
z1, z2, . . .
m1,m2, . . . c1, c2, . . .

K
K

K z1, z2, . . . , zN

z1, z2, . . . , zN

K

K



m- -
?m1,m2, . . . c1, c2, . . .

z1, z2, . . .

u1, u2, . . .

P (ui = zi) 6= 1/2, i ≥ 1.

f
f

zn



l g(x)
2l

z = z1, z2, . . . , zN N
ui zi

1/2 + ε 1/2 + ε = P (ui = zi) 0 < ε < 1/2
(z1, z2, . . . , zN )

N N0 = l/(1 − h(p))
h(p)

N À N0

u = (u1, u2, . . . , ul).



ui =
l

∑

j=1

gjui−j , i > l,

g(x) = 1 + g1x + . . . glx
l ui

u

ui =

l
∑

j=1

wijuj , ∀i ≥ 1,

wij , i ≥ 1, 1 ≤ j ≤ l
g(x)

U(x)

U(x) = U(x1, x2, . . . , xl) = u1x1 + u2x2 + · · ·+ ulxl.

ui

xi = (wi1, wi2, . . . , wij)

ui = U(xi), i ≥ 1.

ui zi

e = (e1, e2, . . . , eN ),

ei ∈ F2 1 ≤ i ≤ N P (ei = 0) =
1/2 + ε z = u + e

z = (U(x1) + e1, U(x2) + e2, . . . , U(xN ) + eN ),

xi l 1 ≤ i ≤ N

z

U(x)
{x1,x2, . . .xN}

U(x)

f : F l → F
F δ

g ∈ F f
δ



F

F l
d

F = F2

ε > 0 f : F l → F
l/ε l

f δ = 1/2 + ε

x

p(x) e p(x)+ e

p(x) =

l
∑

i=1

cixi.

i
p(x1, x2, . . . , xi, 0, 0, . . . , 0)

i l i

l i
i p(x) i

(i − 1)
xi

(i − 1)
i

(c1, c2, . . . , ci) n = (l/ε) Fl−i
2

(si+1, . . . , sl) ξ ∈ F2

P (ξ) = Prr1,...,ri∈F2



f(r, s) =

i
∑

j=1

cjrj + ξ



 .

(r, s) (r1, . . . , ri, si+1, . . . , sl)
(l/ε)



(r1, . . . , ri)
(si+1, . . . , sl) ξ P (ξ) 1/2+ε/3

U(x) l
N

z = (z1, z2, . . . , zN ).

P (zi = U(xi)) = 1/2 + ε, 1 ≤ i ≤ N,

xi l 1 ≤ i ≤ N

xi

zi zj U(x)
xi xj P (zi = U(xi)) = 1/2 + ε P (zj =

U(xj)) = 1/2 + ε U(x)
xi +xj

P (zi + zj = U(xi + xj)) = P (zi + zj = U(xi) + U(xj))

= P (zi = U(xi))P (zj = U(xj))

+P (zi 6= U(xi))P (zj 6= U(xj))

= (1/2 + ε)2 + (1/2− ε)2

= 1/2 + 2ε2.



t
∑t

j=1 zaj

a1, . . . at ∈ {1, 2, . . . , N} U(
∑t

j=1 xaj
)

P (

t
∑

j=1

zaj
= U(

t
∑

j=1

xaj
)) = 1/2 + 2t−1εt.

x̂ =
∑t

j=1 xaj
ẑ =

∑t
j=1 zaj

U(x̂) = ẑ + e,

e P (e = 0) = 1/2 + 2t−1εt

x̂

xaj

x̂

t

i
i

k u1, . . . , uk

(u1, . . . , uk)
(û1, . . . , ûk)

(l−k) si

t {x1,x2, . . .xN}

x̂(i) =
t

∑

j=1

xaj
,

x̂(i) = (x̂1, . . . , x̂k, si),

x̂1, . . . , x̂k

t
O(N dt/2e) O(N bt/2c)



z = (z1, . . . , zN ) [x1,x2, . . . ,xN ] t k n
n (l−k) s1, s2, . . . , sn

si x̂(i) =
∑t

j=1
xaj

x̂(i) = (x̂1, . . . , x̂k, si),

x̂1, . . . , x̂k

x̂(i) ẑ(i) =
∑t

j=1
zaj

Si

2k (u1, . . . , uk) =
(û1, . . . , ûk)

si Si {(x̂(i), ẑ(i))}

k
∑

j=1

ûj x̂j = ẑ(i),

num

dist← dist + (Si − 2 · num)2.

dist (û1, . . . , ûk)
dist← 0

(û1, . . . , ûk) dist

U(x̂(i)) ẑ(i)

U(x̂(i)) = ẑ(i) + e,

e P (e = 0) = 1/2 + 2t−1εt

k
∑

j=1

uj x̂j +
l

∑

j=k+1

ujsj = ẑ(i) + e,

k
∑

j=1

(uj + ûj)x̂j +

l
∑

j=k+1

ujsj + e =

k
∑

j=1

ûj x̂j + ẑ(i).

