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Abstract.  This paper provides a new method for construction of the
generating (or basis) matrices of the (t; n)-threshold visual secretsharing
scheme ((t; n)-VSSS) for any n , 2and 2 - t - n. We show that
there exists a bijection betweena set of generating matrices of the (t; n)-
VSSS and a set of homogeneouspolynomials of degreen satisfying a
certain property. We also show that the set of homogeneouspolynomials
is identied with a set of lattice points in a linear space of dimension
nij t+ 1 with explicitty expressedbases.These results yields a general
formula of the generating matrices of the (t; n)-VSSS. The formula is
not only theoretically of interest but also enablesus to obtain excient
generating matrices that have beenunknown.

1 Intro duction

The visual secretsharing sheme (VSSS)is a new paradigm of the secretsharing
proposedby Naor and Shamir [14]. Letting P = f1;2;:::;ng be a set of par-
ticipants, in the VSSSa black-white secretimageis encrypted to n black-white
images called shares. The VSSS has a property that, while a qualied set of
participants can reproduce a secretimage only by stacking all of their shares,a
forbidden subsetof participants can obtain no information on the secretimage
from their shares.If every S u P with jSj, tisqualied andewery S % P with
jSj - tj 1lisforbidden for some2 - t - n, wecall such a VSSSthe (t; n)-VSSS,
where jSj denotesthe cardinality of S.
In this paper we focus on the (t; n)-VSSS. Literatures on the (t; n)-VSSSfor

black-white imagescan be classi ed into the following categories:

1. Construction of the optimal (n:n)-VSSS:[14].

2. Construction of the optimal (t; n)-VSSSin a certain class:[2] (for t = 2), [3]

(fort = 3;4;5;ni 1).
3. Developing algorithms to 'nd a non-optimal (t; n)-VSSS without optimal-
ity: [6],[9].
Giving examplesof (t; n)-VSSS: [4], [5],[12],[13],[14].
5. Introducing another notion of optimalit y: [1], [7],[15].
6. Formulating the problem of "nding the optimal (t; n)-VSSSasa linear pro-
gramming problem: [3], [8],[11].

»
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Here, the optimalit y of the (t; n)-VSSSis usually de ned in terms of the clearness
of the reproduced secretimage obtained by stading arbitrary t shares.In the
literature above, however, the mostimportant and fascinating problem of "nding
the optimal (t; n)-VSSSfor arbitrary n, 2and2- t- n still remainsunsolved.

The (t; n)-VSSSis realized by using a pair of matrices (Xo; X 1) called gen-
erating matrices (though (Xo; X1) is sometimescalled basis matrices, we use a
di®erent terminology in order to avoid confusion). In this paper we proposea
simple method for obtaining pairs of generating matrices of the (t; n)-VSSSthat
isvalid foralln, 2and2- t- n. The polynomial represenation of generating
matrices, which was ‘rst proposedby [10] and was extendedby [12,13], givesa
key to the method. We shaw that a pair of generatingmatrices in a certain class
canbeidenti ed with alattice point in alinear spaceof homogeneougpolynomi-
als of dimensionnj t+ 1. More precisely letting eE;',z ;1= 0;1;:::;n t, bethe
the cigllection ofall (o; 1;:::5 nj¢) sgfisfying 2 Zforalli=0L:::ni t
and  Ni'7i > 0,wecanidentify f = [ 'e!) asa pair of generating matri-
ces.In addition, if we apply a simple operation to suc f, we can obtain more
excient pair of generating matrices eat of which belongsto a classof matrices
that is often treated.

We can use the proposedmethod for obtaining suboptimal pairs of gener-
ating matrices. The optimality can be de ned in arbitrary sense,that is, we
can maximize the relative di®erence[14] or minimize the number of subpixels.
We have only to consider a nite subset Bﬁi t+1 Y2 Bn; t+1 and exhaustively
seard for a pair of generatingmatricesin BY. ,; that is the most desirable.We
chedked that this seard is realistic if n - 9 and found interesting examplesof
the (t; n)-VSSSthat have beenunknown.

