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Abstract.  An (n; m; k)-resilient function is afunction f : F5 | F5' such
that every possible output m-tuple is equally likely to occur when the
values of k arbitrary inputs are xed by an adversary and the remaining
n i k input bits are chosen independertly at random. In this paper
we propose a hew method to generatea (n+ D + 1;m;d 1)-resilient
function for any non-negative integer D whenever a [n; m; d] linear code
exists. Th|spfunct|on has algebraic degree D and nonlinearity at least
"D 2" 2n+D+lc+ 2" 1 |f we apply this method to the simplex
code, we can get a (t(2™ j 1)+ D + 1L;m;t2™ 1 1)-resilient function
with algebraic degreeD for any positive integersm; t and D. Note that
if we increasethe input sizeby D in the proposed construction, we can
get a resilient function with the same parameter except algebraic degree
increasedby D.

Key words: Resiliert functions, nonlinearity, correlation immunity, linearized
polynomials

1 Intro duction

An (n; m; k)-resilient function isafunction f : F5 ! FJ' suc that every possible
output m-tuple is equally likely to occur whenthe valuesof k arbitrary inputs are
“xed by an adversaryand the remaining nij k input bits are chosenindependertly
at random. The conceptwasintroduced by Chor et al. in [8] and independertly
by Bennett et al. in [1]. It wascalled just a resilient function in those references.
We call it a vector resilient function when we need to distinguish it from a
resilient function with m = 1 sincethe term “aresilient function' was regarded
as a balanced correlation immune function, i.e. a resilient function with m = 1
in recen referenceq17,21]. The application area of this function includes fault-
tolerant distributed computing [8], privacy ampli cation [1,2] and a combining
generator for stream ciphers. A resilient function is also closely related to the
coloring problem [9] to nd the smallestk such that (2™;n; k)-coloring exists.
(2™; n; k)-coloring is a coloring of the n-dimensional Boolean cuke with 2™ colors
suchthat in every k-dimensional sutcuke each color appears 2¢=2" times.
Almost all of works on resiliert functions with few exceptions[5, 20,23] deals
with linear resilient functions or resilient functions with a single bit output. In



[10,3], they focusedon "nding a bound on a resiliency of a vector Boolean func-
tion with algebraic degreeone. In [6,7,16{18,21], they focusedon constructing
a resilient function with a single bit output having as high as nonlinearity as
possible. In [23], Zhang and Zheng proposeda method to construct a nonlin-
ear vector resilient function from a linear vector resiliert function by permuting
nonlinearly its output bits. This method gives an easy transformation from a
linear resilient function to a nonlinear resilient function, but has a disadvan-
tage that a resilient function with m bit output constructed by the method has
algebraic degreeat most m. In [20], Stinson and Masseyproposednonlinear re-
silient functions, which are the counterexamplesof the conjecture: If there exist
a resilient function with certain parameters, then there exists a linear resilient
function with the same parameters. They proposedin nitely many functions,
but it coversonly special parameters.

In this paper, we proposea new method to construct nonlinear vector resilient
functions using linearized polynomial. A linearized polynomial R(x) is a polyno-
mial over Fon such that every term of R(x) hasdegreeof a power of 2. An equiv-
alert de nition is that the setof roots of R(x) in its splitting "eld forms a vector
spaceover F,. Given positive integersn; m and D, let d to be the minimal dis-
tance of certain m-dimensionallinear code with length n. If we take a linearized
polynomial R(x) whoseroots forms a n-dimensional subspaceof Fon+ 0+ , then
someprojection of R(x)i 1+ x to Fon isa(n+ D+ 1;m;dj 1)-resiliert function
under the basiswhosedual contains a subsetgeneratingthe set of roots of R(x).
We can easily nd sud a projection using a [n; m; d] linear gode. Such a function
hasalgebraicdegreeD and nonlinearity at least2"*P j 2'b 2n+D+lc+ 2" 1 To
sumup, we canconstruct a(n+ D + 1;m; dj 1)-resilient function with algebraic
degreeD wheneer a [n; m; d] linear code exists. Obsene that by increasingthe
input sizeby D we can construct a resilient function with the sameparameter
except algebraic degreeincreasedby D.

