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Abstract. Let p beasmall prime and q= p". Let E bean elliptic curve
over Fq. We proposean algorithm which computes without any prepro-
cessingthe j -invariant of the canonical lift of E with the cost of O(log n)
times the cost neededto compute a power of the lift of the Frobenius. Let
1 be a constant sothat the product of two n-bit length integers can be
carried out in O(n") bit operations, this yields an algorithm to compute
the number of points on elliptic curveswhich reaches, at the expenseof
a O(n%) spacecomplexity, a theoretical time complexity bound equal to
O(n™ (1:19% )+ * + 3 |94 1) When the “eld hasgot a GaussianNormal Ba-
sis of small type, we obtain furthermore an algorithm with O(log(n)n?")
time and O(n?) spacecomplexities. From a practical viewpoint, the cor-
responding algorithm is particularly well suited for implementations. We
outline this by a 100002-bit computation.

Keyw ords: elliptic curves, canonical lifts, AGM.

1 Intro duction

A prerequisite to the usein cryptography of elliptic curvesde ned over a nite
“eld is to count exciently the number of its rational points soasto avoid weak
curves. Let p be a prime, n 2 N*, g = p" and E be a given elliptic curve,
the previous problem is equivalent to computing the trace of the g-th power
Frobenius morphism Frq since]E (Fq) = 1+ g Tr(Frg).

The rst polynomial time algorithm to compute the trace of Frq is due to
Sdoof [15]. It has beensubsequetly improved by Elkies and Atkin to achieve
a heuristically estimated running time of O((log g)?' *2) bit operations where !
is a constart such that the product of two n-bit length integers can be carried
out in O(n") bit operations. Up to now, this is the only known algorithm which
performs well for elliptic curvesde ned over "elds of large characteristic.

Apart from these " -adic algorithms, an other important family of algorithms
usesp-adic techniques. The commonidea behind thesealgorithms is to construct
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a lift of the Frobenius morphism over a characteristic zero eld. The rst algo-
rithm that runs faster than the SEA algorithm is due to Satoh [13]. The ideais
to compute a lift of E sud that its ring of endomorphismsis the sameas the
ring of E. Sudch a lift is called the canonical lift of E. If we "x p (which shall
be small in practice), the computational time of this algorithm whenn ! 1
is O(n? *1) and the memory consumption is O(n®). Shortly after, Vercauteren,
Preneel, Vandewalle [18] reduced the memory complexity to O(n?). Indepen-
dertly, for the characteristic two case,an algorithm with the sameasymptotic
complexities was found by Mestre [10], basedon the algebraic geometric mean
(AGM).

In recert papers, Satoh, Skjernaa and Taguci [12] improved further the
complexity of Satoh's algorithm to reach a O(n?'* z) time complexity and a
0O(n?) spacecomplexity after a O(n?) bit operations precomputation. Finally,
H. Kim et al. [7] shaved that if the base eld of the elliptic curve hasa Gaussian
Normal Basis (which is the casefor numerous elds in a cryptographic context),
the complexity in time of this algorithm can be reducedto O(nZ * #),

Roughly, these algorithms can be split in two main phases.A rst phase
consistsin computing the j-invariant of the canonical lift of the given curve.
A secondphaseconsistsin a norm computation. The main contribution of this
paper is a new way to perform the lift phase.In a more precise fashion, let
Z4 be the valuation ring of the unrami ed extension of degreen of Z, with
p a prime. If we denote by S,., the complexity of the Frobenius substitu-
tion with accuracy m in Zq and Tm; the complexity of the product of two
elemens of Zy4 with precision m, we presert an algorithm of which the com-
plexity in time is log(n) max(Tp=2:n; Sp=2:n)- IN general, one can readh Sy =
O(nmMax (1119 }* 7 m* ). Sincea norm can be computedin O(m** zn*) [14], we ob-
tain an algorithm to court points the complexity of which is O(nmMax(1:19: )+ * + 3
logn) in time without any precomputation and O(n?) in space.lf the baseeld
admits a GaussianNormal Basis, the complexity of the Frobenius substitution
can be reduced as low as O(nm) following [7]. We have in this casean algo-
rithm with O(log(n)n?") time complexity and O(n?) spacecomplexity. We also
describe how our ideasapply to the AGM algorithm.