This paper is organizedasfollows. In Section2 we rst de ne the (t; n)-VSSS
mathematically. Then, weintroduceimportant classeof matrices called column-
permuting matrices (CPMs) [10] and di®ereri permuting matrices (DPMs) [12].
We explain seweral properties on concatenationsof CPMs or DPMs. Section 3
is dewoted to description of main results of this paper. We rst show that there
exists a bijection from the pairs of matrices realizing the (t; n)-VSSSto the set
of homogeneougolynomials of degreen satisfying a certain property. We next
show that forany n, 2and 2 - t - n such homogeneouspolynomials are
regardedas lattice points of a linear spaceof dimensionnj t+ 1. Theseresults
meanthat, surprisingly, any one of sud lattice points yields a pair of generating
matrices of the (t; n)-VSSS.We alsogive suboptimal pairs of generatingmatrices
of the (t; n)-VSSSobtained for all n - 9 that was found by computer seard.

2 Visual Secret Sharing Scheme

2.1 De nition of the Visual Secret Sharing Scheme

Let P = f1;2;:::;ng be a set of participants, where n 2. Denote the set

5

composedby all the subsetsof P by 2°. Given an n £ m Boolean matrix X
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and an S 2 2P, we de'ne X [S] as the jSj £ m matrix that is the restriction
of X to the rows speci ed by S. The \or" of all the rows in X [S] is denoted
by OR(X[S]). In addition, the Hamming weight of OR(X[S]) is denoted by
h(OR(X [S])). Letting t be an arbitrary integer satisfying2 - t - n, we de ne
the (t; n)-threshold visual secret sharing scheme ((t; n)-VSSS for short) in the
following way:

De nition 1 (Naor and Shamir [14]). Let G and G be collections of n£ m
matrices. We say that a pair (G; G) forms the (t; n)-VSSSif (G;G) satis es
both of the following two conditions:

1. There exist constantsd > 0 and ® > 0 satisfying:
(@) For any S 2 2P with jSj=t, h(OR(X[S])) - dj ®m for all X 2 G.
(b) For any S 2 2P with jSj=t, h(OR(X[S])) , dfor all X 2 G.

2. Foran S 2 2° andi = 0;1 de ne D;[S] as the collection of X[S]; X 2 G.
Then, for any S 2 2P with jSj < t Dg[S] and D4[S] are indistinguishable in
the sensethat they contain the same matrices with the samefrequencies.

A secretimage, which is assumedto be a black-white image, is encrypted
into n imagescalled sharesin the following way. In fact, every pixel in a secret
image is encrypted as m pixels called subpixelsin ead share. We rst choose
an element X 2 G (X 2 G) randomly with uniform distribution if a pixel to
be encrypted is white (black). Then, for i = 1;2;:::;n we encrypt the pixel as
the m subpixelsspeci ed by the i-th row of X . This encryption is repeated until
all the pixels in a secretimage are encrypted. We assumethat the i-th shareis
distributed to the participant i fori = 1;2;:::;n.

Condition 1-(a) in Denition 1 guararteesthat for any S 2 2° with jSj=t a
black-white secretimageis reproducedonly by stacking all of the sharesspeci ed
by S. When we stack arbitrary t sharesin an arbitrary order, we can perceive a
gap of the Hamming weights more than ®m consisting in stacked m subpixels.
That is, the m stacked subpixels corresponding to a white pixel in the secret
imagelook brighter than the m stacked subpixelscorresponding to a black pixel.
Here, the parameter ® is called the relative di®erenae [14]. In general,the greater
® becomes,the clearer we can perceiwe the secretimage. On the other hand,
condition 2 in De nition 1 meansthat no information on the secretimage is
revealedfrom the sharesspeci ed by S for any S 2 2° with jSj- tj 1.In fact,
if jSj- ti 1,the participants in S can obtain no information on the color of a
pixel becauseboth Dy[S] and D,[S] contain X [S] with the samefrequencies.