A simplex codeis a[2™ j 1;m;2"i 1] linear code, whoseminimal distanceis
maximal. By concatenatingead codeword t times, wegeta [t(2™j 1); m;t2™i 1]
linear code. Using this code, we can construct a (t(2™j 1)+ D+ 1;m;t2mi 1 1)-
resilient function with algebraic degreeD for any positive integersm;t and D.
It has nonlinearity greater than or equal to

ot@™i 1)+ D i ot@"i 1)bp 2t@mi 1)+ D+l g4 2t@™i )i 1.

In Section 2, we intro duce some notation and de nitions of cryptographic
properties. In Section 3, we proposea new method to construct a resilient func-
tion from a linearized polynomial. In Section4, we prove the algebraic degreeof
the proposedresilient function. In Section 5, we deal with nonlinearity. In Sec-
tion 6, we generalizethe method in Section 3 into a vector resilient function. In
Section 7, we apply the proposedvector resilient function for a combining gen-
erator with multi-bit output, a kind of stream cipher. We concludein Section
8.



2 Boolean Functions and Nonlinearit y

Let E be a vector spaceof nite dimensionn over the nite "eld F,. A function
f from E into F; is called a Boolean function. The cardinality of the setfx 2
Ejf (x) = 1g is called the weight of f and denoted by wt(f). The degreeof f,
denoted by deq(f ), is the maximal value of the degreesof the terms of f when
expressedin the reduced form, called the algebaic normal form. A function
with degreel is called an atne function. The Hamming distance betweentwo
function f and g is the weight of f + g. The minimal distance betweenf and
any atne function from E into F; is the nonlinearity of f, that is:

N (f) = /[Ein wt(f + A) Q)

where j is the setof all atne functions over E.

A function F : E ! Fom is called a vector Boolean function. Note that
if a basis of Fom over F, is speci ed, there are the unique Boolean function
fi's such that F = (fy;f,; ¢¢¢;f,). We denotesby b ¢F the Boolean function
bhfq + bpfo + ¢CC+ by fy for b= (by;bp; ¢¢¢; by) 2 Fom . Using this notation, we
canwrite | asfollows:

i =fadtx+ a2 E;+2 F,q: (2)

De nition 1. The nonlinearity N (F) of a Boolean function F : E | Fom is
de ned as

N(F) = bgnFlgnm N (b¢F) = sz;mmlf}\z- wt(b¢F + A) 3)

where j is the setof all atne functions over E. Or equivalently,

= i +)-
N (F) a2E;bg‘=!5T1 *2F, WE(DOF + a0x + 2): 4)

The Walsh-Hadamard transformation of a Boolean function f is de ned as
X
Wi(a)=  (j 1)f* e a2 E: (5)
X2 E

SinceW; (a) = wt(f (x) + a¢x) j wt(f (x) + a¢x + 1), we have
— onj 1. } i i
N(f)=2""j > MaxjWy (a)j: (6)

Denition 2. A Boolean function f : E! F, is called a k-th order correlation
immune function if W; (a) = 0 for all a2 E with 0 < wt(a) - k. A k-th order
correlation immune function is called a k-resilient function if it is balanced(i.e.
Ws (0) = 0).

Denition 3. A vector Boolean function F : E ! Fom is called a k-resilient
function or a (n; m; k)-resilient function for the dimension n of E if b¢F is a
k-resilient function for any b2 F5. .



3 Resiliency

Throughout this paper, let q= 2" for a positive integern. A polynomial in Fg[x]

is called a Iineari,ged polynomial if ead of its terms has degreeof a power of 2

[14]. Let R(x) = ih:O Aix? (A; 2 Fan) be a linearized polynomial over Fon and

Nr(Fq) = fx 2 FgjR(x) = 0Og be the set of zerosof R(x) which forms a subspace
of Fq. From now on, we dene the inversion function R(x)i * to be R(x)?"i 2.