The paper is organized as follows. After somenotations, we investigate how
generalizedArtin-Schreier's Equations can be solved (section 2) in order to de-
scribe the new algorithm in a quite generalsetting (section 3). Then, we explain
where the previous algorithm should be plugged for courting points on elliptic
curvesand give results of experiments that we have performed (section 4).

Notations and complexity hypothesis. As in the introduction, we will assume
that the multiplication of two n-bit length integerstakesO(n") bit operations.
Classically, with FFT integer multiplication algorithm, * = 1+ 2.

Throughout the paper, p is a xed small prime, = p" and Fq is the nite
“eld with g elemernts. We shall denote by Z, the valuation ring of the unrami ed
extension of degreen of Qp, ¥ will denote the Frobenius substitution of the
fraction eld of Zy consideredas an extensionof Q, and v will denote the non
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archimedian valuation of Z4. For eady m 2 N®, we have a canonical projection
Y 1 Zq! Zg=p"Zq and we will put ¥a= ¥, for the projection onto the nite
“eld Fy.

Many of mathematical objects involved in the algorithms described in the
following can be seenaslists of elemernts of Z,. Formally speaking, imagesby ¥
of these elemerts of Z, will be in thesealgorithms said to be the mathematical
objects computed\at precisionm" or \at accuracym" or \mo dulo p™". Follow-
ing the corvertions of [12], we will denoteby Trm.n the complexity of multiplying
two elemerts of Z,» with accuracy m. Furthermore, in the following Spm;n will
be the complexity in time to compute at accuracy m the image of an elemen of
Zq4 by a power of the Frobenius substitution.

If E is an elliptic curve over Fq, j(E) will be its j-invariant and E" the
canonical lift of E. We will assumethat j(E) 2 FqnFp. The point at in nit y
of an elliptic curve will be denotedby O.

2 Arithmetic with p-adic Elements

2.1 Representing Zq

Polynomial Basis. Let L=K be a nite separated algebraic extension of a
“eld K of degreen. By the primitiv e elemeri theorem and the de nition of an
algebraic extension, there exists non canonical isomorphisms

'L K [=F(OK [

with F(t) an irreducible polynomial of K [t] of degreen. Such an isomorphism
yields a basis of L=K called a polynomial basis. It provides a classicalway to
work with L which consistsin handling equivalence classesin the quotient of
the commutativ e ring K [t] by one of its maximal ideal F (t)K [t]. In the speci ¢
setting of p-adics, eat equivalenceclassis uniquely determined by a polynomial
of Qp[t] of degreestrictly smallerthan n. Consequetly, any elemen of Zq canbe
seenasa polynomial of degreesmallerthan n. With such arepresetation, adding
two elemerts of Z, is the sameas adding two elemeris of Z[t]. Multiplying two
elemerts of Z, is the sameas multiplying two elemerts of Z,[t] and reducing the
result modulo F (t). This yields T, = O(n* m*) for multiplying two elemerts
at precisionm.

Sincethere are numerousirreducible elemens of degreen in Z[t], there are
numerous ways to represert Z,. In order to have a Frobenius computation as
fast as possible,it is better in our caseto usea polynomial with a small number
of terms, eac term de ned over F, (cf. section2.2).

Gaussian Normal Basis. If moreover we supposethat L=K is a Galois exten-
sion and that L = K (®), then we know that (¥%4(®)); 0- i - nj 1is a basis
of L=K called a normal basis. This basisis well suited to compute the action of
the Galois group of L=K . Lifting to Zq GaussianNormal Basisde ned on nite

“elds [9], we get the following result [7].
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Prop osition 1. Letqbe a prime or a prime power, and n, t be positive integers
suchthat nt + 1 is a prime not dividing g. Let ° be a primitive (nt+ 1) th root
of unity in someextension eld of of Q,. If gcd(M t=e;n) = 1 where e denotes
the order of g modulo nt + 1, then for any primitive t j th root of unity ¢ in
Z=(nt + 1)Z,

genertesa normal basis over Q, called a GaussianNormal Basis (GNB) of type
t. Furthermore, [Qp(®) : Qp] = n.