It is often that G and G are constructed from all the permutations of rows
of two matrices Xy and X;. We call such matrices the genemting matrices
Though sud matrices are sometimescalled the basis matrices rather than the
generating matrices [2, 3], we call (X ;X 1) a pair of generating matrices in this
paper becausewne usethe term \basis" for expressinga di®eren, but an ordinary,
notion. Throughout this paper we considerconstruction of the (t; n)-VSSSusing
a pair of generating matrices. See[14] for examplesof generating matrices.
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2.2 Polynomial Represen tation of Generator Matrices

Hereafter, we consider the generating matrices that belongto a certain class.
We de ne two classesf matrices called the column-permuting matrices (CPMs)
[10] and the di®erert permuting matrices (DPMs) [12].

the superscript T denotesthe transpose.We can obtain n! vectors from all the
permutations (permitting multiplicit y) of componerts of V. The n £ n! matrix

permuting matrix (CPM) of order n [10]. For the caseofn = 3andV = [0;0;1]",
M3(0; 0; 1) can be expressedas

2 3
001010

M3(0;0;1)= 40001015 (1)
110000

(In order to avoid confusion, readersmay consider M 3(vy;Vz;Vv3) with distinct
vi;V, and vz and setv; = 0, v, = 0 and v3 = 1.) We regard two CPMs as
identical if an adequate permutation of rows of one equalsto the other. We
represent the CPM obtained from a vector with k 1's and nj k O's as the
monomial a"i ¥z, where a and z are the symbols corresponding to 0 and 1,
respectively. For example, M 3(0;0; 1) in (1) is represerned as az.

polynomial a"i kzX + a"i 'z!, That is, the concatenation of matrices is repre-
serted by using + in the polynomial represettation. In particular, for the case
of k = | we expressai kKzX + a"i kzX as 2a"i kzk for short. Obviously, any
concatenation of CPMs of order n is represetted as a homogeneougpolynomial
of a and z of degreen. In addition, it is important to notice that two con-
catenations of CPMs are identical if and only if the polynomial represenation
of oneis equal to the other in the ordinary sense.For example, a concatena-
tion of CPMs M3(0;0;0)  M3(0;1;1)  M3(0;1;1) " Mg(L;1;1), which is rep-
reserted as a® + 2az? + z3, is identical with another concatenation of CPMs
M3(0;1;1) M3(1;1;1) M3(0;1;1)  M3(0;0;0) that also hasthe polynomial
represenation az?+ z%+ az?+ a = a + 2az® + z°.

It is important to notice that we can represen the operation in which we

partial di®erenial operator A def g + g to the polynomial represenation of
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Mn(v1;Vo;:::;vn). For example,if we eliminate the the third row of M 3(0;0; 1)
in (1), we have M,(0;0)  M3(0;1)  M;(0; 1). This operation is represened as
A(a?z) = a? + 2az in the polynomial represenation. The de nition of the CPM
guaranteesthat we can obtain the samematrix if we eliminate either the “rst
row or the secondrow instead of the third row. In the sameway, the operation
eliminating j arbitrary rows from a CPM is represeried as application of A to
its polynomial represertation repeatedly for j times. The repeated application
of A for j times is denoted by Al . It is obvious that the sameproperty on the
elimination of rows also holds for concatenationsof CPMs.

Next, we de ne the di®eren permuting matrix (DPM). While [3,6,9] use
di®erert terminology for the sameclassof matrices, we follow the terminology
given in [12]. Consider a Boolean vector V. = [vq;V2;:::;vy]". Suppose tha&
V contains k 1's and nj k O's as its componerts. Then, we can obtain E
di®erent vectors from all the, p@rmutatlons of componerts of V. The n £

i
matrix cortaining all of suc k vectors asrows is called a di®eren permutmg

matrix (DPM) of order n and is denoted by N (vi;V2;:::;Vn). For the caseof
n = 3, N3(0;0;0) and N3(0; 0; 1) are written as
2 3 2 3
0 100
N3(0;0;0)= 405 and N3(0;0;1)=40105: 2)
0 001

It isimportant to notice that M3(0; 0; 1) in (1) satis esM3(0;0; 1) = N3(0;0; 1)
N3(0;0; 1) (recall that rows of M3(0;0; 1) can be permuted adequately). More
generally, for [vi;vo;:::;vy]T cortaining k 1'sand nj k 0's, it is easyto verify
that Mp(vi;ve;::i;vy) is the concatenation of (nj k)!k! N (v1,v2;::"vn)s
This motivates us to represen N, (vi;V;:::;V,) asthe monomial 2 CE kk)lkl [12].