Note that if we represen a;b2 Fq by a basisand its dual basis, respectively, we

have a¢b= Tr[ab] where Tr[q is the trace function from Fq to F».

Lemma 1. [11]Leta;b2 Fq, R(x) alinearized polynomial and F (x) = 1=R(x).
If Tr[ax] doesnot vanish identically on Ngr (Fq), then

W oF (x)1 (&) = O
Proof. Supposexg 2 Fq nNg(Fq). For x = xo + x®with x°2 Ng(Fg), we have
Trlax+ gdy1= Tr[axo+ gy ]+ Trlax and this is zerofor # Ng (Fq)=2 elemerts
x°. Sincea half of elemerts of eat cosetof Ng (F;) satis es Tr[ax + be)] =0,
we have Wt prj(a) = 0.

Using this, we can derive the following.

Theorem 1. Let R(x) be a linearized polynomial suchthat N (Fq) is geneated
by f»1;»; ¢¢¢; »,g for somew > 0O, and let F(x) = 1=R(x) + cx for ¢ 2 Fq.
Supmse B = fx»;»;¢¢¢;» g is a basis of Fy and B = fﬂ;2;¢¢¢;>t2.g its dual
basis. Then Tr[bF]is a (tj 1)-resilient function under the basisB if the projection
of bcon h8;: §; ¢e¢; §,i hasweightt.

Obserwe that the maximum of t is w.

— P n A _ P n N . _ _
Proof. Leta= _, a» andbc= ., b». If wewrite f (x) = Tr[b(1=R(x) +
cx)], we have

Wi(a)8 0, Tr[(a+ bgx]=0 onNgr(Fq)

, Tr[(a+ bg»]=0 forl- i - w
, a=h forl- i w
Sincet elemens of b for 1- i - w is equalto one, we have Ws (a) = O for all a

with 0 - wt(a) < t, which provesthe (t j 1)-resiliency of Tr[bF].

Examplel. Let g = 28 and V 3 f»1;»;»;mQ a set of linearly independert
elemerts of Fq, and let R(x) = ~(x i ») where » rangesover all linear com-
binations of elemeris of V. SupposeB = f»;;»; ¢¢¢; »g is a basis of Fy and
B=fH;8;ee¢; Rgits dual basis. Then f (x) = Tr[(R + B+ K+ Q)(R(lx) + )]

is a 3-resiliert function under the basis B.




4 Algebraic Degree

Theorem 2. Let w , 0. Consider a linearized polynomial R(x) = Q(x i »)
where » rangesover all elementsof a w-dimensional subs@ce V of Fy. Then

F(x) = R(lx) has the algebric degreenj 1 w.

Proof. First, we claim that F(x) hasthe algebraicdegree- nj 1j w. We use
the induction on w. For w = 0, it is trivial sinceF (x) = 1=x hasthe algebraic
degreenj 1. Assumethat the claim holds for all dimension Iesstla?n w. Let W
bea (wi 1)-dimensionalsubspaceof V,®2 V nW and S(x) = ., (Xi 3).
Then we have

1 1 1 Hoy 1 T

R(x)  S(S(Xx+® S +Sx+® SK & Sk+© ()

Note that f (x) + f(x + a) has algebraic degreelessthan that of f for any
Booleanfunction f and a 2 Fq. SinceS(x) is a linearized polynomial and so has
the algebraic degreel, S(x) + S(x + ®) is a nonzero constart for ® 2 W. By
the induction hypothesis,ﬁ hasalgebraicdegree- nj 1ij (wj 1)=nj w.
HenceF (x) hasalgebraic degreelessthan nj w which provesthe claim.

