌY54-�Î…ÚZÙ°Ê.ü�ò;ö�Ò‹÷ É…ÎËÇvÖ‰Î…ØõÚ0ÆBÇ›üI+,ÌYÚ‰Ú�Æ�+.ÚàØBÊnÚZÝýÊ�Ê.üšÚ�ÆBÇ·Ú�Æ4-0ÇvÇ·î•-0Ê,54Ï×Ê,Ï^ÇY-�+.Ú�ÎËÊ,ØBÖ›+.-0Ç

ÌvÊ,6‰Ï�+.Ú�Î…È4ÉËÇ

í

Î…Ø�Ú�ÆBÇ’Ö0ÇYØBÖ0Ç‰Ú�Æ�+.Ú˜Ú�ÆBÇ’/�ÎËÖ�Ú�-�Î…È454Ú�Î…)"Ç’És+*Ý /4Ê=ÇvÖ˜ØBÊ,Ú•Æ�Ê,É…/

ç

Å•ÆBÇà/4ÇvÖ�Î…î•ØBÇY-0Ö˜Æ�+*)™Ç’+.ÉËÖ0Ê

6’+,/4Ç˜Ö�54-0Ç�Ú�Æ�+.Ú3+.Ø=Ù›ÚZÝýÊàÌvÊ,Ø=Ú�Î…î•5BÊ,5BÖ�î•-0Ê,54Ï–Ê,Ï^ÇY-�+.Ú�ÎËÊ,ØBÖ�Î…Ø–ò;öšÒ‹÷ +.-0Ç�ØBÇY)™ÇY-&Ú�ÆBÇ•Ö�+.6àÇ

ç

Z (r )
i

Î…Ö�Ö�54È4Í"ÇYÙ

i
5BÖ�Çv/–Î…Ø�-0Ê,54ØB/

r
í

Ý&ÆBÇY-0Ç�Ú�Æ�Ç�Ê,54Ú�Ï454Ú�Ú�-�+.ØBÖPü[Ê,-�6’+.Ú�ÎËÊ,ØnÌYÊ,5BØ=Ú0Ö�+,Ö3Ú�ÆBÇ˜ØBÎëØÃÚ�Æ

-0Ê,54ØB/

ç

Ò•+,Ì�Æ·Ö�54È4Í™ÇYÙàÎËÖ•+

á �
�

È4Î…Ú•ÝýÊ,-0/

í

+.ØB/·+˜Ú0Ê,Ú�+.ÉbÊ.ü

52
Ö�54È4Í"ÇYÙ�Ö•+.-0ÇšØBÇvÇv/4Çv/

ç

Å•ÆBÇYÙ›+.-0Ç3î"ÇYØBÇY-

�

+.Ú0Çv/’+,Öyü[Ê,É…ÉËÊˆÝ�Ö

ç

Å•ÆBÇ•5BÖ0ÇY-‹Ö0ÇYÉËÇvÌYÚ0Öƒ+

á*ì��
�

È4Î…Ú‹6’+,Ö�Ú0ÇY-VÍ™ÇYÙ

í

)ÃÎËÇYÝýÇv/à+,ÖVÇYÎ…î•Æ=Ú

á �
�

È4Î…Ú‹ÝýÊ,-0/4Ö

ç

Å•ÆBÇ �B-0Ö�Ú

�

Ö�54È4Í™ÇYÙÃÖ�+.-0Ç˜Ú�+.Í™ÇYØn+,Ö3Ú�ÆBÇvÖ0Ç

�

ÝýÊ,-0/4Ö

í

üó-0Ê,6 ÉËÇküóÚ3Ú0Ê’-0Îëî•ÆÃÚ

ç

Å•ÆBÇYØ Ú�ÆBÇ�6’+,Ö�Ú0ÇY-šÍ"ÇYÙ2ÎËÖšÌYÙÃÌYÉ…ÎËÌ*+.É…É…Ù

-0Ê,Ú�+.Ú0Çv/

ì•ÿ

Ï^Ê•Ö�Î…Ú�ÎËÊ,ØBÖ‘Ú0Ê&Ú�ÆBÇVÉËÇkü•Ú

í

+.ØB/�Ú�ÆBÇV-0ÇvÖ054É…Ú�Î…Ø4î�ÇYÎ…î•Æ=Ú

á �
�

È4Î…ÚzÝýÊ,-0/BÖW+.-0ÇVÚ�+.Í"ÇYØ�+,ÖzÚ�ÆBÇVØBÇkúÃÚ‘Ö�54È

�

Í™ÇYÙ�Ö

í

+.ØB/•Ö0Ê&Ê,Ø

ç

Å•ÆBÇ‹Ê,-0/4ÇY-zÚ�ÆBÇ‹Ö�54È4Í™ÇYÙÃÖ‘+.-0ÇVÚ�+.Í"ÇYØ•Î…Ø�ÎËÖ

Z (1)
1 ; Z (1)

2 ; : : : ; Z (1)
6 ; Z (2)

1 ; : : : ; Z (2)
6 ; : : : ; Z (9)

4
ç

�

¹�� ´Yµ·¶�¸���� ©B³W¢ß´Yµ·¶š¸����	�

�

òZØ

äNâ?æxí

+Ñ),+.-�Îs+.ØÃÚ�Ì*+.É…ÉËÇv/ ò;ö�Ò‹÷

���

ÎËÖ•+.Ú�Ú�+,Ì�Í"Çv/

ç

òZØ òZö�Ò‹÷

���Þí

Ç*+,Ì�Æ

¢
Çkú4ÌvÇYÏ4Úšü[Ê,-šÚ�ÆBÇ�ÚZÝýÊ›Î…Ø Ú�ÆBÇ

Ê,54Ú�Ï45BÚ•Ú�-�+.ØBÖ�üóÊ,-�6’+.Ú�ÎËÊ,Ø·ÎËÖ&Ì�Æ�+.Ø4î"Çv/ Ú0Ê‰+.Ø

©
ç

Å•ÆBÇ�+.5BÚ�ÆBÊ,-0Ö•Ú�ÆBÇYØ2Ö�ÆBÊˆÝåÚ�Æ�+.Úýü[Ê,-

2112 Ê.üWÚ�ÆBÇšÍ™ÇYÙÃÖ

Ú�ÆBÇY-0Ç�Çkú�ÎËÖ�Ú0Ö›+n6�54É…Ú�Î…Ï4É…ÎËÌ*+.Ú�Î…)"Ç /�ÎëêbÇY-0ÇYØ=Ú�Îs+.É�Ì�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ Êˆ)™ÇY-ÑÇYÎ…î•Æ=ÚÑ-0Ê,54ØB/4Ö’Ú�Æ�+.Ú’ÆBÊ,ÉË/4ÖÑÝ&Î…Ú�Æ

Ï4-0Ê,È�+.ÈBÎëÉ…Î…ÚZÙ

2¡ 32 ç

òxØ’Ú�Æ4ÎËÖ•Ï�+.Ï^ÇY-•ÝýÇ�ÌvÊ,ØBÖ0ÎË/4ÇY-ýòZö�Ò‹÷

�����,ì�í

Ý&ÆBÇY-0Ç�ÝýÇ3Ê,Ø4É…ÙàÌ�Æ�+.Ø4î"Ç�Æ�+.Éëü‘Ê.üzÚ�ÆBÇ

¢ 


ÖƒÎ…Ø›Ê,ØBÇ�-0Ê,54ØB/

Ú0Ê

© 


Ö

ç

òxØ ò;ö�Ò‹÷

�����,ì

Ê,Ø4É…Ù’Ú0ÆBÇ

¢ 


ÖýÝ&ÆBÇY-0Ç

Z (r )
2

+.ØB/

Z (r )
3

+.-0ÇšÎ…ØBÖ0ÇY-�Ú0Çv/·+.-0Ç�Ì�Æ�+.Ø4î"Çv/ Ú0Ê

© 


Ö

í

Ú�ÆBÇ

� ÷

�

Ö�Ú�-�5BÌYÚ�54-0Ç�ÎËÖ&ÉËÇküóÚ&54ØBÌ�Æ�+.Ø4î"Çv/

ç

� 
·Á•Ä��xÀ•ÄI¼����ßÀƒÄ�� �B¾ ��¼W½"Ä����3Â����T¾��bÂÃ½ �B¾™Ä �?½"ÄxÂ

�

¹�� ��ª‘•�¨�¡. ��W¦W£

Z216
©B³‘¢ �"!

(2 16 + 1) ¤

Å•ÆBÇÞÈ�+,Ö�ÎËÖ�Ê.üýÊ,54-˜+.Ø�+.É…ÙÃÖ�ÎËÖ�ÌvÊ,6àÇvÖšüó-0Ê,6 Ú�ÆBÇ�ü[+,ÌYÚ�Ú�Æ�+.Ú�È^Ê,Ú�Æ

Z216
+.ØB/$# �

(216 + 1)¤ +.-0Ç‰ÌYÙÃÌYÉ…ÎËÌ

î•-0Ê,54ÏBÖ

í

+.ØB/·Ú�ÆBÇY-0ÇküóÊ,-0Ç•ÎËÖ0Ê,6àÊ,-�Ï4Æ4ÎËÌÑÔóÖ0ÇvÇ

ä…á*ã?æ

Ü

ç

'3ÇY-0Ç�ÝýÇ�ÇvÖ�Ú�+.È4É…ÎËÖ0Æ·Ú0Æ4ÎËÖ&ÎËÖ0Ê,6àÊ,-�Ï4Æ4ÎËÖ�6 +,Ö•ü[Ê,É…ÉËÊˆÝ�Ö

ç

ô

ÇYÚ

g0
È^Çà+›Ï4-0Îë6‰Î…Ú�Î…)™ÇàÇYÉËÇY6àÇYØ=Ú�Ê.ü%# �

(216 + 1)¤ í

+.ØB/n/4Ç �BØBÇ

gi = g2
i ¡ 1

üóÊ,-

i = 1; : : : ; 15
ç

Å•ÆBÇYØ�Ç*+,Ì�Æ–ÇYÉËÇY6àÇYØ=Ú

a
Î…Ø&# �

(216 + 1)¤ Ì*+.Ø2È^Ç�Ý&-�Î…Ú�Ú0ÇYØ254Ø4Î('=5BÇYÉ…Ù·+,Ö

a = gx15
15 ¯ gx14

14 ¯ ¢¢¢¯ gx0
0 ;