H. Y. Kim et al. handledelemeris of Z, with suc arepresertation by working
in the basisdened by °. This yields T, = O((tnm)*) for multiplying two
elemers at precision m.

2.2 Lifting the Frob enius

We now study the complexity of the Frobenius substitution ¥4 for k 2 Z.

Polynomial Basis. Let F bethe de ning polynomial of the extensionZ 4 which
can be chosento have very few non zero coexcients in F, (O(logn) terms is a
reasonableassumptionin general).If t is aroot of F , then we can compute ¥ (t)
with precisionm by the use of a Newton iteration applied to the polynomial F
and initial term tP*. The cost of the operation is O(log?(n)n* m") bit operations
if F hasgot O(log(n)) terms. p

Also, we canwrite every elemeris of Zq asasumx = 1" x;t! with x; 2 Z,,.

We have
b 1

Y(x)=  x¥@)'; 8k2 Z; 1)
i=0

and to get the result, it remains to substitute ¥(t) as a polynomial in equa-
tion (1). This substitution can be easily donein n(nm)* bit operations.
Vercauterenpointed out to the authors that an algorithm due to Brent and
Kung [1] can be improved to decreasesigni cantly thispcomplexity [15]. Brie°y,
Brent and Kung'% algorithm consistsin writing x as ' n blocks of = n terms,
in precomputing © n powers of ¥(t), H] substituting in ead block t by ¥&(t)
and nally in obtaining the resulbwith n additional multiplications in Z. Ver-
cauteren'sideais to replacethep 7ﬁ sHl:lstitutions involved in Brent and Kung's
algorithm by the Broduct ofa  n£ ~ n matrix (obtained with the coexcients
in Z, of x) by a” n £ n matrix (Bbtained with the coeicienta of thﬁe powers
of ¥K(t)). This can be done with "~ n matrix products of size’ n £ " n. Cop-
persmith and Winograd [3] have an asymptotic time complexity for a D £ D
matrix multiplication of O(D?%8), but with a large constart factor. In practice,
Strassen'salgorithm [16] is often used, it hasa O(D28') time complexity.
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Therefore, we have from a theoretical (resp. practical) viewpoint Sy, =
O(nma(1:193 ) 3™y (resp. O(nNM (143 )* 2 m™)) in this case.Furthermore we
have to store b nc polynomials, so a spacecomplexity of O(n%m).

Remark 1. Satoh, Skjernaaand Tagudi [12] exhibit an other way to compute ¥
or % 1. It consistsin working in a basisgeneratedby a qj 1-th root of unity A
in Z4. This can be done at precisionm at the expenseof a precomputation with

O(n*** m) time complexity. Then, this yields an algorithm to compute %or ¥ *
with time complexity equalto O(n* m"). However, it is not clear to the authors
how this can be extendedin order to have an algorithm with complexity smaller
than O(n™(1:19%)* 2m" ) to compute ¥, k 2 Z.

Gaussian Normal Basis. In the caseof a base eld handled with a Gaussian
Normal Basis of type t as described at the end of section 2.1, computing ¥f
can be done by a simple permutation of the nt componerts of x. This can be
easilydonein Sy., = O(nmt) bit operations. A more elaborated implementation
strategy (with indexes)yields a O(n) time complexity [7].

2.3 Computing p-adic Norms

1

Polynomial Basis. Satoh outlines that whenordy(ai 1)> T

formula can be used

the following

Nz,=z,(a) = exp(Trz,=z, (log &)):

This yields a O(n* m' * z) time complexity with spaceequalto O(nm) with the
clever algorithm described in [12].