In particular, for the casesof k = 0 and k = n we usethe represeiations %5 and
25, respectively. We also use + for denoting concatenation of DPMs. Then, it
obviously follows that eliminating an arbitrary row from a DPM is represened
as application of A = g + @@ to the monomial represertation of the DPM.
In fact, if we eliminate the third row from N3(0;0; 1), which is represened as
i+ We have the concatenation of DPMs represenied as A(lel,) = az+ ";—T In
addition, eliminating j arbitrary rows from a DPM is represerted as application
of Al to its monomial represeration. It is obvious that the sameproperty on
the elimination of rows holds for concatenationsof DPMs.
Now, we intro duce the following four setsof homogeneougpolynomials:

1/2X1 Y4
H, = cahiizl e 2z foralli= 0100 ; (3)
Vg 2
H = c;ahiizl 1.2z and® > 0foralli=0;1:::n ; (4)
i=0
1/2)(” ahi i 7 Y
Knh = ° °;2Zforalli=0;1;:::n ; (5)

T
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1/2)@ aiizl Y

+ ) . o, o, 1 = c e .
Ky = B .7“” i i2Zand® >O0foralli=0;1:::n ; (6)

whereZ denotesthe set of all integers.Then, assummary, we have the following
proposition.

Prop osition 1. (&) Any concatenation of CPMs (DPMs) of order n is ex-
pressel as an elementin H}; (K} ). Conversely,any elementin H; (K} ) is
interpreted as a concatenation of CPMs (DPMs) of order n.

(b) Let X be any concatenation of CPMs (DPMs) with the polynomial repre-
sentation f 2 H} (f 2 K} ). Then, forany1- j - nj 1 the polynomial
representation of the matrix obtained by eliminating arbitrary j rows from
X is givenby Al f .

Then, we have the following theorem. While the primary version of Theo-
rem 1-(a) wasgiven by Koga, lIwamoto and Yamamoto [10] for the (t; n)-VSSSof
color images,Kuwakado and Tanaka [12] pointed out that Theorem 1-(b) holds
for the caseof (t; n)-VSSSof black-white images.Proof of Theorem 1 is givenin
Appendix A for readers' convenience.

Theorem 1. (a) Suppsethat fo 2 H: andf; 2 H; satisfy
Amt+lf0= Ani’[+lfl (7)

and
Ani fojz=0 = Cod'; AN "f1jz=0 = Cid (8)

for somenonnegative integers Cq and C; with Co > C;. De ne Xg and X,
as the concatenations of CPMs with the polynomial expressionsfy and f 4,
respectively. Then, (Xo;X1) becomes a pair of generting matrices of the
(t; n)-VSSS.

(b) Supmsethat go 2 K} and g; 2 K} satisfy

Ani t+1 Qo = Ani t+1 o (9)

and
t t

o a .. a
AN tgoj,=0 = COF; AN tgij—o = Clt_' (10)

for some nonnegative integers Co and C; with Cq > C;. De ne X and X
as the concatenations of DPMs with the polynomial expressionsgy and g,
resgectively. Then, (Xg;X1) becomes a pair of geneating matrices of the
(t; n)-VSSS.

We concludethis sectionwith intro ducing two more notions. First, we de ne
the decomposition of an elemen in H, or K,. If anf 2 H, is written as
f=f*; fi,wheref* andf' belongto H;; [ fOgand f* and fi cortain
no term in common,wecall f = f* j fi the decomposition of f . For example,
if f =a%z; az?+ 2z 2 Hs, wehavef® = a’z+ z%® andfi = az?. Note that
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the decomposition is unique and f * (f i ) equalszeroif all the terms in f have
negative (positive) coezcients. The decomp:)sition of g 2 K, is de ned in the
sameway That is, if g = %—T i gllz, + ZZ 2 Ks, we have g* = ﬁ + 25 nd
g = ‘Ff Next we de ne the norm off 2 H,. Supposethat f is gxpressed
asf = °;a"i 'z, Then, the norm jjf jj of f is dened by jjf jj = izo 1%l
wherej°ij denotesthe absolute value of °;. Clearly, jif jj, Oforall f 2 H, and
jifjj = 0if and only if f = 0. It is clearthat for the matrix X with a polynomial
expressionf 2 H} , jif jj meansthe number of CPMs cortained in X .