Ý&ÆBÇY-0Ç Ç*+,Ì�Æ

x i 2 f 0; 1g
ç

��Ê,-�Ö�Î…6‰Ï4ÉËÇY-ÞØBÊ,Ú�+.Ú�ÎËÊ,Ø°ÝýÇ’Ý�ÎëÉ…É•Ý&-�Î…Ú0ÇÑÚ�Æ4ÎËÖ‰+,Ö

a = gx çyô

ÇYÚ

Á
È^ÇÑÚ�ÆBÇ

6’+.Ï–üó-0Ê,6)# �

(216 + 1)¤ Ú0Ê

Z216
/4Ç �BØBÇv/�È=Ù

Á(a) = x
í

Ý&ÆBÇY-0Ç

a = gx ç�è

Ç�Ö�ÆBÊˆÝøÚ�Æ�+.Ú

Á
ÎËÖš+.Ø

ÎËÖ�Ê,6àÊ,-�Ï4Æ4ÎËÖ�6

ç

Å•ÆBÇ�ÎË/4ÇYØ=Ú�Î…ÚZÙ�ÇYÉËÇY6àÇYØ=Ú�Ê.ü*# �

(216 + 1)¤ ÎËÖ

1
í

+.ØB/�Ú�ÆBÇ�ÎË/4ÇYØ=Ú�Î…ÚZÙ�ÇYÉËÇY6àÇYØ=Ú�Ê.ü

Z216
ÎËÖ

0
ç

Ó=Î…ØBÌvÇ

1 = g0 ÝýÇ�Æ�+*)"Ç

Á(1) = 0
ç

�

ÉËÇ*+.-�É…Ù

í

Á
ÎËÖ�Ê,ØBÇ

�

Ú0Ê

�

Ê,ØBÇ

ç

ô

ÇYÚ

a = gx +.ØB/

b = gy È^Ç�ÚZÝýÊàÇYÉËÇk6àÇYØÃÚ0Ö�Ê.ü�# �

(216 + 1)¤ ç

Å•ÆBÇYØ

a ¯ b = gx15
15 ¯ gy15

15 ¯ ¢¢¢¯ gx0
0 ¯ gy0

0 :



òxü‹+.Ú�ÉËÇ*+,Ö�Ú3Ê,ØBÇ˜Ê.ü

x i ; yi
ÎËÖ

0
Ú�ÆBÇYØ

gx i
i ¯ gyi

i = gx i + yi
i

í

Ý&Î…Ú�Æ

x i + yi 2 f 0; 1g
ç

òxü

x i = yi = 1
ÝýÇ

î"ÇYÚ

g1
i ¯ g1

i = g1
i+1 ¯ g0

i
í

Ú�Æ�+.ÚšÎËÖ

í

ÝýÇ�î"ÇYÚ�+ �ZÌ*+.-�-�Ù �

ç��

Ê,Ú0Ç˜Ú�Æ�+.Ú

g15 = ¡ 1
í

Ö0Ê’Îëü

x15 = y15 = 1
ÝýÇ�Æ�+*)™Ç

g1
15 ¯ g1

15 = g0
15

í

Ý&Æ4ÎËÌ�Æ–6àÇ*+.ØBÖ�Ú�ÆBÇ•Ì*+.-�-�Ù›ÎËÖ�Ö�Æ4ÎëüóÚ0Çv/·Ê,54Ú�Ê.ü9Ú�ÆBÇ�ÌvÊ,6‰Ï454Ú�+.Ú0Î…Ê,Ø

ç

�B-0Ê,6 Ú�Æ4ÎËÖšÝýÇ�Ö0ÇvÇ�Ú�Æ�+.Ú

a ¯ b = gx ¢ y í

Ö�ÆBÊˆÝ&Î…Ø4î Ú�Æ�+.Ú

Á(a ¯ b) = Á(a) ¢ Á(b)
í

+.ØB/�Ú�Æ�+.Ú

Á
-0ÇvÖ0Ï^ÇvÌYÚ0Ö&Ú�ÆBÇ�î•-0Ê,54Ï�Ê,Ï^ÇY-�+.Ú�ÎËÊ,ØBÖ

ç

Å•Æ4ÎËÖ�Ö0ÆBÊˆÝ�Ö&Ú�Æ�+.Ú

Á
ÎËÖ�+.Ø2ÎËÖ0Ê,6àÊ,-�Ï4Æ4ÎËÖ�6

ç

�

¹

�

µ2±D²ƒ•=¡?•Ã³^§ˆ±•©B­•¦W¡. �¦‹•=¡ˆ§ˆ±••™£à ��

Á
òZØ�+ ÌY-�Ù=Ï4Ú0Ê,î•-�+.Ï4Æ4ÎËÌ’Ö0ÇYÚ�Ú�Î…Ø4î

í

ÝýÇÞ6’+*Ù�-0ÇYî™+.-0/

Á
+,Ö•+

á �
�

È4Î…Ú�Ó

�

È^Ê*ú

ç

Å•ÆBÇà+.È^Êˆ)"Çà+.Ø�+.É…Ù�Ö�ÎËÖ�Ö�ÆBÊˆÝ�Ö

Ú�Æ�+.Ú

a ¯ b = Á¡ 1(Á(a) ¢ Á(b))
ç

òxØéÊ,Ú�ÆBÇY-·ÝýÊ,-0/4Ö

í

Ú�Æ�Ç ÚZÝýÊõ/�Îs+.î•-�+.6àÖ2È^ÇYÉËÊˆÝ 6’+*ÙÛÈ^Ç 5�Ö0Çv/

Î…Ø=Ú0ÇY-0Ì�Æ�+.ØBî"Çv+,È4É…Ù

ç

f

f -1

f

�	���

j��™j

ADO[>kH&>�FI:.S.LNMV~ˆL J�_GFxJGH&O

è

Ç2Æ�+*)"Ç–ÌvÊ,6‰Ï454Ú0Çv/×Ú�ÆBÇ Ó

�

È^Ê*ú

Á
Çkú�Ï4É…ÎËÌYÎ…Ú�É…Ù°5�Ö�Î…Ø4î

g0 = 3
+,Ö›+ Ï4-�Î…6‰Î…Ú�Î…)™Ç�ÇYÉËÇY6àÇYØ=Ú

í

+.ØB/

Ì�ÆBÇvÌ�Í™Çv/ÑÎ…Ú0Öý/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É^Ï4-0Ê,Ï^ÇY-�Ú�ÎËÇvÖ

ç

òZØ’Ú�ÆBÇ��B-0Ö�Ú•Í™ÇYÙ

�

6‰Îëú�Î…Ø4î�És+*Ù™ÇY-•Î…Ø Ç*+,Ì�ÆÑ-�Ê,54ØB/

í

Z (r )
1

+.ØB/

Z (r )
4

+.-0Ç&6‰Îëú4Çv/‰Ý&Î…Ú�ÆàÚZÝýÊ�Ê.üTÚ�ÆBÇ&ÝýÊ,-0/4Ö‹5BÖ�Î…Ø4î

¯
ç

�3Ö�Î…Ø4î�Ú�ÆBÇ&ÎËÖ0Ê,6àÊ,-�Ï4Æ4ÎËÌ�/�Îs+.î•-�+.6$+.È^Êˆ)™Ç

í

Ý•Ç•6’+*Ù��B-0Ö�Ú

Ö�ÇYØB/�Ú�ÆBÇ•Í™ÇYÙÃÖ9+.ØB/�Ú�Æ�Ç•ÚZÝýÊ3ÝýÊ,-0/4Ö9Ú�Æ4-0Ê,54î•Æ

Á
í

+.ØB/�Ú�ÆBÇYØ‰ÌvÊ,6�È4Î…ØBÇý5BÖ�Î…Ø4î

¢
ç

òxØ�Ú�ÆBÇ•+.Ø�+.É…Ù�Ö�ÎËÖ9Ê.ü�Ú�ÆBÇ

/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É‘Ï4-0Ê,Ï^ÇY-�Ú�ÎËÇvÖ�Ý•Ç�Ö�ÆBÊ,54ÉË/·Ú�ÆBÇY-0Çkü[Ê,-0Ç�ÉËÇYÚ�Ú�ÆBÇ�Ê,54Ú�Ï454Ú3/�ÎëêTÇY-0ÇYØBÌvÇvÖ3Ê.ü

Á
È^Ç

¯
í

Ö�54È4Ú�-�+,ÌYÚ�ÎËÊ,Ø

6àÊ=/�54ÉËÊ

216 ç

è

Ç�ü[Ê,54ØB/ÑÚ�Æ�+.Ú•Îëü‘ÝýÇ3ÉËÇYÚýÚ0ÆBÇ3Î…Ø4Ï454Ú&/�ÎëêTÇY-0ÇYØBÌvÇvÖ•Ú0Ê

Á
È^Ç�/�ÎëêTÇY-0ÇYØBÌvÇvÖ•Ý&Î…Ú�Æ -0ÇvÖ�Ï^ÇvÌYÚ•Ú0Ê

©
í

Ú�ÆBÇYØ

Ú�ÆBÇ�ü[Ê,É…ÉËÊˆÝ&Î…Ø4î’/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É‘ÆBÊ,ÉË/4Ö�Ý&Î…Ú�Æ2Ï4-0Ê,È�+.È4Î…É…Î…ÚZÙ

1=2 �

±© = F F F Dx
Á

¡ ! ±̄ = 215:

Å•ÆBÇ�/�ÎëêTÇY-0ÇYØBÌvÇ

±̄
ÎËÖ�Ï4-0ÇvÖ0ÇY-�)"Çv/–Ú�Æ4-0Ê,54î•Æ�Ú�ÆBÇ•Í"ÇYÙ

�

+,/4/�Î…Ú�ÎËÊ,Ø

ç

Å•Æ4-0Ê,54î•Æ

Á¡ 1 ÝýÇ•î"ÇYÚ�Ú�ÆBÇ•-0ÇY)™ÇY-0Ö0Çv/

/�ÎëêbÇY-0ÇYØ=Ú�Îs+.ÉƒÝ&Î…Ú�Æ�Ï4-0Ê,È�+.È4Î…É…Î…ÚZÙ

1=2 � ±̄
Á¡ 1

¡ ! ±©
ç

Å•ÆBÇvÖ�ÇÞ6’+*Ù È^Ç‰ÌvÊ,6�È4Î…ØBÇv/�Î…Ø=Ú0Ê2Ú�ÆBÇ‰/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É