In the more generalcasea 2 Zg and p odd, one can compute the norm of an
elemen by

Nz,=z,(8) = T(Ng,=r, (A@)Nz,=z, (T(#a)' )a);

where T is the Teichméller lifting map [14]. The complexity of this method is
the sameasthe previous one, exceptwhen m is much larger than n. In this last
case,the complexity of Satoh's approad is O(n* *'1 m*).

In fact, we canusethe algorithm NewtonLift (cf. section3) with a polynomial
A givenasA(x;y) = xP i y; to compute the Teichmiller lifting map too.

Gaussian Normal Basis. In a GaussianNormal Basis of type t, H. Y. Kim
et al. described an algorithm of the type \divide and conquer"” in order to com-
pute the norm of an elemen of Zy with precision m. This algorithm has got a
O((log n)n* m") time complexity and a O(n" m') spacecomplexity.
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2.4 Computing Roots of Generalized Artin-Sc hreier's Equations

We recall that if Fq is a eld of characteristic p, an Artin-Schreier's equation is
an equation of the form xP j x+ = Owith ~ 2 F4. Sud an equation is known
to have a solution provided that Tre,=¢, (") = 0. In an slightly di®erent setting,
we will say that an equation is a generalizedArtin-Schreier's equation if it can
be written as

¥x)+ ax+ b= 0; with a;b2 Z: (2)

In particular, ¥applied to equation (2) givesall classicalArtin-Schreier's equa-
tions. We presert here an algorithm to nd a root of such an equation.

Algorithm 2.1 ArtinSchreierRoot
Algorithm to solve generalized Artin-Sc hreier's equation.

Input: aandbin Zq=p"Zq, m and ° in N. o
Output: A and B such that a solution of ¥{x) = ax + bmod p" satis es

¥ (x) = % (A)x + % (B) mod p".

Step 1.if © =1 then return 347 *(a) mod p™, %' *(b) mod p™;

Step 2. A, B := ArtinSchreierRoot (a, b, m, b%c);

Step 3. A, B = A%'" z¢(A) mod p™;A¥%'"® z¢(B) + B mod p";

Step 4.if ° mod 2= 1 then A, B := A¥"i °(a) mod p™, A% ° (b)+ B mod p™;
Step 5. return A; B;

Correctness. We now explain that the algorithm returns the right result. By
an easyrecurrencewith starting point ¥(x) = ax + b, we can write that for all
k2N, %(x) " axx + b mod p™: We know that ¥ (x) = x, which meansthat
(i ap)x = by. To compute a, and b, algorithm 2.1 is an adaptation of the
classical\square and multiply" algorithm (used for exponertiations) basedon
the following composition formula,

8k; K02 72, %K (x) = ¥ (aw)awox + ¥ (a)beo + ¥4 (bi):

Complexity. The algorithm goes through step 3 or step 4 a number of times
which is O(log n) and these stepsare performedin max(Sm:n ; Tm:n ). Therefore,
the complexity in time, of this algorithm is O(logn) max(Sm:n ; Tm:n ). We have
shawved previously that the spacecomplexity of Sy, is O(n?) if the base eld
admits a GaussianNormal Basis and O(n?) otherwise.

Remark 2. If the valuation of a is greater than zero, it should be noted that
some implementation tricks can be usedto improve the constart term of the
complexity of the algorithm ArtinSchreierRoot

{ First, if we put (A; B) = ArtinSchreierRoot (a;b;m;°), we have v(A) , °.
As a consequenceif m - ©, then A = 0 mod p™.

{ Second,if we put - = b%c in the expression A¥'i " (A) mod p™ (resp.
A¥'i - (B) + B) computed in step 3, we have that v(A¥'i = (A)) , 2- (resp.
V(A¥,i - (B)) , -) and sothis computation hasto be doneonly to precision
mij 2- (resp.mj -). Similar optimizations hold for step 4.
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Remark 3. Any fast exponertiating algorithm basedon \addition-subtraction”
chains can be adapted in this case,this yields in practice an easyspeedingup.