Now we prove the equality. Suppose that there is a w-dimensional sub-

spaceV sud that =+~ has algebraic degreelessthan nj wj 1. Take a basis

R(x)
B = hwy;»; 66¢; »i of Fqg where »;;»; ¢¢¢; », generatesV. Take Ry (x) = R(x)
and Ri+1 (X) = Ri(X)Ri(x + ») for w - i < nj 1. By the samededuction

with (7), 1=R;+1 (x) has algebraic degreelessthan 1=R;(x) forw - i < nj 1.
Thus, 1=Rp; 1(X) has algebraic degreelessthan (nj 1) (nj 1) = 0. That is,
1=Ry; 1(x) = 0 should be zerofor all x 2 Fq which implies R,; 1(x) = 0 for all
X 2 Fq. This is a cortradiction becauseR;; 1 hasonly 2"i ! roots. Therefore we
have the theorem.

Obserne that if V has the dimension w, we can derive a (w j 1)-resilient
function with the algebraic degreen i wj 1 from F(x) = 1=R(x). From the
Siegerthaler's inequality [19], we have degf - nj 1ij (wj 1) = nj w for
every componert function f of 1=R(x). Thus, our resilient function hasoneless
algebraic degreethan the maximal degreeachieved by (w 1)-resilient functions
in Fq.

5 Nonlinearit y

Considera non-singular complete curve givenby y2+y = ax+ be) fora;b2 Fq.
By Hurwitz-Zeuthen formula, it has the gerus g = 2" | #,0 where h is the
degreeof R(x) and the Kronecker delta +,.¢ is oneif and only if a = 0. Using
the Hasse-Wéil bound on the number of points of an algebraic curve, we can get

the following lemma.



Lemma 2. Let R(x) be a linearized polynomial suchthat N (Fg) is geneated
by f»;»; ¢¢¢; »,g for some0O < w < n. Leta;b2 Fyandb6 0. Let C be a

complete non-singular curve over Fq givenby y? + y = ax + RFX) . Then we have

p

#C(Fq)i ai 1j- 29 g

wher g= 2V | 4.0 is the genusof the curve C.

Theorem 3. Let R(x) be a linearized polynomial suchthat N (Fq) is geneated
by f»1;»; ¢¢¢; », g for some0 < w < n. Then we have

1

. p_— .
ni 1. W n+W|1-
R(X),z i 2%b 2nc+ 2wi l:

N (
Proof. Let F(x) = 1=R(x) and b2 Fg.
Assumea 6 0. The complete non-singular curve C given by y2 + y = ax +
b=R(x) hasa point at the in nit y and a point on ead of roots of R(x). Otherwise,
it has 2 points whenewer Tr[ax + b=R(x)] = 0. Hencewe have

#C(Fq) = 2#fx 2 FgjTr[ax + be)] =0g+ 2"+ L (8)

Assumea = 0. The complete non-singular curve C given by y? + y = b=R(x)

has two points at the in nit y and a point on ead of roots of R(x). Otherwise,
it has 2 points whenewer Tr[ax + b=R(x)] = 0. Hencewe have

b

#C(Fq) = 2#fx 2 FojTr[ax + RGJ

]=0g+ 2" + 2 9)

Obsenethat # C(Fq)i 1i a0 isdivisible by 2"** from Corollary (1.5) in [11].
SinceWpr (a) = 2#fx 2 FgjTr[ax+ Tbx)] =0gi q= #C(Fg)i li *0i 2"i q
we can write Wy, pej(a) = s ¢2w*l ;2% for someinteger s.

On the other hand, by Lemma 2, for all a we have

#C(FQ)i Qi 1= js02" + gof - 22" i #0)"
That is, we have jsj - bp qc.

Combining them, we nd that the maximum of W+, ,r(a)j is bounded by

2Y*1p" Gei 2¥. From 6, we get the theorem.

g

Obsenwe that this bound of nonlinearity is very tight for small w, but not so
good for large w.