±©
Z ( r )

j ¯
¡ ! ±©

Ú�Æ�+.Ú

í

Ê,Ø2Ú�ÆBÇ˜+*)™ÇY-�+.î"Ç˜Êˆ)"ÇY-3+.É…ÉzÍ™ÇYÙ�Ö

Z (r )
j

í

ÆBÊ,ÉË/4Ö�Ý&Î…Ú�Æ–Ï4-0Ê,È�+.È4Î…É…Î…ÚZÙ

1=4
Ô

j 2 f 1; 4g
Ü

ç

��Ê,-ÞÇ*+,Ì�Æ°Í™ÇYÙ

Z (r )
j

í

ÝýÇÑÆ�+*)™Ç›Ì�ÆBÇvÌ�Í™Çv/ðÚ�ÆBÇ Çkú4+,ÌYÚÞÏ4-0Ê,È�+.È4Î…É…Î…ÚZÙñÊ.ü�Ú�Æ4ÎËÖÞ/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É

ç

Å•ÆBÇ›Í"ÇYÙ�Ö

1
+.ØB/

¡ 1
+.-0ÇÞÍÃØBÊˆÝ&Ø�Ú0Ê È^ÇÞÝýÇ*+.Í 54ØB/4ÇY-

¯
í

Ú�ÆBÇ‰/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É‹ÆBÊ,ÉË/4Ö•Ý&Î…Ú�Æ�Ï4-0Ê,È�+.È4Î…É…Î…ÚZÙ

1
+.ØB/

0:5
í

-0ÇvÖ0Ï^ÇvÌYÚ�Î…)"ÇYÉ…Ù

ç

Å•ÆBÇ’Ö�6’+.É…ÉËÇvÖ�Ú•Ï4-0Ê,È�+.È4Î…É…Î…ÚZÙnÚ�Æ�+.Ú�Ê=ÌYÌY54-�ÖÑÔDü[Ê,-�Ú�Æ�Ç‰Í"ÇYÙ�Ö

3
+.ØB/

¡ 3
Ý&Î…Ú�Æ

g0 = 3
ÜšÎ…Ö

î•-0Ç*+.Ú0ÇY-�Ú�Æ�+.Ø

0:166::
í

+.ØB/�Ú�ÆBÇ�Ï4-0Ê,È�+.È4Î…É…Î…ÚZÙ�É…ÎËÇvÖ3Î…Ø Ú�ÆBÇ�-�+.Ø4î"Ç

0:23 ¡ 0:27
üóÊ,-

216 ¡ 22
Ê.üƒÚ�ÆBÇ

Ï^Ê•Ö�Ö�Î…È4ÉËÇ�)•+.É…5BÇvÖ•ü[Ê,-

Z (r )
j

ç

�

¹

�

µ2±D²ƒ•=¡?•Ã³^§ˆ±•©B­•®.ªW©4¡.©4®•§*•™¡,±•£v§ˆ±•®– ���´Yµ·¶š¸����	�

�

ô

ÇYÚ3Ú�ÆBÇ

� � �

È4Î…Ú�ÌYÎ…Ï4ÆBÇY-šÈ4ÉËÊ=Ì�Í·È^Ç�/4ÇYØBÊ,Ú0Çv/�È=Ù

(w1; w2; w3; w4)
í

Ý&ÆBÇY-0Ç�Ç*+,Ì�Æ

wi
ÎËÖš+

á �
�

È4Î…ÚšÝýÊ,-0/

-0Çkü[ÇY-�-0Çv/·Ú0Ê’+,Ö&ÝýÊ,-0/

i
ç

÷�É…É‘/�ÎëêbÇY-0ÇYØBÌvÇvÖ�Î…Ø2Ú�ÆBÇ˜Ì�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ�+.-0Ç•Ý&Î…Ú�Æ–-0ÇvÖ�Ï^ÇvÌYÚ�Ú0Ê

©
í

+.ØB/·ÝýÇ˜/4ÇYØBÊ,Ú0Ç

± = F F F D x
ç

ô

ÇYÚš+‰Ï�+.Î…-šÊ.üVÚ0ÇkúÃÚ0Öš+.Ú�Ú�ÆBÇ˜È^ÇYî•Î…Ø4Ø4Î…Ø4î Ê.ü‹Ê,ØBÇ•-0Ê,54ØB/–Æ�+*)™Ç˜/�ÎëêTÇY-0ÇYØBÌvÇ

(±; ±; ±; ±)
ç4è

Ê,-0/4Ö

2
+.ØB/

3
Ý&Î…É…ÉVÆ�+*)™ÇÞ/�ÎëêTÇY-0ÇYØBÌvÇ

±
+?ü•Ú0ÇY-

�

�š1 Ý&Î…Ú�Æ

Z (r )
2

+.ØB/

Z (r )
3

ç

Ò•+,Ì�Æ�Ê.ü•Ú�ÆBÇ�ÝýÊ,-0/4Ö

1
+.ØB/

4
Ý&Î…É…ÉVÆ�+*)"Ç

/�ÎëêbÇY-0ÇYØBÌvÇ

±
+?ü•Ú0ÇY-V6�54É…Ú�Î…Ï4É…ÎËÌ*+.Ú�ÎËÊ,Ø’Ý&Î…Ú�Æ

Z (r )
1

+.ØB/

Z (r )
4

Ý&Î…Ú�Æ‰Ï4-0Ê,È�+.È4Î…É…Î…ÚZÙ

1=4
ç

Å•Æ=5BÖVÚ�ÆBÇ&/�ÎëêbÇY-0ÇYØBÌvÇ

+?üóÚ0ÇY-�Ú�ÆBÇ�Í™ÇYÙ

�

6‰ÎëúÃÎ…Ø4îàÉs+*Ù"ÇY-�Î…Ø2Ú�ÆBÇ�È^ÇYî•Î…Ø4Ø4Î…Ø4î›Ê.üyÚ�ÆBÇ�-0Ê,54ØB/·ÎËÖ

(±; ±; ±; ±)
Ý&Î…Ú�Æ2Ï4-0Ê,È�+.È4Î…É…Î…ÚZÙ

2¡ 4 ç

Ó=Î…ØBÌvÇ˜Ú�ÆBÇ�/�ÎëêTÇY-0ÇYØBÌvÇvÖ3Î…Ø�ÝýÊ,-0/4Ö

1
+.ØB/

3
+.-�Ç•Ú�ÆBÇ�Ö�+.6àÇ�+.ØB/2Ú�ÆBÇ�/�ÎëêbÇY-0ÇYØBÌvÇvÖ3Î…Ø–ÝýÊ,-0/4Ö

2
+.ØB/

4
+.-0ÇšÚ�ÆBÇ�Ö�+.6àÇ

í

Ú0ÆBÇšÚZÝýÊÞÎ…Ø4Ï454Ú�/�ÎëêTÇY-0ÇYØBÌvÇvÖ�Ú0Ê�Ú�ÆBÇ � ÷

�

Ö�Ú�-�5BÌYÚ�54-0Ç•+.-0ÇšÈ^Ê,Ú�Æ

0
ç

Å•ÆBÇYØ·Ú�ÆBÇ�Ê,54Ú�Ï454Ú

/�ÎëêbÇY-0ÇYØBÌvÇvÖ’Ê.üšÚ�ÆBÇ � ÷

�

Ö�Ú�-�5BÌYÚ�54-0Ç·Ý&Î…É…É&È^Ç

0
í

Ö0Ê Ú�ÆBÇ·/�ÎëêbÇY-0ÇYØBÌvÇ2Ê.üšÚ�ÆBÇ È4ÉËÊ=Ì�Í�Ö’+?üóÚ0ÇY-‰Ú�ÆBÇ

�

�š1

Ý&Î…Ú�Æ–Ú�ÆBÇ˜Ê,54Ú�Ï454Ú0Ö�üó-0Ê,6 Ú�ÆBÇ ��÷

�

Ö�Ú�-�5BÌYÚ�54-0Ç•Ý&Î…É…É‘È^Ç

(±; ±; ±; ±)
ç

Ó=Î…ØBÌvÇ•ÝýÊ,-0/4Ö

2
+.ØB/

3
Æ�+*)™Ç•Ç '=5�+.É

/�ÎëêbÇY-0ÇYØBÌvÇvÖ�Ú�ÆBÇÞ/�ÎëêTÇY-0ÇYØBÌvÇ‰Ê.üƒÚ�ÆBÇ�È4ÉËÊ=Ì�ÍÃÖ�+?üóÚ0ÇY-šÚ�ÆBÇÞÖ�Ý•+.Ïn+.Ú�Ú�ÆBÇ�ÇYØB/ Ê.üƒÚ�ÆBÇ�-0Ê,54ØB/ Ý&Î…É…É‹+.ÉËÖ0ÊÑÈ^Ç

(±; ±; ±; ±)
ç

Å•Æ4ÎËÖ�Ê,ØBÇ

�

-0Ê,54ØB/ñÌ�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ›6’+*ÙnÈ^Ç’ÌvÊ,ØBÌ*+.Ú0ÇYØ�+.Ú0Çv/ñÝ&Î…Ú�ÆñÎëÚ�Ö0ÇYÉëü

8
Ú�Î…6àÇvÖ�Ú0Ê2üóÊ,-�6 Ú�ÆBÇ

8
�

-0Ê,54ØB/–/�ÎëêTÇY-0ÇYØ=Ú�Îs+.ÉWÌ�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ

(±; ±; ±; ±) 8
-0Ê,54ØB/4Ö

¡ ! (±; ±; ±; ±)
Ú�Æ�+.Ú�ÆBÊ,ÉË/4Ö�Ý&Î…Ú�Æ2Ï4-0Ê,È�+.ÈBÎëÉ…Î…ÚZÙ

(2¡ 4)8 = 2¡ 32 ç

Å•ÆBÇàÏ4-0Ê,È�+.È4Î…É…Î…ÚZÙ�Ê.ü&Ú�Æ4ÎËÖ�Ì�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ’6’+*Ù È^ÇàÎ…ØBÌY-0Ç*+,Ö0Çv/ È=Ù�+›üI+,ÌYÚ0Ê,-•üóÊ,54-�+,Ö�üóÊ,É…ÉËÊˆÝ�Ö