Remark 4. Algorithm 2.1 is obviously still valid if we replace%by any elemen
§ of Gal(L=Qp) with L the fraction "eld of Zq. In particular, it is still true for
¥t

3 Lifting Algorithms

In this section, we describe an algorithm which solvesa generalproblem involved
in the courting points algorithms consideredin section4. This problem consists,
fora xed m 2 N, in nding aroot in Z4 at precisionm of an equation of the
form

A(x; 8 (x)) = 0; (3)

with A a polynomial with coezcients in Z4 when a solution xo at low precision
of such an equation is already known.

More speci cally, Satoh et al. underlined the importance in the so-called
SST algorithm to solve this problem when A is equal to ©, the p-th modular
polynomial (to compute the j-invariant of the canonical lift) [12], or equal to
xP i vy (for computing the Teichméller lift) [14]. Sincethe idea behind the SST
algorithm is to usethe Taylor expansionof A to incremert by onethe precision
of the root of equation (3) computed at the intermediate stepsin the algorithm,
it is not dixcult to generalizeit to a more generalA. This is what was done for
instance in [5] with a polynomial A related with the AGM method. We give the
corresponding algorithm for the generalcasein section 3.1, before comparing it
with a new approac deweloped in section 3.2.

3.1 SST Algorithm

This algorithm can be seenas an application of the following proposition.

Prop osition 2. Let L be a "eld complete With resgect to a non archimedian
valuation v and R be its valuation ring. Let A(x;y) 2 R[x; y] be a polynomial in
two variables, § a valuation preservingmorphism of R and ® 2 R such that

VA®: § (@) > m(%\@o; 5 (&)))

and . .
V(D (@i (@) > V(G (B0iS (@)
if we de ne the seguene@ ®; by the recurrence relation
_ o A®;8@®))
R ORICY)

then the seqquene (& ; § (®)) convemgestoward a root of A in R.
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Proof. For corvenience,we put f (®) = A(® ;8 (®)), fx(®) = QA®;§ (®))
and fy(®) = @(®;8§(®)). We shav inductively that v(®) , 0 and that
v(f (&)=f2(®)) > 0. In the courseof the proof, we will show that v(f (® 1)) >
v(f (®)), which clearly implies the result.

1. As v(f (®)=f2(®)) > 0, we have by hypothesis
V(®.1 i ®&) = v(f (®)=Fx(®)) > v(fx(®)), O 4)

and, asv(®) , 0, we obtain that v(®.,), O.
2. By a Taylor expansion,we have

i 1
@) @,
HE) = HEN WO (@) | DO 1@y T
with

As a consequencewe obtain using the hypothesisv(f (& )=fx(®)) > 0, that
1 1
"re ' P
f2®) ' fx(®)

By induction hypothesis,we havethat v(f (®.1)i f (®)) = v(f (&)=fx(®)) ,
V(fx(®)) and so, by a Taylor expansionof f(®.1) and fy(®+1) combined
with equation (4), we get that v(fx(®+1)) = v(fx(®)) and v(fy(&+1)) ,

V(fy(®)) > v(fx(®+1)). As a consequencef equation (5), we obtain

V(f (®41)=F2(@41)) > v(f (®)=F2(®)):
From equation (4), this yields v(®+2 | ®+1) > V(®4+1 | ®):

V(f (&41)) , min(v WV(E@®)) > v(f(®)):  (5)

Using proposition 2, SST algorithms can be seenas an application of algo-
rithm 3.1.

Algorithm 3.1 SSTLIft
Algorithm to compute a root of A(x; § (x)) mod p™, knowing a solution Xo
modulo p?*** where k = v(@=@(x0; § (X0))).

Input: Xo 2 Zq=p> "1 Zg, m 2 N.
Output: x a Solution ‘o A(x; 8 (x)) mod p™.