W =
∑l

j=k+1 ujsj

W = 0 x̂(i) W = 1



Si

num
∑k

j=1(uj + ûj)x̂j = 0

P (W + e = 0) 1/2 − 2t−1εt

1/2 + 2t−1εtt W = 0 W = 1
num Bin(Si, p) p

∑k
j=1(uj + ûj)x̂j 6= 0

num Bin(Si, p)
p = 1/2

∑k
j=1 ûj x̂j = ẑ(i)

(Si−2 ·num)2

x̂ t xi

si

si

dist

i

(û1, . . . , ûk)
dist

k

(k + 1) 0 1

i

l

Ω

Ω



z = (z1, . . . , zN ) [x1,x2, . . . ,xN ] t k̂ n
threshold(k) Ω k̂

k k̂ ≤ k ≤ l

n (l−k) s1, s2, . . . , sn

si x̂(i) =
∑t

j=1
xaj

x̂(i) = (x̂1, . . . , x̂k, si),

x̂1, . . . , x̂k (x̂(i), ẑ(i) =
∑t

j=1
zaj )

Si

Ω (û1, . . . , ûk)
si Si si

k
∑

j=1

ûj x̂j = ẑ(i),

num

dist← dist + (Si − 2 · num)2.

dist > threshold(k) (û1, . . . , ûk, 0) (û1, . . . , ûk, 1)
Ω dist← 0 |Ω| > 1

Ω l

k̂ = 5
(u1, . . . , u5) = (0, 0, 0, 0, 0) dist

threshold(5)
u6 (0, 0, 0, 0, 0, 0) (0, 0, 0, 0, 0, 1)

dist < threshold(6)
dist > threshold(6)

(0, 0, 0, 0, 0, 1, 0) (0, 0, 0, 0, 0, 1, 1)

k
threshold(k)



(0, 0, 0, 0, 0)

0

1

0

1

v
v
v

f
f

³³
³³

³³

PPPPPP³³
³³

³³

PPPPPP

x̂(i) k x̂(i)
k si

num x̂(i)
num si

k

t = 2 t = 3 t

p = 1/2− ε
N = 400000 k 13−16 n

n ∈ {1, 2, 4, 8, . . . , 512} k = 16, n = 256
p = 0.45 400000

3

n k = 16
n = 1 k = 15 n = 4 k = 14 n = 16 k = 13 n = 64

n

l = 60
13



N = 400000

n k = 13 k = 14 k = 15 k = 16

1

2

4

8

16

32

64

128

256

512

p = 1/2 − ε t = 2 k = 13, . . . , 16
n N = 400000

l = 60 t = 2

N k n p

40 · 106 23 1 96

40 · 106 22 2 48

40 · 106 21 4 25

40 · 106 25 1 26

40 · 106 24 2 13

40 · 106 23 4 6.5

40 · 106 22 8 3.3

40 · 106 25 4 106

l = 60 t = 3

N k n p

1.5 · 105 24 1 4.5

1.5 · 105 23 2 2.3

1.5 · 105 22 4 69

1.5 · 105 25 1 18

1.5 · 105 24 2 9.2

1.5 · 105 23 4 4.6

l = 60 t = 2 t = 3

n = 1

n p
l ≥ 60

2B

B 20− 30

k

N = 400000 p = 0.40 t = 2 n = 64



5

Si

E[S]
t N x1, . . . ,xN

E[S]

E[S] =

(

N
t

)

2l−k
.

(

N
t.

)

s 1/2l−k.
(

N
t

)

/2l−k
s.

dist
s.

s

s S
U(x) S

(û1, . . . , ûk)

num
∑k

j=1 ûj x̂j = ẑ(i).
H0, H1. H1

H0

W =
∑l

j=k+1 ujsj p0 p0 = P (e =

0) = 1/2 + 2t−1εt. P (W = 0) = 1/2.
num

num|H0 ∈ Bin(S, 1/2),

num|H1,W = 0 ∈ Bin(S, p0),

num|H1,W = 1 ∈ Bin(S, (1− p0)).

num
Spq À 10

Y Y = |2 · num − S|. P ((2 · num − S) <
0|H1,W = 0) = P ((2 · num − S) > 0|H1,W = 1)

Y

fY |H0
(y) =

2√
πS

e−y2/S



fY |H1
(y) =

1
√

4πSp0(1− p0)
e
−

(y−Sp0)2

4Sp0(1−p0)

(u1, . . . , uk) (û1, . . . , ûk) P (H1|Y )
P (H1|Y )

(û1, . . . , ûk)

Λ =
P (H1|Y )

1− P (H1|Y )
=

P (H1|Y )

P (H0|Y )
=

P (Y |H1)P (H1)

P (Y |H0)P (H0)
,

λ = ln(Λ).

arg max
(û1,...,ûk)

[lnP (Y |H1) + lnP (H1)− lnP (Y |H0)− lnP (H0)] .

λ
y2

S.
n Si, (S1, S2, . . . , Sn) Y = (Y1, Y2, . . . , Yn).

P (Y |H0) = P (Y1|H0)P (Y2|H0) · · ·P (Yn|H0)

dist = dist1 + dist2 + . . . + distn,
disti = y2

i .

(û1, . . . , ûk).

|2 · numi − Si| ∈ N(Si(2p0 − 1), 2Sip0(1− p0)).

(û1, . . . , ûk)

(2 · numi − Si) ∈ N(0, S/2).

dist

dist =

n
∑

i=1

(2 · numi − Si)
2 =

n
∑

i=1

|2 · numi − Si|2.

dist n
dist n

n
E(dist|H1) > E(dist|H0).

n→∞ ε→ 0



PF ,

PM ,
dist H0 H1

PM PF T.
PM

PM = P (dist < T |H1),

PF = P (dist > T |H0).
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