ç

òZØ

Ú�ÆBÇ �B-0Ö�Ú3-0Ê,54ØB/

Z (1)
1

+.ØB/

Z (1)
4

+.-0Ç˜Î…ØBÖ0ÇY-�Ú0Çv/�5BÖ�Î…Ø4î

¯
çBè

Ç•ÉËÊ=Ê,Í�+.Ú3Ú�ÆBÇ�+.É…Ú0ÇY-�Ø�+.Ú�Î…)™Ç�/�Îs+.î•-�+.6 ü[Ê,-

Ú�Æ4ÎËÖ•Ê,Ï^ÇY-�+.Ú�ÎËÊ,Ø

í

ÌvÊ,Ø=Ú�+.Î…Ø4Î…Ø4îÞÚ�ÆBÇ�Ó

�

È^Ê*ú�ÇvÖ

Á
ç

Å•ÆBÇYØ›ÝýÇ3Ö0ÇvÇ�Ú�Æ�+.ÚýÚ�ÆBÇ��B-0Ö�Ú•+.Ï4Ï4É…ÎËÌ*+.Ú�ÎËÊ,Ø·Ê.ü

Á
ÎËÖý/4Ê,ØBÇ

Ú0Ê–ÝýÊ,-0/4Ö

1
+.ØB/

4
Ê.ü�Ú�ÆBÇ’Ï4És+.Î…Ø=Ú0ÇkúÃÚ�È4ÉËÊ=Ì�Í

í

È^Çkü[Ê,-0Ç›+.Ø=ÙnÍ"ÇYÙ

�

6’+.Ú0ÇY-�Îs+.ÉýÆ�+,Ö˜È^ÇvÇYØðÎ…ØBÖ�ÇY-�Ú0Çv/

ç

Å•Æ4ÎËÖ

6àÇ*+.ØBÖ�ÝýÇÑÌ*+.ØñÖ0ÇYÉËÇvÌYÚ˜Ú0ÆBÇàÏ4És+.Î…Ø=Ú0Çkú�Ú�Ï�+.Î…-0Ö�Ö�5BÌ�Æ Ú�Æ�+.Ú�Ú�ÆBÇ’ÝýÊ,-0/4Ö

1
+.ØB/

4
Ý&Î…É…ÉƒÆ�+ˆ)"Ç’/4ÎEêbÇY-0ÇYØBÌvÇ

±̄
È^ÇküóÊ,-0Ç

Á(Z (1)
1 )

+.ØB/

Á(Z (1)
4 )

+.-0Ç�Î…ØBÖ0ÇY-�Ú0Çv/

í

Ý&Î…Ú�Æ–Ï4-0Ê,È�+.È4Î…É…Î…ÚZÙ

1
ç

Å•ÆBÇYØ2Ú�ÆBÇ�Ï4-0Ê,È�+.È4Î…É…Î…ÚZÙ·Ê.ü9Ú�ÆBÇ

Ì�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ0Ú�ÎËÌÑÊ.ü&Ú�ÆBÇ �B-0Ö�Ú˜-0Ê,54ØB/ Ý&Î…É…ÉƒÈ^Ç

2¡ 2 Î…ØBÖ�Ú0Ç*+,/ Ê.ü

2¡ 4 í

+.ØB/�Ú�ÆBÇ’Êˆ)"ÇY-�+.É…É•Ï4-0Ê,È�+.È4Î…É…Î…ÚZÙ�Ê.ü

Ú�ÆBÇ

8
�

-0Ê,54ØB/2Ì�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ˜Ý&Î…É…ÉzÈ^Ç

2¡ 30 ç

� � ���ø¾ ��Â�¿�� ��¾��

è

Ç·Ö0ÇYÉËÇvÌYÚ

232 Ï�+.Î…-0Ö’Ê.üšÏ4És+.Î…Ø=Ú0Çkú�ÚàÝ&Î…Ú�Æ�/�ÎëêbÇY-0ÇYØBÌvÇ

(±; ±; ±; ±)
í

+.ØB/×+,Ö�Í ü[Ê,-ÞÚ�ÆBÇ2ÌvÊ,-�-0ÇvÖ�Ï^Ê,ØB/�Î…Ø4î

ÌYÎ…Ï4ÆBÇY-�Ú0Çkú�Ú0Ö

ç

÷�Ï�+.Î…-•Ê.ü•Ï4És+.Î…Ø=Ú0ÇkúÃÚ0Ö�Ú�Æ�+.Ú�Æ�+,ÖšüóÊ,É…ÉËÊˆÝýÇv/ Ú�ÆBÇÞÌ�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ‰ÎËÖ�Ì*+.É…ÉËÇv/�+��
	���
��yÏ�+.Î…-

í



+.ØB/›+�Ï�+.Î…-•Ú�Æ�+.Ú•Æ�+,ÖƒØBÊ,ÚƒüóÊ,É…ÉËÊˆÝýÇv/’Ú�ÆBÇ3Ì�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ3ÎËÖ•Ì*+.É…ÉËÇv/ +�� ��������Ï�+.Î…-

ç™è

Ç�Çkú�Ï^ÇvÌYÚƒÚ0Ê˜Æ�+*)"Ç

4
-�Î…î•Æ=Ú�Ï�+.Î…-0Ö3+.6àÊ,Ø4î’Ú�ÆBÇ

232 Ï�+.Î…-0Ö

ç

�

¹�� !&±ó­D§*•™¡,±ó³‘¨  ��‘§‰Ÿà¡? ^³‘¨�¦y©B±•¡?£

ô

ÇYÚ

ci
+.Ø�/

c0
i

È^Ç˜Ú�ÆBÇ

i 


Ú�Æ–ÝýÊ,-0/4ÖšÊ.üVÚ�Æ�Ç˜ÌYÎ…Ï4ÆBÇY-�Ú0Çkú�Ú0Ö3Î…Ø�Ê,ØBÇ˜Ï�+.Î…-

ç�è

Ç˜ÌvÊ,6‰Ï454Ú0Ç˜Ý&Æ�+.Ú3)•+.É…5BÇvÖ�Ô•Îëü

+.Ø=ÙBÜ

Z (9)
2

+.Ø�/

Z (9)
3

6’+*Ù�Æ�+*)"Ç�Ú0Ê›6’+.Í"Ç�Ú�Æ4ÎËÖ�Ï�+.Î…-•+’-0Îëî•ÆÃÚ�Ï�+.Î…-

ç

òxüƒÚ�Æ4ÎËÖ�Ï�+.Î…-�ÎËÖ�+Ñ-�Î…î•Æ=Ú�Ï�+.Î…-�ÝýÇ

Æ�+*)™Ç

(c2 ¯ Z (9)
2 ) © (c0

2 ¯ Z (9)
2 ) = ±

ç

Å‘ÝýÊàÌ*+,Ö�ÇYÖ3+.-�ÎËÖ0Ç

ç

�	��

�����

Å•ÆBÇ�Ö0ÇvÌvÊ,ØB/›ÉËÇ*+,Ö�Ú&Ö�Î…î•Ø4Î���Ì*+.Ø=Ú&È4Î…Ú0Ö•Ê.ü

(c2 ¯ Z (9)
2 )

+.ØB/

(c0
2 ¯ Z (9)

2 )
+.-0ÇšÈ^Ê,Ú�Æ

0
ç

Ó=Î…ØBÌvÇ

(c2 ¯ Z (9)
2 )

+.ØB/

(c0
2 ¯ Z (9)

2 )
+.-0Ç Ê,Ú�ÆBÇY-�Ý&ÎËÖ0Ç È4Î…ÚZÝ&ÎËÖ�Ç ÌvÊ,6‰Ï4ÉËÇY6àÇYØ=Ú�+,-�ÙñÚ0ÊnÇ*+,Ì�ÆõÊ,Ú�ÆBÇY-

í

ÝýÇ Æ�+*)"Ç

(c2 ¯ Z (9)
2 ) ¢ (c0

2 ¯ Z (9)
2 ) = 216 ¡ 3

ç

Å•ÆBÎ…ÖÑÙÃÎËÇYÉ…/BÖ

2Z (9)
2 = 3 ¢ c2 ¢ c0

2
í

Ý&Æ4ÎËÌ�ÆßÎËÖ’Ï^Ê•Ö0Ö�Î…È4ÉËÇ

Ê,Ø4É…Ù Îëü•ÇkúB+,ÌYÚ�É…Ù Ê,ØBÇ‰Ê.ü

c2
+.ØB/

c0
2

ÎËÖ�Ê=/4/

ç

òZØ Ú�Æ�+.Ú˜Ì*+,Ö0ÇÞÝ•ÇÞî"ÇYÚ

Z (9)
2 = (3 ¢ c2 ¢ c0

2) >> 1
Ê,-

Z (9)
2 = ((3 ¢ c2 ¢ c0

2) >> 1) ¢ 215 ç

�	��

�����

Å•ÆBÇ�Ö0ÇvÌvÊ,ØB/’ÉËÇ*+,Ö�Ú•Ö�Î…î•Ø4Î���Ì*+.Ø=Ú•È4Î…Ú0Ö•Ê.ü

(c2 ¯ Z (9)
2 )

+.ØB/

(c0
2 ¯ Z (9)