Step 1. w:= dm™= C*D g d any lift of @A(xo; § (x0)) t0 Zq=p"**Z,;

Step 2. x any lift of xo to Zq=p"**Z4

Step 3. for (i:=k+ Lii<w+k;ji:=i+1)f
Step 4. y = 8§ (X);

Step 5 x:=Xxi A y)=d

Step 6. ¢

Step 7.y := §(x) mod p**k;
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Step 8. Dy := @A(x;y) mod p“*¥;Dy := @A(x;y) mod p"*¥;

Step 9. for (j := 1;jw+ k< m;j =+ 1)f

Step 10. Lift x to Zq=p! ") Wrkz,;

Step 11. y := § (x) mod pU*D w+k.

Step 12. V := A(x;y) mod pi*b wk.

Step 13. for i:=0;i<w;i:=i+1)f

Step 14. ¢y =ip IWDv=d

Step 15. ¢y =8§(¢x) mod p"i Tk,

Step 16. X:= x+ p"i¢, mod pli*Dwrk.
Step 17. V=V +p" (D¢ y+ Dy¢y) mod pl "D wHk:
Step 18. g

Step 19. ¢

Step 20. return x;

In algorithm 3.1, we cantake for § either the Frobeniusor the inverseFrobe-
nius substitution. If we replaceA in (3.1) by A(x; y) = ©,(y; x) the p-th modular
polynomial (resp. by A(x;y) = yP i x) we get the algorithm 2.1 of [12] (resp.
algorithm 3 of [14]).

Complexity. We refer to the article [12] for a detailed complexity analysisof the
algorithm. Brie°y, the complexity dependson the time spent in the outer and
inner loops which begin respectively at step 9 and 13. Due to the fact to the
outer loop is executedat most dm=we times and the inner loop is performed at
most m times, it is easyto deducethat the overall complexity of the algorithm
is X
O(max((m=w) max(Sw;n; Twin); T+ win)):
1. j- m=(w+l)

Sincein Satoh'scase,Syn = Tmn = O(n" m"), we recover the O(max(m(nw)’ ;
n'm"*1wi 1)) complexity provedin [12].

Remark 5. It should be noted that proposition 2 yields a linear convergence.

3.2 Extending Newton's Algorithm

We now presert an enhancedversionof the precedingalgorithm in the caseof the
morphism § is a power of ¥ The main idea behind our approad is to slightly
modify the well-known Newton's algorithm for computing roots of univariate
polynomials over Zq in order to recover a quadratic corvergence.

Specically, let A 2 Zp[x; y] be a bivariate polynomial with coexcients in
Zq. Let xo 2 Z4 be a zero of the equation A(x; 8 (x)) = Omod p¥, w 2 N. We
supposemoreover that we have

@

V(%\(Xo; 5 (). WG

(Xo0; 8 (x0)))
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and T

; @
V(A(X0; § (X0))) > V( @ (Xo0; 8 (X0))):
The only dixcult y againstthe univariate polynomial caseis the composition with
§ . But, since such morphisms presene valuations, proving a result in this case
is very closeto the proof for the classicalNewton corvergence[8, pages493-494].
We omit it here and prefer to give directly the corresponding algorithm.

Algorithm 3.2 NewtonLift
Algorithm to compute a root of A(x; § (x)) mod p™, knowing a solution Xo
modulo p?**! where k = v(@=@(xo; § (X0))).

Input: X0 2 Zq=p*<"* Zq, m 2 N.
Output: X a solution of A(X; § (x)) mod p™.

Step 1.if m- 2k+ 1 then return Xo;

Step 2. w = d%e+ k;

Step 3. x := NewtonLift (Xo;w);

Step 4. Lift x to Zq=p"Zq; y := 8§ (x) mod p™;

Step 5. ¢« := @A(X;y) mod pVi ¥; ¢, = @A(X;y) mod p"i ¥;

Step 6. V := A(x;y) mod p™;

Step 7. a;b:= ArtinSchreierRoot (j V=(p"1 ¥¢y);i ¢ «=¢ ;Wi k;n);
Step 8. return x+ p"i k(@i a)i 'b;

Correctness. We assumeinductively that we know a root xo of A(x; § (x)) at
precisionw = d%-e+ k and we explain why the algorithm returns a root of the
sameequation at precision m.