3 Main Results

3.1 Characterization of the (t; n)-VSSS as a Vector Space

Theorem 1-(a) guaranteesthat, if wecan nd fo 2 H} andf; 2 H} satisfying
(7) and (8), we obtain a pair of generating matrices (X o; X 1) of the (t; n)-VSSS,
where X and X ; are the concatenationsof CPMs corresponding to fo and f 1,
respectively. However, Theorem 1 doesnot tell us at all how we can nd sud f
and f1. SinceA"i 1 and A"i t are linear, the homogeneousgolynomial f 2 H,

dened by f = foj f; satises A"i *1f = 0 and A"i fj,.o = Ca! for some
integer C > 0. This motivates us to de ne the following subsetsof H,, and K :

Fin = ff 2 H, : A" %1 f = 0and A" 'fj,oo = Ca' for someinteger C > 0g;
Gn =fg2K, : AMi*1g=0and A" gj,- = C?—; for someinteger C > Og:

We also de ne the setsof pairs of matrices by

M tn = f(XO;Xl) : Xo and X1 Satisfy all of (A]_), (Bl), (C]_), (Dl)g,
Nen = f(Xo;X1) @ X and X satisfy all of (A3), (B»), (C1), (D1)g;

where conditions (A1), (A2), (B1), (B2), (C1) and (D,) are given as follows:

(A1) both Xy and X are concatenationsof CPMs,

(A2) both X4 and X; are concatenationsof DPMs,

(B1) Xo and X, contain no CPM in common,

(B2) Xo and X contain no DPM in common,

(C1) Xo[S] = X4[S] for any S 2 27 with jSj = t| 1, where the equality
Xo[S] = X1[S] is interpreted in the sensethat X ;[S] coincidesX o[S] by
an adequatepermutation of rows,

(D1) h(OR(Xo[S])) < h(OR(X4[S])) for any S 2 27 with jSj = t, where h(9
denotesthe Hamming weight.

That is, M n (N¢n ) isthe setof all the pairs of generatingmatrices obtained by
concatenationsof CPMs (DPMs) cortaining no CPM (DPM) in common. Then,
we have the following theorem that is a stronger version of Theorem 1.

Theorem 2. Foranyn, 2and2- t- n, there exist bijections' : M ¢, !
Fin and %: Negp ! G
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Proof. We only prove the existenceof a bijection ' : M ¢, ! F, below because
the existenceof %: N¢, ! G., can be proved in the sameway.

Supposethat (Xo;X1) 2 M ¢ . SinceX o and X, are assumedto be concate-
nations of CPMs, Proposition 1 guararteesthat there exist uniquefo 2 H} and
f1 2 H; corresponding to X and X1, respectively. In addition, we note that
the corverseof Theorem 1 is also true. That is, such fo and f; satisfy (7) and
(8). Wedenef byf =fgj f;. Clearly, f belongsto H, and satis es

AMitlf =0 and AN 'fj,.o = (C1j Cp)a (11)

due to the linearity of A"i t*1 and AMi t. SinceC; > C, from De nition 1 and
the de nitions of fo;f1 and f, (11) guaranteesthat f 2 F, . Wede ne' asthe
mapping that mapsa pair (Xo;X1) 2 M ¢y tof =fgi f1 2 Fen, wherefy and
f1 are the polynomial represenations of Xy and X 1, respectively.