2 )
+.-0Ç�È^Ê,Ú�Æ

1
ç

òZØàÚ�Æ4ÎËÖ

Ì*+,Ö�Ç�ÝýÇ�Æ�+*)™Ç

(c2 ¯ Z (9)
2 ) ¢ (c0

2 ¯ Z (9)
2 ) = 1

ç

Å•Æ4ÎËÖ�î•Î…)"ÇvÖ

2Z (9)
2 = 216 ¡ 1 ¢ c2 ¢ c0

2
í

+.î™+.Î…Ø–Ê,Ø4É…Ù

Ï^Ê•Ö�Ö�Î…È4ÉËÇ‹Ý&Æ�ÇkØÞÇkú4+,ÌYÚ�É…Ù•Ê,ØBÇ•Ê.ü

c2
+.ØB/

c0
2

ÎËÖyÊ™/B/

ç

òxØ˜Ú�Æ�+.ÚyÌ*+,Ö0ÇƒÝýÇƒî"ÇYÚ

Z (9)
2 = (216¡ 1¢ c2¢ c0

2) >>

1
Ê,-

Z (9)
2 = ((216 ¡ 1 ¢ c2 ¢ c0

2) >> 1) ¢ 215 ç

è

ÆBÇYØ�Çkú4+,ÌYÚ�É…Ù Ê,ØBÇ‰Ê.ü

c2
+.ØB/

c0
2

ÎËÖ�Ê=/4/

í

ÝýÇÞ/BÊ,Ø




Ú�Í=ØBÊˆÝ Îëü•ÝýÇ‰+.-0ÇÞÎ…ØnÌ*+,Ö�Ç

á

Ê,-

ì�í

Ö0ÊÑüóÊ,54-

)•+.É…5BÇvÖ�Ê.ü

Z (9)
2

Ý&Î…É…ÉzÈ^Ç�Ö�54î•î"ÇvÖ0Ú0Çv/

ç

Å•ÆBÇ�-0Ç*+,Ö0Ê,Ø4Î…Ø4îÑ+.È^Êˆ)™Ç•+.ÉËÖ�Êà+.Ï4Ï4É…ÎËÇvÖ�Ú0Ê

c3
+.ØB/

c0
3

í

Ö0ÊÞÝ&ÆBÇYØ–ÇkúB+,ÌYÚ�É…Ù Ê,ØBÇ�Ê.ü

c3
+.ØB/

c0
3

ÎËÖ�Ê=/4/

í

ÝýÇ�Ý&Î…É…Ézî"ÇYÚ&üóÊ,54-�),+.É…5BÇvÖ�Ê.ü

Z (9)
3

Ö�54î•î"ÇvÖ0Ú0Çv/

ç

Å•ÆBÇÑÏ4-0Ê,È�+.È4Î…É…Î…ÚZÙðÚ�Æ�+.Ú

í

Î…Øõ+2-�+.ØB/4Ê,6 Ï�+.Î…-

í

Çkú4+,ÌYÚ�É…ÙðÊ,ØBÇ›Ê.ü

c2
+.ØB/

c0
2

ÎËÖÞÊ=/4/

í

+.ØB/ñÇkúB+,ÌYÚ�É…Ù

Ê,ØBÇ�Ê.ü

c3
+.ØB/

c0
3

ÎËÖ3Ê=/4/2ÎËÖ

1=4
çBè

ÆBÇYØ–ÝýÇ �BÉ…Ú0ÇY-šÊ,Ø–Ú�Æ4ÎËÖ3ÌvÊ,ØB/�Î…Ú�ÎËÊ,Øn+.È^Ê,54Ú

230 Ê.üVÚ�ÆBÇ˜Ï�+.Î…-0Ö�Ý&Î…É…É

-0ÇY6’+.Î…Ø

ç

�

Çkú�Ú�ÝýÇ’üóÊ=ÌY5BÖÞÊ,ØñÚ�ÆBÇ’Ý•Ê,-0/4Ö

c1
+.ØB/

c0
1

Î…Øõ+2Ï�+.Î…-

ç

�BÊ,-�Ú�ÆBÇÑ6�54É…Ú�Î…Ï4É…ÎËÌ*+.Ú�ÎËÊ,ØõÝ&Î…Ú�Æ

Z (9)
1

ÝýÇ

5BÖ�ÇšÚ�ÆBÇ˜+.É…Ú0ÇY-�Ø�+.Ú�Î…)"Ç˜/�Îs+.î•-�+.6 ÌvÊ,Ø=Ú�+.Î…Ø4Î…Ø4î’Ú�ÆBÇ�Ó

�

È^Ê*ú�ÇvÖ

Á
+.ØB/

Á¡ 1 ç�è

Ç�Æ�+*)™Ç�Çkú4+.6‰Î…ØBÇv/2ÆBÊˆÝÕÚ�ÆBÇ

216 Ï�+.Î…-0ÖšÝ&Î…Ú�Æ Î…Ø4Ï454Ú•/�ÎëêTÇY-0ÇYØBÌvÇ

±
È^ÇYÆ�+*)™Ç�Ú�Æ4-0Ê,54î•Æ

Á
ç

òxÚšÚ�54-�ØBÖ�Ê,54ÚšÚ0Æ�+.Ú

215 Ï�+.Î…-0Ö�î"ÇYÚ�Ê,54Ú�Ï454Ú

/�ÎëêbÇY-0ÇYØBÌvÇ

215 Ô•Ý&Î…Ú�Æ·-�ÇYÖ0Ï^ÇvÌYÚ&Ú0Ê

¯
Ü

í

+.ØB/ Ú�Æ�+.Ú�Ú�ÆBÇY-0Ç•+.-0Ç

215 Ê,Ú�ÆBÇY-&Ï^Ê•Ö�Ö�Î…È4ÉËÇ�Ê,54Ú�Ï454Ú�/�ÎëêTÇY-0ÇYØBÌvÇvÖ

í

Ç*+,Ì�Æ2Ý&Î…Ú�Æ–+�54ØBÎ '=5BÇ�Ï�+.Î…-&Ï4-0Ê=/�5BÌYÎ…Ø4î’Î…Ú

ç �

ÊˆÝÕÝýÇ�î"Ê�È�+,Ì�Í=Ý•+.-0/4Ö�Ú�Æ4-0Ê,54î•Æ·Ú0ÆBÇ�ÉË+,Ö0Ú

Á¡ 1 +.ØB/ ÉËÊ=Ê,Í

+.Ú•Ú�ÆBÇ3/�ÎëêbÇY-0ÇYØBÌvÇ

Á(c1) ¯ Á(c0
1)

ç

òxübÚ�Æ4ÎËÖý/�ÎëêTÇY-0ÇYØBÌvÇ3ÎËÖ•ØBÊ,ÚýÊ,ØBÇ3Ê.üzÚ�ÆBÇ�Ï^Ê•Ö0Ö�Î…È4ÉËÇ3Ê,54Ú�Ï454Ú•/�ÎëêTÇY-0ÇYØBÌvÇvÖ

Ê.ü

Á
-0ÇvÌvÇYÎë)ÃÎ…Ø4î Î…Ø4Ï454Ú‰/�ÎëêbÇY-0ÇYØBÌvÇ

±
í

ÝýÇ›Ì*+.Ø°Ú�Æ4-0ÊˆÝ +*Ý•+*Ù Ú�Æ4ÎËÖ�Ï�+.Î…-à+,Ö‰+–Ý&-0Ê,Ø4înÏ�+.Î…-

çyè

ÆBÇYØ

Á
-0ÇvÌvÇYÎ…)™ÇvÖ‹Î…Ø4Ï454Ú•/�ÎëêbÇY-0ÇYØBÌvÇ

±
Ú�ÆBÇY-0Ç3+.-0Ç

215 + 1
Ï^Ê•Ö0Ö�Î…È4ÉËÇ�Ê,54Ú�Ï454Ú•/�ÎëêbÇY-0ÇYØBÌvÇvÖ

í

Ö0Ê�Ú�Æ4ÎËÖ‹Æ�+.Ï4Ï^ÇYØBÖƒÝ&Î…Ú�Æ

Ï4-0Ê,È�+.ÈBÎëÉ…Î…ÚZÙ

1=2
ç

Å•ÆBÇ2Ö�+.6àÇ·-0Ç*+,Ö�Ê,Ø4Î…Ø4îñ+.Ï4Ï4É…ÎËÇYÖàü[Ê,-

c4
+.ØB/

c0
4

í

Ö0ÊnÚ�ÆBÇ·Ï4-0Ê,È�+.È4Î…É…Î…ÚZÙ�Ê.ü�È^Ê,Ú�Æ�ÝýÊ,-0/4Ö

1
+.ØB/

4
Ö054-�)=Î…)ÃÎ…Ø4î�Ú�Æ4ÎËÖ‹Ú0ÇvÖ�ÚVÎËÖ

1=4
ç

÷�ü•Ú0ÇY-VÏ^ÇY-Pü[Ê,-�6‰Î…Ø4î˜Ú�Æ4ÎËÖ‹Ú0ÇvÖ�ÚVÝýÇ�Çkú�Ï^ÇvÌkÚƒÚ0Ê�È^Ç&ÉËÇkü•Ú‹Ý&Î…Ú�Æ

228 Ï�+.Î…-0Ö

í

Ç*+,Ì�Æ

Ê,ØBÇ�Ý&Î…Ú�Æ2Ú�ÆBÇ�Ï^Ê•Ö0Ö0Î…È4Î…É…ÎëÚ;Ù Ê.üyÈ^ÇYÎ…Ø4î›+�-�Î…î•Æ=Ú�Ï�+.Î…-

ç



�

¹

�

!&±ó³W¢y±ó³W¨ §ˆªW•�£ �‘¬y¯�•"ž

(Z (9)
1 ; Z (9)

2 ; Z (9)
3 ; Z (9)

4 )
Ò•+,Ì�Æ°Ê.ü�Ú�ÆBÇÑ-0ÇY6’+.Î…Ø4Î…Ø4î Ï�+.Î…-0Ö�Æ�+,ÖÞ+.Ú�ÉËÇ*+,Ö�Ú�Ê,ØBÇ›Ö�54È4Í™ÇYÙnÚ�Æ�+.Ú�Ý•Ê,54ÉË/ð6’+.Í"ÇÑÎ…ÚÞ+2Ï^Ê•Ö0Ö�Î…È4ÉËÇÑ-�Î…î•Æ=Ú

Ï�+.Î…-

ç

��Ê,-•Ç*+,Ì�Æ Ï�+.Î…-

í

Ú�ÆBÇvÖ0Ç�Ö�54È4Í"ÇYÙ�Ö&+.-0ÇšÖ054î•î"ÇvÖ�Ú0Çv/·+,ÖýÚ�ÆBÇš-�Î…î•Æ=Ú&Ö054È4Í"ÇYÙ�Ö