If we put f (x) = A(x; § (x)), we have, oncexg lifted to precision2w j 2k,

8+2 Zq; f(X0+ pWi ki) i f(XO) . pWi k(i¢x +§ (i)¢y) mod pZWi 2k;

with ¢ x = @A(Xo; 8 (Xo)) mod p¥i k and ¢, ~ @A(Xo; § (X0)) mod p"i k. We
want to nd * at precisionw i k sud that f(xo+ p"i k+) ©~ 0 mod p?¥i %,
which we can restate in the following form,

i f (xo) .

T K ¢, + § (¢, mod p"i k: (6)
Rewriting equation (6) as § () ~ at+ bmod p"i ¥, with a = j ¢,=¢, and
b= i f(xo)=p"i k¢, we recognizean Artin-Schreier's equation since a and b
arein Zq. Calling algorithm 2.1for § with a and b, yields a solution + at precision
wi kandx+ p¥i Kxis aroot of f with precision at least equalto m.

Complexity. The algorithm calls itself recursively O(logn) times and the step
with the largest cost is the call to ArtinSchreierRoot algorithm. The com-
plexity of this call is O(logn) max(Sy:n; Tw:n) Where w is nearly multiplied
by two at ead recursive call. Therefore, the complexity of this algorithm is
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O(log n Max(Smn ; Tmn ). In general, this yields a O(m* nmax(:193)* 3 |ogn)
time complexity and a O(mn %) spacecomplexity (cf. section2)). Over Gaussian
Normal Basis, this yields a O(log(n)n' m" ) time complexity and a O(nm) space
complexity.

4 Application to Point Counting

We now illustrate how we can usealgorithm 3.2 to compute the canonicallift of
an elliptic curve. We apply theseideasto the Satoh's and Mestre's algorithms.

4.1 Satoh's Algorithm

We quickly recall Satoh's algorithm [14] to count points on elliptic curves E
de ned over Fq. For this, if f is an isogery betweentwo elliptic curvesk; and E;
and ¢ = j X;=Y; alocal parameter of E; around O; then we have an expansion
of f around O asf ?(¢2) = C1éq + Caéz + ::: and we put Ic(f) = c; the leading
coezcient of this expansion.

Let E() be the image of the it iterate of the little Frobeniuson E and V"
be the dual of the little Frobenius betweenE (i ) and E("), Satoh's approac is
as follows.

. Let m be the smallestinteger such that p™ > 4P [o}

. Compute j (E(i D) and j (EM") mod p™*°® for someintegeri.
. Compute ¢ = I(avp(')").

A W DN P

. Compute t° = Nz,=z,(c), the sign of the squareroot can be determined

following [14].
5. Return t 2 Z satisfyingt ~ t®mod p™ and jtj < oP [e}

For a detailed analysis of ead of these stepswe refer to [14].

We emphasizeherethat step 2 may be improved by the useof the procedure
NewtonLift applied to

AXy) = ©p(xY);

since, by Kroneker's relation Ap(x; y) = (xPi y)(yPi x) mod p, we have
%(x; ¥{x)) = 0 mod p and %(x; ¥(x)) 6 0 mod p:

Finally, the time complexity of this algorithm is trivially the sameas that
of the algorithm NewtonLift (cf. section 3.2) sincethe time neededto compute
Nz,=z, at step 4 is slightly smaller (cf. section 2.3).
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4.2 Mestre's Algorithm

In [10], Mestre describes a very excient algorithm to cournt points on elliptic
curvesde ned over F,n . It makesuse of the algebraic-geometricmean (AGM).