First, we prove that ' is one-to-one. Assume that (Xo;X1) 2 M, and
(X'O;X-]_) 2 M tn satisfy' (Xo;xl) =" (X'O;X-]_). Let fq;f1;fo and f1 be the
polynomial expressionsof Xg;X1;Xo and X, respectively. Note that, since
(X0;X1) 2 M ¢, fo and f1 contain no term in commondue to the de nition of
M tn . Similarly, fg and f1 contain no term in common aswell. It is important
to notice that ' (Xg;X1) = ' (Xo;X1) meansthat foi f1=foi f1,i.e,

foi fo="f1i fi: (12)

Now, de ne h by h = fg i fp. Clearly, h 2 H,, becauseboth fy and fg belong
to H,. Denoting the decomposition of h by h = h* j hi, (12) leadsto
l/21‘ + hi =5+ h*
0 "'=To ;
f1+hi =f1+ h*: (13)
Sinceh* and hi contain no term in commondue to the de nition of the decom-
position, (13) meansthat both fo and f; contain h* in common. This implies
that h* = 0 becausefy and f;, contain no term in common by assumption.
Similarly, we obtain hi = 0, and therefore, we have h = 0. By combining h= 0
with (12), wehavefqj f1 = foi f1,i.e., (Xo;X1) = (Xo; X1), which shows that
' is one-to-one.

Next, we prove that ' is onto. To this end, x anf 2 F, arbitrarily . Then,
it holdsthat A"i *1f = 0and A"i fj,-o = Ca! for someinteger C > 0. Letting
f=f*j fi bethe decomposition of f, it follows that Ani t*1f+ = Ani t+1fi
and

Ani tsz=0 = Ani tf+jz=0 i Aﬂi tf i jz=0 = Cat (14)

owing to the linearity of A"i t*1 and A"i t. In addition, sincef * andfi belong
to H [ fOg, there exist integersCo , 0 and C; , 0 sud that A" 'f*j,5 =
Coal and A" tfij,.o = Cial. In view of (14), Co and C; satisfy Co = Cy +
C > C;. Therefore, by virtue of Theorem 1-(a), the pair of matrices (Xo;X1)
corresponding to (f *;f 1) satis es (Xo;X1) 2 M ¢, . t



A General Formula of the (t; n)-Threshold VSSS 335

Since Theorem 2 guararnteesthe existenceof a bijection ' : M ¢, ! Fgp,
we can know more about M ., by deweloping properties of F, . The following
lemma characterizesa key property of a setincluding Fp .

Lemma 1. De ne

© N a
En= f2R,:AM™f=0; (15)
where 1/2)<1 3,
R, = c;ahiizl i 2R
i=0

and R denotesthe set of all real numbers. Then, E., is a linear space of dimen-
sionnj t+ 1 with bases

e =aitiiZ(@j 2% i=0/L::;ni t (16)
Proof. Clearly, the linearity of A"i t*1 implies that E., is a linear space.We
prove both dmE.,, , nj t+ landdimE, - nj t+ 1, wheredimE., denotes
the dimension of E., . We can seethat eE;'n) ;0- i+ nj t, form basesof E.,
from the proof below.

First, weprovedim E., , nj t+ 1. Weusethe formula similar to the Leibniz

formula
X ”kﬂ . ,
Al(fg) = - (ANTIf) (A g) 17)
=0 |
for all k , 1andinnitely di®erertiable f and g, which can be easily proved by

induction on k. Letting i an arbitrary integerwith 0- i - nj t, it follows from
(17) that

Ani t+1 eE;in) = Anit+l ia”i tj iZi(ai Z)t¢
"Xt M e n

i iAnit+1ij(anitiizi)q:iAj(ai Z)tq:: (18)

j=0

By noticing that Ai (aj z)! = Oforallj , 1,(18) leadsto

h : i
Ani t+1 eglr? = Anit+l lanj ti izi¢ (ai Z)t — (19)
wherethe last equality in (19) follows be_causes&ni "1 = Oforany f 2 Ry with
k< nj t+ 1. Hence,we have Ani ‘+1ef;',3 =Oforalli=0;1::::nj t.
We canverify that eg;'n) ;0- i+ njt,arelinearly independert in the following
way. Assumethat there exist real numbers o; 1;:::; n;  Satisfying
Xt
el = 0 (20)

i=0
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We notice that the greatest degreewith respect to a on the left-hand side of

(20) is at most n and a term including a" appearsonly in eﬁ) This meansthat

o = 0. By repeating this argumert, we have o= "; = ¢¢¢= ", { = 0. Hence,
it turns out that eE',? - i - nj t,arelinearly independert. Consequetly, we
have establishedthat dmE., , nj t+ 1.