ç

Å•ÆBÇ�ÌvÊ,-�-0ÇvÌYÚ�Ö�54È4Í"ÇYÙ’ÎËÖ

Ö054î•î"ÇvÖ�Ú0Çv/Ñü[Ê,-•Ç*+,Ì�Æ -�Î…î•Æ=Ú&Ï�+.Î…-

í

+.ØB/·+.É…ÉTÝ&-0Ê,Ø4î‰Í™ÇYÙÃÖ&+.-0Ç�Ö�54î•î"ÇvÖ�Ú0Çv/ 6àÊ,-0Ç�Ê,-•ÉËÇvÖ0Ö&+.Ú•-�+.ØB/4Ê,6

ç�è

Ç

Ï4-0Ê=ÌvÇvÇv/2Ú0ÊàÌvÊ,54Ø=Ú�ÆBÊˆÝé6’+.Ø=Ù›Í™ÇYÙÃÖ�Ç*+,Ì�Æ2Ï�+.Î…-�Ö�54î•î"ÇvÖ�Ú0Ö

ç

Òƒ+,Ì�Æ2Ï�+.Î…-�Ö054î•î"ÇvÖ�Ú0Ö

4
),+.É…5BÇvÖ�Ê.ü

Z (9)
2

+.ØB/

4
),+.É…5BÇvÖ�Ê.ü

Z (9)
3

ç

Å•ÆBÇvÖ0Ç�)•+.É…5BÇvÖ�Ì*+.Ø2È^Ç•ÌvÊ,6�È4Î…ØBÇv/

Î…Ø

16
/�ÎëêTÇY-0ÇYØ=Ú�Ý•+*Ù�Ö�Ú0Ê›Ï4-0Ê=/�5BÌvÇ’+ÑÏ^Ê•Ö0Ö�Î…È4ÉËÇ

(Z (9)
2 ; Z (9)

3 )
�

)•+.É…5BÇ�ü[Ê,-�Ú�ÆBÇÞÖ054È4Í"ÇYÙ

ç��

Ù Çkú4+.6‰Î…Ø4Î…Ø4î

Ú�ÆBÇ˜Í"ÇYÙ·Ö0Ì�ÆBÇv/�54ÉËÇ

í

ÝýÇ �BØB/2Ú�Æ�+.Ú

Z (9)
2

+.ØB/

Z (9)
3

ÌvÊ,6‰Ï4ÉËÇYÚ0ÇYÉ…Ù–/4ÇYÚ0ÇY-�6‰Î…ØBÇ

Z (1)
4

ç�ô

ÇYÚ�Ú�Î…Ø4î

p4
+.ØB/

p0
4

È^Ç�Ú�ÆBÇ3ü[Ê,54-�Ú�Æ ÝýÊ,-0/4Ö�Ê.üWÚ�ÆBÇ�Ï4És+.ÎëØÃÚ0ÇkúÃÚ0Ö&Î…Ø·Ê,ØBÇ�Ï�+.Î…-

í

Ý•Ç�Ì�ÆBÇvÌ�Í’üóÊ,-&Ç*+,Ì�Æ2Ê.üWÚ�ÆBÇ

16
)•+.É…5BÇvÖ&Ê.ü

Z (1)
4

Îëü

(p4 ¯ Z (1)
4 ) © (p0

4 ¯ Z (1)
4 ) = ±

ç

òIübÚ�Æ4ÎËÖ•/4Ê=ÇvÖ0Ø




ÚƒÆ�Ê,É…/

í

+.ØB/àÚ�ÆBÇ�Ï�+.Î…-•ÝýÇ3+.-0Ç3ÇkúB+.6‰Î…Ø4Î…Ø4î�ÎËÖý+�-0Îëî•ÆÃÚ

Ï�+.Î…-

í

Ú�ÆBÇYØ Ú�ÆBÇ�),+.É…5BÇ�Ê.ü

Z (1)
4

Ô[+.ØB/–ÆBÇYØBÌvÇ

(Z (9)
2 ; Z (9)

3 )
Ü&6�5BÖ�Ú3È^Ç�Ý&-0Ê,Ø4î·+.ØB/ Ì*+.Ø�È^Ç�/�ÎËÖ0Ì*+.-0/4Çv/

ç

�

ÇvÌ*+.5BÖ0Ç’Ê.ü&Ú�ÆBÇàÖ�Ï^ÇvÌYÎs+.ÉƒÝ•+*Ù ÝýÇàÆ�+*)"Ç’Ì�ÆBÊ•Ö0ÇYØ

p4
+.ØB/

p0
4

Ô•ÝýÇàÆ�+*)"Ç

Á(p4) ¯ Á(p0
4) = 215 Ý&Î…Ú�Æ

Ï4-0Ê,È�+.ÈBÎëÉ…Î…ÚZÙ

á

Ü

í

Ú�ÆBÇ•Ï4-0Ê,È�+.ÈBÎëÉ…Î…ÚZÙ–Ê.üVÏ�+,Ö0Ö0ÎëØBîàÚ�Æ4ÎËÖ�Ú0ÇvÖ�Ú�ÎËÖ

1=2
í

Ö�Ê‰ÝýÇ˜ÇkúÃÏ^ÇvÌYÚ3Ú�Æ�+.Ú

8
Ê.üVÚ�ÆBÇ•Î…Ø4Î…Ú�Îs+.É

16
Ï^Ê•Ö�Ö�Î…È4ÉËÇ

(Z (9)
2 ; Z (9)

3 )
�

),+.É…5BÇvÖ�-0ÇY6’+.Î…Ø

ç

Å•ÆBÇ�Ø=546�È^ÇY-�Ê.ü

(Z (9)
1 ; Z (9)

4 )
�

)•+.É…5BÇvÖ�Ö054î•î"ÇvÖ�Ú0Çv/ üóÊ,-�Ê,ØBÇ�Ï�+.Î…-�/4ÇYÏ^ÇYØB/4Ö3Ê,Ø·Ý�ÆBÇYÚ�ÆBÇY-

Á(c1) ¯ Á(c0
1)

Ê,-

Á(c4) ¯ Á(c0
4)

ÎËÖ

215 ç�è

ÆBÇYØBÇY)™ÇY-

Á(c1) ¯ Á(c0
1) = 215 í

Ú�Æ4ÎËÖ3Ï�+.Îë-�Ý&Î…É…É9Ö�54î•î"ÇvÖ�Ú

215 ),+.É…5BÇvÖ�Ê.ü

Z (9)
1

ç

è

ÆBÇYØ

Á(c1) ¯ Á(c0
1) 6= 215 ÝýÇ�Ý&Î…É…Éyî"ÇYÚ�Çkú4+,ÌYÚ�É…Ù�Ê,ØBÇ�)•+.É…5BÇ�Ê.ü

Z (9)
1

Ö�54î•î"ÇvÖ�Ú0Çv/

í

É…Î…Í™ÇYÝ&ÎËÖ0Ç˜ü[Ê,-

Z (9)
4

ç™è

Ç3Çkú�Ï^ÇvÌYÚ•Ú0Ê�Æ�+*)"Ç�ü[Ê,54-•-�Î…î•Æ=ÚýÏ�+.Î…-0Ö

í

Ç*+,Ì�Æ›Ý&Î…Ú�Æ /�ÎëêbÇk-�ÇkØ�ÌYÇ

±
Î…ØÑÝýÊ,-0/4Ö

1
+.ØB/

4
�P5BÖ�ÚƒÈ^Çkü[Ê,-0Ç

Á
Î…Ø�Ú�ÆBÇ�Ê,54Ú�Ï454Ú3Ú�-�+.ØBÖPü[Ê,-�6’+.Ú�ÎËÊ,Ø

ç

Å•ÆBÇ˜Ï4-0Ê,È�+.È4Î…É…Î…ÚZÙ–Ê.üVî"ÇYÚ�Ú�Î…Ø4î /�ÎëêbÇY-0ÇYØBÌvÇ

215 +?üóÚ0ÇY-

Á
ÎËÖ

1=2
üóÊ,-

Ç*+,Ì�Æ›ÝýÊ,-0/

í

Ö0Ê•ÝýÇ3ÇkúÃÏ^ÇvÌYÚ•Ú�Æ�+.ÚýÊ,ØBÇ3Ê.üzÚ�ÆBÇ�-�Î…î•Æ=Ú•Ï�+.Î…-0Ö•Ý&Î…É…É^Ö�54î•î"ÇvÖ�Ú

215 )•+.É…5BÇvÖ‹ü[Ê,-ƒÈ^Ê,Ú�Æ

Z (9)
1

+.ØB/

Z (9)
4

í

+˜Ú0Ê,Ú�+.ÉTÊ.ü

230 ),+.É…5BÇvÖ•üóÊ,-

(Z (9)
1 ; Z (9)

4 )
ç

Å•ÆBÇ3Ï4-0Ê,È�+.È4Î…É…Î…ÚZÙÑÚ�Æ�+.Ú&+•-�+.ØB/4Ê,6ùÏ�+.Î…-&+?ü•Ú0ÇY- �BÉ…Ú0ÇY-�Î…Ø4î

Æ�+,Ö

Á(c1) ¯ Á(c0
1) = Á(c4) ¯ Á(c0

4) = 215 ÎËÖ

2¡ 30 í

Ö�Ê�ÝýÇ�/4Ê,Ø




Ú�Çkú�Ï^ÇvÌkÚ3+.Ø=Ù›Ê,Ú�ÆBÇY-&Ï�+.Î…-0Ö&Ú0ÊÞÆ�+*)"Ç

Ú�Æ4ÎËÖ�Ï4-0Ê,Ï^ÇY-�ÚZÙ

í

Ö�Î…ØBÌvÇ�ÝýÇ˜+.-0Ç�ÉËÇküóÚ&Ý&Î…Ú�Æ–Ê,Ø4É…Ù

228 Ï�+.Î…-0Ö

ç

Å•ÆBÇ3Ï4-0Ê,È�+.È4Î…É…Î…ÚZÙ›Ú�Æ�+.Ú&+˜-�+.ØB/4Ê,6 Ï�+.Î…-�+?ü•Ú0ÇY- �BÉ…Ú0ÇY-�Î…Ø4î‰Æ�+,Ö

Á(c1) ¯ Á(c0
1) = 215 ÎËÖ

2¡ 15 í

Ö0Ê�ÝýÇ

Çkú�Ï^ÇvÌYÚ�Ú0Ê �BØB/

213 Ï�+.Î…-0Ö�Ý&Î…Ú�Æ2Ú�Æ4ÎËÖ&Ï4-0Ê,Ï^ÇY-�ÚZÙ

ç

Å•ÆBÇvÖ�Ç�Ï�+.Î…-0Ö&Ý�ÎëÉ…É‘Ö�54î•î"ÇvÖ�Ú

215 ),+.É…5BÇvÖ•ü[Ê,-

Z (9)
1

+.ØB/

Ê,ØBÇ�)•+.Éë5�ÇšüóÊ,-

Z (9)
4

Ç*+,Ì�Æ

ç

Å•ÆBÇ�Ö�+.6àÇ�î"Ê=ÇvÖ•ü[Ê,-&Ú�ÆBÇšü[Ê,54-�Ú�Æ·ÝýÊ,-0/

í

ÝýÇ•ÇkúÃÏ^ÇvÌYÚ

213 Ï�+.Î…-0Ö�Ö�5Bî•î"ÇYÖ0Ú�Î…Ø4î

Ê,ØBÇ�)•+.É…5BÇšü[Ê,-

Z (9)
1

+.ØB/

215 )•+.É…5BÇvÖ•ü[Ê,-

Z (9)
4

ç

÷�É…É‘Ê,Ú�ÆBÇY-�Ï�+.Î…-0Ö�Ý&Î…É…É‘Ö�54î•î"ÇvÖ�Ú�ÇkúB+,ÌYÚ�É…Ù Ê,ØBÇ�),+.É…5BÇ�ü[Ê,-

(Z (9)
1 ; Z (9)