6 Vector Resilient Functions

We begin with somebasic terminology of coding theory [13]. A linear code C is
a linear subspaceof F5. An elemer of C is called a codewod. The minimum
distance of C is de ned asthe minimum of weights of all nonzero codewords in



C. A [n; m; d] code is a m-dimensional linear code of length n with minimum
distance d.

SupposeW is a vector spacegeneratedby fe;; ey;e39. ThenV = he;+ e; + esi
is a[3;1; 3] linear code sinceV hasonenonzeroelemer e; + e, + e3 with weight
3.1f wedeneV = he; + e5;6, + 630, it is a (3;2;2) linear code since every
nonzeroelemen of V hasweight 2.

Theorem 4. Let R(x) be a linearized polynomial suchthat N (F) is geneated
by f»;»; ¢¢¢; »,g for somew > 0, and F(x) = 1=R(x) + x. Supmse B =
f»;»;¢0¢; » g is a basis of Fy and B = fﬁ;g;d:ﬂ:d:;)%g its dual basis. For
1- m- w, let By;B,;¢¢;B,, be elementsof the vector space Fq with the
basis B whoseprojection on h8:$; ¢ee; §i forms a [w; m; d] linear code. Then
(Tr[B1F]; Tr[BoF];¢¢¢; Tr[BhF]) is a (dj 1)-resilient function under the basis
B.

Proof. Any compongrt function of (Tr[B.F]; Tr[B2F]; ¢¢¢; Tr[Bm F]) is written
asTr[BF]for B = imzo b B; with h 2 F,. Obsene that the projection of such
B on htl;g;d:d:d:;fi,vgi has weight greater than or equal to d. HenceB ¢F is a
(dj 1)-resilient function by Theorem 1. Since every componert function is a
(dj 21)-resilient function, sodoes(Tr[B1F]; Tr[B2F]; ¢¢¢; Tr[BmF]).

Using Theorem 4, we can construct a (n; m; k)-resilient function from Fj to
FJ' whenk = d(w;m) i 1for somew with 0< m - w < n asAlgorithm 1.

Algorithm 1 (Construct a vector resilien t function)

1. Input n, m and k such that k = d(w;m)j 1 for some w with
0O<m- w<n.

2. Take a set V = f»;»; ¢C¢; »,g of w linearly indep endent elements
of Fon. Let B = fx»;»;0¢¢;»,gis a basis of Fon and B= f>q;>g;¢¢¢;>91g its
dual basis.

3. Assume a[w;m;d]linear code is generated q_.y fci; cy; ¢¢¢; ¢y, g where
G = [G1:G2; 00¢; Gy ] and Gy 2 F,. Computg B = [, ¢ §.

4. Let F(x) = 1=R(x) + x for R(X) = “,(xj 3) where 3 ranges over
all elements of the subspace generated by V. Compute Tr[B;F (x)] for
1-i0- m.

5. Output a k-resilien t function

S(X) = (Tr[B1F(X)]; Tr[B2F (X)];¢¢¢; Tr[BmF])
from Fj to FJ' by taking the basis B for Fon.

The following is an example of Algorithm 1.

Example2. Let q = 28 an = f»;»;»30 a set of linearly independernt ele-
merts of Fy, and let R(x) = ~ (xj ») where» rangesover all linear combinations
of elemerts of V. Let B = f»;»; ¢¢¢; », g is a basisof Fq and B=fH: ;e Qg
its dual basis.Then (f ;f,) isa (8,2,1)-resiliert function under the basisB where

f1= Tr+ B)(gly + X and f2 = Trih + B)(ghy + X1



If we combine Theorem 2, 3 and 4, we can get the following Theorem.

Theorem 5. AssumeO < m - n and a [n; m;d] linear code exists. For any
nonnegative integer D, there existsa (n+ D + 1;m;d 1)-resilient function
Wiﬂb algebric degree D, whosenonlinearity is greater than or equal to 2"*P

2"p 2n+D+lg4 2nil

Note that for any positive integer there exists a [2™ ; 1;m;2™i 1] code, so
called a simplex code, which has the maximal value of minimal distances for
m-dimensional linear codeswith length 2™ j 1. Concatenating ead codeword t
times givesa [t(2™ j 1); m;t2Mi 1] linear code. If we apply this code to Theorem
5, we get the following result.