We rst describe the one variable version of this algorithm sincethis version
of Mestre's algorithm is usually what is usedin practice (cf. [5]). Let E be an
elliptic curve de'ned over the “eld Fan by an equation y? + xy = x% + ag. We
can considerthe sequenceof elemeris of Z,» de ned by

1
@ror = ?E%; @

with rst term e%Ja| to ® = 1+ 8ag 2 Zon. The squareroot in equation (7) is
chosensuch that ~ 1+ 8t = 1+ 4t%with t;t°2 Z, . Then it turns out that

H 2®4n=2e+3

TrFra) = Nz -z, 1+ ®yn=2e+3
Another important fact is that ®,+1 ' %®,) mod 2"*3: Therefore, as in
Satoh'salgorithm, the AGM method canbeclearly divided in two parts. The rst
part is intended to compute a root of 4x¥{x)? = (1+ x)? at precisiondn=2e+ 3.
The secondpart yields the trace of the Frobenius with a norm computation.
The rst part can be solved with algorithm 3.1 (cf. [5]). But it may be
improved by the use of the procedure NewtonLift applied to

Axpy) = dxy?i (1+ %)%

since V(2 (@; #®))) , V(2 (@; U®)):
As in section 4.1, the time complexity of this algorithm is trivially the same
asthat of the algorithm NewtonLift (cf. section 3.2).

4.3 Results

We implemented the application to AGM of the NewtonLift algorithm described
in section 4.2. This was done with a nite "eld C library called ZEN[2] built
over GMP [4]. We measuredthe time neededto compute the number of points
on elliptic curvesover Fon with n slightly larger than 1000, 2000, 4000, 8000,
16000, 32000 and 650000n a 731 MHz DEC alpha computer. We give these
timings in Table 1 and comparethem with timings for nite "elds of similar sizes
measuredwith our implementation of the original AGM method as published
by Mestre [10].

Let us note that at the time of writing the largest such computation ever
doneis a 130020-bit computation by Harley [6].

Remark 6. We designed our implementation for "nite "elds with a Gaussian
Normal Basis of type 1 in order to experimertally ched the quadratic behav-
ior of the algorithm. Therefore, the exponerts n used for our experiments are
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Table 1. Timings for counting points on elliptic curvesde ned over Fan .

n NewtonAGMGNB type 1 Original AGM
Lift Norm Total Lift Cycle Total
1000 - - - 1mn 6s | 4mn 22s| 5mn 28s
1018 2.4s 1.6s 4s - - -
2003 - - - 16mn 28557mn 49s 1h 13mn
2052 10.1s 7.2s 17.3s - - -
4001 - - - 2h 3mn | 8h 56mn |10h 59mn
4098 imn 45s 1mn 45s - - -
8009 - - - 23h5mn| 4d 2h 5d 1h
8218 || 6mn 30s | 4mn 30s| 11mn - - -
16420|| 34mn 23mn 57mn - - -
32770 3h 17mn | 2h 18mn |5h 35mn - - -
65538|15h 45mn|13h 20mn| 1d 5h - - -
100002| 1d 18h | 1d 16h | 3d 10h - - -

even. Finite “elds with prime exponerts are usually preferred for cryptographic
purposes.They can be handled through Gaussian Normal of larger types. For
instance, since multiplying two elemens over a GNB of type 2 can be done in
two times the time neededto multiply two elemernis over a GNB of type 1 for
“nite "elds of similar size[7], it is not ditcult to derive timings of such an im-
plemenrtation for counting points over GNB of type 2. Similar argumerts hold
for larger types.

5 Conclusion

We have described the rst point courting algorithm the time complexity of
which is as a function of n equalto O(n?**). We reach this complexity for nite
“elds with GaussianNormal Basis and this seemsto be what we can reasonably
hope for such a problem. More generally, thanks to Vercauteren'sideas,this algo-
rithm achieveswithout any precomputation atime complexity of O(n2:6%** logn)
bit operations with a spaceconsumption of O(n?°). Furthermore, it should be
noted from a practical viewpoint that implemerting this algorithm is probably
easierthan implementing previous known algorithms.

In a forthcoming paper, we deal with a higher dimensional version of this
algorithm in order to generalizeAGM algorithm to the higher gerus case(we
refer to [11]). As a consequenceit is expected that the conclusionsrelated to
the complexity of elliptic curve point counting algorithms should apply to some
higher gerus cases.
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