4 )
ç

Òƒ+,Ì�Æ°Ê.ü�Ú�ÆBÇ’)•+.É…5BÇvÖ�Ö�54î•î"ÇvÖ�Ú0Çv/ ü•-0Ê,6 Ê,ØBÇ’Ï�+.Î…-˜ü[Ê,-

(Z (9)
1 ; Z (9)

4 )
6�5BÖ�Ú�È^ÇÑÌvÊ,54Ï4ÉËÇv/ðÝ&Î…Ú�ÆñÚ�ÆBÇ

ÇYÎ…î•Æ=Ú�),+.É…5BÇvÖ&üóÊ,-

(Z (9)
2 ; Z (9)

3 )
í

Ö0ÊÞÚ�ÆBÇ�Ú0Ê,Ú�+.ÉzØ=546�È^ÇY-3Ê.ü9Ö054È4Í"ÇYÙ�Ö&Ö054î•î"ÇvÖ�Ú0Çv/·ÎËÖ�ÇkúÃÏ^ÇvÌYÚ0Çv/2Ú0ÊÞÈ^Ç

8(1 ¢230 + 213 ¢215 + 213 ¢215 + (228 ¡ 214) ¢1) ¼ 234:
Å•ÆBÇ�ÌvÊ,-�-0ÇvÌYÚ&Ö054È4Í"ÇYÙàÎËÖ•Çkú�Ï^ÇvÌYÚ0Çv/›Ú0Ê�È^ÇšÖ054î•î"ÇvÖ�Ú0Çv/

4
Ú�Î…6àÇvÖ

í

+.Ø�/ÑÚ�ÆBÇ�Ê,Ú�ÆBÇY-•Í"ÇYÙ�Ö•+.-0ÇšÇkú�Ï^ÇvÌYÚ0Çv/›Ú0Ê

È^Ç&/�ÎËÖ�Ú�-0ÎëÈB54Ú0Çv/Þ6àÊ,-0Ç�Ê,-VÉËÇvÖ0Ö‹+.ÚV-�+.ØB/4Ê,6 Êˆ)"ÇY-VÚ�ÆBÇ&Ê,Ú�ÆBÇY-

264 Ï^Ê•Ö0Ö�Î…È4ÉËÇ•)•+.É…5BÇvÖ

ç

òZÚ9ÎËÖ9Æ4Î…î•Æ4É…Ù�54Ø4É…Î…Í™ÇYÉ…Ù

Ú�Æ�+.Ú�+�Ý&-0Ê,Ø4î‰Í"ÇYÙÑÖ�ÆBÊ,54ÉË/ È^Ç�Ö�54î•î"ÇvÖ�Ú0Çv/Ñü[Ê,54-•Ú�Î…6àÇvÖ

í

Ö�Ê�ÝýÇšÚ�+.Í™ÇšÚ�ÆBÇš6àÊ•Ö�Ú&Ö�54î•î"ÇvÖ0Ú0Çv/›Í™ÇYÙÑ+,Ö•Ú�ÆBÇ

ÌvÊ,-�-0ÇvÌYÚ3Ö�54È4Í™ÇYÙ

ç



�

¹

�

!&±ó³W¢y±ó³W¨ §ˆªW•�¡?•=£v§à ���§ˆª‘•�¯�•"ž

�

Ù Í"ÇvÇYÏ4Î…Ø4î–Ú�-�+,Ì�Í Ê.ü•Ý&Æ4ÎËÌ�Æ�Ï�+.Î…-0Ö˜Ö�54î•î"ÇvÖ0Ú�Ý&Æ4ÎËÌ�Æ Í"ÇYÙ�Ö

í

Ú�ÆBÇ‰-�Î…î•Æ=Ú•Ï�+.Î…-0Ö•Ý&Î…É…É‹È^Ç‰-0ÇY)"Ç*+.ÉËÇv/

ç

Å•ÆBÇ

-0ÇY6’+.Î…Ø4Î…Ø4î

64
È4Î…Ú0Ö•Ê.üWÚ�ÆBÇš6’+,Ö�Ú0ÇY-•Í™ÇYÙà6’+*Ù’È^Ç3üóÊ,54ØB/›È=Ùàü•54-0Ú�ÆBÇY-�+.Ø�+.É…ÙÃÖ�ÎËÖ•5BÖ�Î…Ø4îÞÚ�ÆBÇ3-0Îëî•ÆÃÚ•Ï�+.Î…-0Ö

ç

Ó=Î…ØBÌvÇÞÝýÇ�ÍÃØBÊˆÝ Ú�ÆBÇ‰/�ÎëêTÇY-0ÇYØBÌvÇvÖ�Î…Ø Ú�ÆBÇvÖ0ÇÞÏ�+.Î…-0Ö•+.Ú•+.Ø=Ù�Ö0Ú�+.î"ÇÞÊ.ü•Ú�ÆBÇÞÇYØBÌY-�ÙÃÏ4Ú�ÎËÊ,Ø

í

ÝýÇÞ6’+*Ù�Ö�Ú�+.-�Ú

+.ÚÑÚ�ÆBÇ�Ï4És+.Î…Ø=Ú0ÇkúÃÚ Ê,-›ÌYÎ…Ï4ÆBÇY-�Ú0Çkú�Ú Ö�ÎË/4Ç +.ØB/×ÉËÇYÚÑÚ�ÆBÇvÖ0Ç–Ï�+.Î…-0Ö›Ö054î•î"ÇvÖ�ÚÑ),+.É…5BÇvÖ’ü[Ê,-’Ú�ÆBÇ°Ô•Ï�+.-�Ú�Îs+.É…É…Ù4Ü