Corollary 1. For any positive integers m;t and D, there is a (t2™ j 1) +
D+ 1;m;t2™i 1 1)-resilient function with algebmic degree D and nonlinearity
greater than or equal to

2t@™i 1)+ D i 2tR™i 1)bp 2t@mi 1)+ D+1 g4 2t@™i i 1.

Given positive integersn and m, we de ne the maximal resiliency - (n; m)
to be the maximal value of resiliency k sud that a (n; m; k)-resilient function
exists. Chor et al. [8] shaved that - (n; 2) = b%“ci 1. For generalm, Friedman
[10] shawved that given positive integersn and m the maximal resiliency - (n; m)
satis es

n@2mi 2),

2@ 1) o

~(nym) - nj 1j
Bierbrauer et al. [3] shaved that a [n; m;d] linear code can be used to con-
struct a (n;m;d 1)-resilient function. Combining this with (10), we nd that
~(t@2™ i 1);m) = t2™i 1; 1. On the other hand, if we consider linear re-
silient functions, i.e. D = 1, in Corollary 1, the proposed construction gives
(t(@2™i 1)+ 2;m;t2™i 1 1)-resilient function which has2 bit larger input length
with the sameoutput sizeand resiliency By this construction, however, for any
positive integer D we can construct a resilient function of algebraic degreeD
with the sameparameter by increasingthe input sizeby D bits.

In [23], authors proposeda method to construct a nonlinear vector resilient
function from a linear vector resilient function by permuting nonlinearly its
output bits. That is,

Let F be a linear (n; m; k)-resilient function and G a permutation on FJ'
whosenonlinearity is Ng. Then P = G ¢F is a (n; m; k)-resilient function such
that

1. the nonlinearity Np of P satis es Np = 2"i "Ng and
2. the algebric deggree of P is the sameas that of G.

A vector Booleanfunction with m bit output generatedby this method hasan
algebraic degreelessthan m while our method can generatea resilient function



with algebraic degreeup to nj 2 m. The largest nonlinearity achieved by a
permutation on FJ' is2™Mi 1j 2(mi D=2 [15] Thus, such (n; m; k)-resilient function
has nonlinearity - 2"i 1 2ni (m*1) =2 Henceresilient functions constructed by
the proposed method have larger bound of nonlinearity for small m than the
previous method. Another obstacle of the previous method is to 'nd a nonlinear
permutation, which is not easyfor even m exceptxi 1.

Generally, it is not easyto obtain the maximum value of m givenn and d or
the maximal value of d given n and m. For small n; m, however, there is a table
[4] for the maximum value d(n; m) of d sudh that a [n; m; d] linear code exists.
Refer to the appendix for 1- n - 15and1- m - 6. These maximum values
of the minimum distances gives the maximal resiliency k of (n; m; k)-resilient
functions with the algebraic degreeD constructed by Algorithm 1. In Table 1,
O-resiliency meansbalancedness.

Table 1. The maximum resiliency k of proposed (n; m; k)-resilient functions with the
algebraic degreeD.

mnn|2+D|3+D|4+D|[5+D|6+D|7+D|8+D|9+D|10+D [11+D |12+ D |13+ D [14+D
1 0 1 2 3 4 5 6 7 8 9 10 11 12
2 0 1 1 2 3 3 4 5 5 6 7 7
3 0 1 1 2 3 3 3 4 5 5 6
4 0 1 1 2 3 3 3 4 5 5
5 0 1 1 1 2 3 3 3 4
6 0 1 1 1 2 3 3 3

7 Stream Ciphers

One of the most widely used design for stream cipher is a combination gen-
erator. A combination generator consists of seweral linear feedba& shift reg-
isters(LFSRs) whose output sequencesare combined by a nonlinear Boolean
function, called a combining function. To resist against the well-known correla-
tion attack, a combining function should be resilient. Fig. 1 is an example of a
stream cipher with multi-bit output where KGSsare key stream generatorsand
F is a combining function.

To get a high linear complexity, we use feedba& shift registers with carry
operation (FCSRs)[12] asKSGs instead of LFSRs in a combining generator. Let
n be the number of FCSRswith k registersand m the number of output bits.
By Theorem 5, we can construct a (w+ D + 1;m;d 1)-resilient function for
any non-negative integer D wheneer a [w; m; d] linear code %(ists. The function
has algebraicdegreeD and nonlinearity at least2V*P j 2¥p 2w+D+lc+ Wi 1,
We usethis vector resilient function asa combining function.



KGS1

X1
F 3
o f4
o
° Xn
KGSn

Fig. 1. A stream cipher with multi-bit output

Note that correlation attack hascomplexity O(2X%) whenthe combining func-
tion is (dj 1)-resilient. On the other hand, linear complexity attack has com-
plexity O(M 3) for a cipher with linear complexity M. Since every FCSR has
linear complexity 2¢ and the combining function has algebraicdegreen wi 1,
we have M = 2k(i Wi 1) Hencewhend(w;m) % 3(nj wj 1), two complexities
are similar.

For example,if welet nj wj 1= 2 andd = 5, the complexity becomes
0(2%4). In that case,we havew = 9form = 2andw = m+ 8 for m , 3.
That is, if k = 20, we can design ciphers with the following feature. Here the
complexity is against the linear complexity attack and the correlation attack for
a linear conbination of output bits.

Howevwer, if we considera correlation attack using a nonlinear combination
of output bits, the complexity might be di®eren. In that case,the maximum
correlation coexcient [22] should be considered.Currently, we don't know the
maximum correlation of the proposed vector resilient functions. It would be
interesting problem to compute them.

Table 2. Input v.s. Output with the xed Resiliency

Input( n) |Output( m)|Dim(w)|Alg. Deg.(D)|Resiliency(k)|Complexity
12 2 9 2 5 2120
14 3 11 2 5 2120
15 4 12 2 5 2120
17 5 14 2 5 210
18 6 15 2 5 2120
19 7 16 2 5 2120
21 9 18 2 5 210




8 Conclusion

In this paper we proposeda method to constructa(n+ D + 1;m;d; 1)-resilient
function with algebraic degreeD for arbitrary positive integer D using a lin-
earized polynomial and a [n; m; d] linear code. Sinceits nonlinearity is related
with the number of rational points of assaiated algebraic curves,we can nd a
bound of its nonlinearity using Hasse-Weil bound of algebraic curves. Applying
this method to the well-known simplex code givesa (t(2™j 1)+ D+ 1;m; t2™i 1;
1)-resilient function with algebraic degreeD for any positive integersm;t and
D. Note that if we increasethe input sizeby D in the proposed construction,
we can get a resilient function with the sameparameter except algebraic degree
increasedby D. In author's knowledge,this method is the rst oneto generatea
nonlinear vector resiliert function with larger algebraic degreethan the output
size.
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App endix: Minim um Distance of Linear Codes

For givenn; m - 127, there is a table [4] for the maximum value of d such
that a [n; m; d] linear code exists. Someof them are as below:

Table 3. The maximum d such that a [n; m; d] linear code exists.

m nn|1|2(3|4/5|6|7(8/9/10{11|12/13|14(15
1 |1}2/3|4(5|6/7|8|9(10/11|12|13|14|15
2 1|2|2|3|4|4/5|6|/6|7|8|8|9|10
3 1|2|2|3|4|4/4/5|6|6|7|8|8
4 1(2|2/3|4|4|4|5|6|6|7|8
5 1|12/2|2|13|4(4|4|5|6|7
6 12|12|12|3|4|4|4|5|6