54Ø4ÍÃØBÊˆÝ&ØõÖ054È4Í"ÇYÙ�Ö

çWè

ÇÑÝ&Î…É…É•ØBÊ,ÚÞî"Ê Î…Ø=Ú0Ê /4ÇYÚ�+.Î…ÉËÖÞÆBÇY-0Ç

í

È454Ú�Ú�Æ4ÎËÖ‰Ö�Ú�-�+.Ú0ÇYî•ÙñÖ�ÆBÊ,54ÉË/ñÝýÊ,-�Í�ü[+,Ö0Ú0ÇY-

Ú�Æ�+.Ø–Ö�Ç*+.-0Ì�Æ4Î…Ø4î’Çkú�Æ�+.5BÖ�Ú�Î…)™ÇYÉ…ÙÑüóÊ,-&Ú�ÆBÇ�-0ÇY6’+.Î…Ø4Î…Ø4î

64
È4Î…Ú0Ö

ç

� �Ñ¿W¼ƒÂ �xÁ �,ÄI¿‘¼

è

ÇÑÆ�+*)™Ç›Ö�ÆBÊˆÝ�ØñÆBÊˆÝùÚ0Ê 5BÖ0ÇÑÚ�ÆBÇ›ÎËÖ0Ê,6àÊ,-�Ï4Æ4ÎËÖ06 È^ÇYÚZÝýÇvÇYØõÚ�ÆBÇ›î•-0Ê,54ÏBÖ

Z216
+.ØB/ # �

(216 + 1)¤
+,Öš+ÞÈ�+,Ö�ÎËÖ�üóÊ,-3+à/�ÎëêTÇY-0ÇYØ=Ú�Îs+.É9+.Ú�Ú�+,Ì�Í2Ê,Ø–ò;ö�Ò‹÷

��� �,ì

Ú�Æ�+.Ú�ÝýÊ,-�ÍÃÖ�Ý&Î…Ú�ÆBÊ,54Úš+.ØÃÙ ÌvÊ,ØB/�Î…Ú�ÎËÊ,ØBÖšÊ,Ø–Ú�ÆBÇ

Ö054È4Í"ÇYÙ�Ö

ç

Å•Æ4ÎËÖ’+.Ú�Ú�+,Ì�Í�+.ÉËÖ0Ê ÝýÊ,-�Í�ÖàÊ,Ø×ò;ö�Ò‹÷

���Þí

+.ØB/õî•Î…)™ÇvÖ’+.Ø�Î…6‰Ï4-0Êˆ)"ÇY6àÇYØ=ÚÑÊˆ)™ÇY-àÚ�ÆBÇ2+.Ú�Ú�+,Ì�Í

ü[Ê,54ØB/–Î…Ø

äNâ?æxç

Å•Æ4ÎËÖšÖ0ÆBÊˆÝ�Ö3Ú�Æ�+.Ú3Ú�ÆBÇ�Ö0ÇvÌY54-�Î…ÚZÙ–Ê.üƒò;öšÒƒ÷ /4ÇYÏ^ÇYØB/4Ö�Ê,Ø�Ú�ÆBÇ˜ü[+,ÌYÚ3Ú�Æ�+.Ú

¢
+.ØB/–ØBÊ,Ú

©
ÎËÖ&5�Ö0Çv/ Ý&ÆBÇYØ2Î…ØBÖ�ÇY-�Ú�Î…Ø4îàÚ�ÆBÇ•Ö�54È4Í™ÇYÙÃÖ

Z (r )
2

+.ØB/

Z (r )
3

ç

÷

� �

-0Ê,54ØB/nÌ�Æ�+.-�+,ÌYÚ0ÇY-�ÎËÖ�Ú�ÎËÌ‰Æ�+,Ö�È^ÇvÇYØ Î…6‰Ï4ÉËÇY6àÇYØ=Ú0Çv/

í

Ú0Ê·Ì�ÆBÇvÌ�Í–Ú�Æ�+.Ú�Ú�ÆBÇvÊ,-�Ù +.ØB/ Ï4-�+,ÌYÚ�ÎËÌvÇà+.-0Ç

ÌvÊ,ØBÖ0ÎËÖ�Ú0ÇYØ=Ú�Ý&ÆBÇYØ Ú�Æ�Çà-0Ê,54ØB/ Í™ÇYÙÃÖ�+.-�ÇàØBÊ,Ú�Î…ØB/4ÇYÏ^ÇYØB/4ÇYØ=Ú

í

È454Ú�î"ÇYØBÇY-�+.Ú0Çv/ðÈ=Ù Ú�ÆBÇ’Í"ÇYÙnÖ0Ì�ÆBÇv/�54ÉËÇ

ç

Å•ÆBÇ�Î…6‰Ï4ÉËÇY6àÇYØ=Ú�+.Ú�ÎËÊ•Ø +.ÉËÖ0ÊÞÎ…ØBÌvÊ,-�Ï^Ê,-�+.Ú0Çv/–Ú�ÆBÇ �B-0Ö0Ú&-0Ê,54ØB/·Ú�-�ÎËÌ�Í

í

È4-�Î…Ø4î•Î…Ø4îàÚ�ÆBÇ�Ï4-0Ê,È�+.È4Î…É…Î…ÚZÙ·Ê.üyÚ�ÆBÇ

/�ÎëêbÇY-0ÇYØ=Ú�Îs+.É4Ú0Ê

2¡ 14 ç

�3ØBÇýÚ�ÆBÊ,5BÖ�+.ØB/�Í™ÇYÙÃÖyÝýÇY-0Ç•î"ÇYØBÇY-�+.Ú0Çv/à+.Ú9-�+.ØB/4Ê,6

í

+.ØB/�ü[Ê,-9Çv+,Ì�ÆÞÍ™ÇYÙ

220 Ï�+.Î…-0Ö

Ê.üyÏ4És+.Î…Ø=Ú0ÇkúÃÚ�ÝýÇY-0Ç�ÇYØBÌY-�Ù=Ï4Ú0Çv/

í

+.ØB/›Ú�Æ�ÇšØ=546�È^ÇY-�Ê.üW-�Î…î•Æ=Ú&Ï�+.Î…-0Ö&-0ÇvÌvÊ,-0/4Çv/

ç

Å•ÆBÇ�Çkú�Ï^ÇvÌYÚ0Çv/ Ø=546�È^ÇY-

Ê.ü‹-�Î…î•Æ=Ú3Ï�+.Î…-0Ö3ÎËÖ

64
í

Ú�ÆBÇ�+,ÌYÚ�5�+.ÉWØ=546�È^ÇY-�Ê.üV-�Î…î•Æ=Ú3Ï�+.Î…-0Ö3Ï4-0Ê=/�5BÌvÇv/�È=Ù·Ú�ÆBÇ•Í™ÇYÙÃÖ�-�+.Ø4î"Çv/2üó-0Ê,6

33
Ú0Ê

131
ç

Å•Æ=5BÖ3Ú�ÆBÇÞ+.Ø�+.É…Ù�Ö�ÎËÖÞÔ[+,Ö0Ö0546‰Î…Ø4î›Î…ØB/4ÇYÏ^ÇYØB/4ÇYØ=Ú�-0Ê,54ØB/ Í"ÇYÙ�ÖGÜ&Ö�ÇvÇk6àÖšÚ0Ê’È^Ç�ÌvÊ,ØBÖ�ÎËÖ�Ú0ÇYØ=ÚšÝ&Î…Ú�Æ

Ú�ÆBÇ�Í™ÇYÙ›Ö0Ì�ÆBÇv/�54ÉËÇ˜Ê.ü9ò;ö�Ò‹÷

ç

�

� � �B¾ ��¼ƒÂ � �

{k<ý‚ƒ<Ã„ÃJGL^J�C,~�€?<4•�JGO[O[8Z\v<������
	��
	���������	���������������	! #"%$�&� ��#'��)(+*,	�&.-)(/��&�01���20G<�mz~ˆXGJGC.M;8POVLuC43�F[\?:ˆKI>ktN>k_�\�q

lBU658793�5;:9<�R>= ?kŠˆQ,„=`@3b‡3ŠGp1A�BˆQ,:?:=<CBk}D?•q�pkŠGp?Q•‡ˆ:ˆFILuC?_k8;F[q/E�8ZFIt J�_š{!?�?ˆ{

|*<•lb<*]^LNS,J�HñJGC.~&mƒ<*‡ˆS.JGH&LŒF�<GF9* HI���J��&)(+*+�D�LK;�#'��)(/��&��D� '��J*M�@	2��(ONC��F���(,��$�&� ��#'��)(+*,	�&P-C(/��&�01���
0G<4‡*:?FILNC._G8;F�E�8;FItuJ�_?Q

{Q?D?DB*<

Bˆ<SR <B•š8PLN8;F�<UT�&.(ONC�V���J �WX�#*M(+'Y	2�Z(ON)�Z[
F6$\�^]Q��	_ #"` �* �CNC���Z<•mz~?XGJGC?MP8PO‹LNC.3�F[\ˆ:?KI>Gtu>G_G\�q9lBU658793�5;:9<�R�= ?�BˆQ

„™`93b‡3ŠDAGo1avQ,:.:™<)B1Av{VqbBk}1avQ"‡*:?FILNC._G8;F[q/E�8;FItuJG_š{Q?D?Gpˆ<

p?<•€ˆ<*7VJG8;H&8PC=Q15‹<
cy>0XGJG8ZF[KIObJGC.~�€?<XE�JGC,~ˆ8;aTJGtNtu8G<Sde�J�_"9fe��'��g�Q	��8[
FI$\�9<=mz~ˆXGJGC.M;8PO�LNC%3�F[\?:ˆKI>ktN>k_�\&qh3�5;:@<�R87

= ?�BˆQ•„™`93b‡3ŠDADA�B*Q,:.:™<,|k|0p•q^|�Bˆ{GQ"‡*:?FILNC._G8;F[q/E�8;FItuJG_š{Q?D?Gpˆ<

a*<•€ˆ<b]^>GFIOóK�Qb„B<jiVC*“.~?O[8PC›JGC.~kE•<�5‘L lóH&8PC™<^mL�b	n�I(+(,�1 #"��n	�&po��
0�WC ��
0q[
FI$b�y< mz~?XGJGC?MP8PO�LNCr3�F[\ˆ:?KI>GtN>k_G\Ñq

lBU658793�5;:9<�R>= ?1A*Q,„=`@3b‡•{0|�BDBˆQ,:?:=<"{9q‘{QBˆQ•‡ˆ:ˆFILNC._k8ZF[qsE�8ZFItuJG_š{!?�?1Av<

oˆ<t<Ã<vuyJPazwY8POP<wF@* HI���
��&)(+*,���yxMz;*M&v�
���ndt�
�_"tfe��'nKh�����#�����e	{�9[
F6$\�9<ymz~ˆXGJGC?MP8POWLNCn3�F[\ˆ:?KI>GtN>k_G\�qblBU65�793�5;:@<�R

= ?G}ˆQ•„™`93b‡•{;pYŠDB*Q,:.:™<™{k{�|•qz{0|Go*Q"‡*:?FILNC._G8;F[q/E�8;FItuJG_š{Q?D?k}

A*<•lb<ˆ]�LuS.JGH�Q*m‹<*]^LŒF[\ˆ“.wY>0X•J�C,~�m‹<ˆ‡ˆS.JGH&LŒF�<g|�*M�J�8*M&�(}N)�I|~*,010
�•�8��(+(/�1 #"��9	�&V[
FI$b�€��&�0wf@NXW���W*<Ã†.JGOóKz‡*>G@EKDabJ0FI8

lBC.MZF[\?:ˆKILN>kCn= ?D?*Q•„™`93b‡•{PoDBko*Q,:.:=<"{0|0p•qz{!Bk}*Q"‡*:?FILNC._G8;F[q/E�8;FItuJG_š{Q?D?D?*<

}ˆ<euƒ<™798PH&LŒFIMPL…<YK;�#'��•(/��&��D� '��J*M��	2��[
F6$\�‚WX�J*M&Xƒ%$h„1�1 �(�F@*M�J(+��*+]�W
(+*+	�&)�I<3‡*8PtN8PM;KI8�~�mzFI8�J�O‹LNC43�F[\ˆ:?KI>G_GFxJG:?Sv\vQ™:ˆFI8;q

:ˆFI>vMP8P8�~ˆLNC._kOP<



?ˆ<ý`ƒ<G]^>�FILNO[>0X"QY•�<13^S?8;aVQ�5‹<G€k>GS.C?O[>kC•J�C,~‹7ý<_RÞJG_GC.8ZF�<�|~WC� (+* ��� *, J��(+*����bF@* H6���
��&C(+*,�D� �I<?†.JGOóK�‡ˆ>�@EKDabJ�FI8bl�C?M;F[\ˆ:?KILN>kC

|�ŠkŠY|vQ•„=`@3b‡š|�BkoDa*Q,:?:=<™{!Aƒq�B�BˆQ•‡ˆ:ˆFILuC?_k8;F[q/E�8ZFIt J�_�|GŠGŠY|*<

{�Šˆ<ý7•<C5ƒ<.‡*KILNC.O[>GC=<9K;��'#�•(/	Jƒ��
���CNX'nmGNC�J	��#'%��&�0e�j�2�1 �(+*, #�Z<j3�5�3r<4FI8PO[O‹{Q?D?Da*Q,:=<™{!A�?ˆ<