Next, we prove dmE.,, - nj t+ 1. We prove that any f 2 E,, can be
(i) .

expressedas a linear conmbination of e, ; i - nj t. Tothis end, x
f= a"iz 2E;, (21)
i=0
arbitrarily , where®; 2 R foralli = 0;1;:::;nj t. Then, sinceamongthe bases
eﬁ'g, - i+ nj t, the term including a" is cortained only in eﬁ) and the
coexcient of such a term in eg) is equalto 1, f can be written as
A !
X o
f=coefn+  cid'zi “oelp (22)

i=1

Notice that the greatest degreewith respect to a of the secondterm in (22) is
at mostnj 1. That is, we can rewrite (22) in the following form:

(0) X 05N i i
f=Coen +  cfalZ] (23)
i=1

where®;; 1- i - n, are constarts determined from °;;1- i - nj t, and eg%)

By repeating this argumert, we next have

fzo eg?\) + oOegl) oiO(éni iZi; (24)
i=2
and nally have
Xt )
f= =el+g (25)
i=0
where%;0- i- nj t,areconstarts, g= z"i “**handh 2 R¢; 1. Here, we use

the following lemmathat is proved in Appendix B.

Lemma 2. Let| be an arbitrary integer satisfyingO- |- n. If g2 R, can be
written asg= z'h for someh 2 R,,; | and satis'es A'lg= 0, theng = 0.

Sinceit holds that Ani t*1f = 0 and Ani t*1 e{') =Oforalli=01::::nj t,
(25) implies that A" t*1 g = 0. By applying Lemma 2 to g in (25) we have
g = 0. This completesthe proof of dmE.,, - nj t+ 1. t

Now, we are ready to give the following theorem that characterizesF, as
lattice points.
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Theorem 3. Foranyn, 2and2- t- n, it holdsthat

l/ZNt Nt ¥
Fin = .eg'n) 2 Zforali=0;1:::;nj tand >0 : (26)
i=0 i=0

Proof. We usethe fact that €{); 0- i - nj t, satisfy A" tel) = (nj t)i(aj 2)'
and therefore

A”'tef')Jzo =(nj t)'a foralli=0;1:::;ni t; (27)

which canbe easilyveri ed similarly to the method that developsA"i t+1 eﬁ') =0
in (18) and (19). Let L, denotethe seton the right-hand side of (26). We prove
Theorem 3 by deweloping both Fy., @ Lty and Ly U Fen . SinceFen %2 By,
an arbitrary f 2 Fyn can be expressedas

f=" Se+g (28)

by using the samemethod that yields (25), whereg = z" "*1h and h 2 Ry; 1
If we apply Lemma 2 to g in (28), we have g = 0. In addition, it is important
to noticethat ;2 Z foralli = 0;1;:::;nj t becauseno division is included in
the method. By applying A" t to both sidesof (28) and setz = 0, we have
A !
Gt
AM 0 = (N t)! Toa (29)
i=0

from (27). Sipcef 2 Fy, satis esA"i 'fj,-o = Ca' for someinteger C > 0, (29)
implies that i”:‘()t “; > 0. This establishesF, u Ltp -
Proof of Ly, U Fuy is easy Fix anf 2 Ly, arbitrarily. Sincef 2 Ly,

ID is expressedasf = -”_'Ot _.eﬁ',z ,wWhere ;2 Z foralli=0;1;:::;nj t and

i"_'ot i > 0. Then, it immediately follows from Lemma 1, (27) and the linearity

of Ani 1 gnd Ani t that

3 Xt . X t
Aritif = AN Mel)= T ¢0=0; (30)
i=0 i=0 ~ :
) 5 ¢ ) AN .
AMitfjmo = A" e)io = (ni ) T &, (31)
i=0 i=0
. P ni t— .
which shows that f 2 Fy, because ., ; > 0 by assumption. t
Now, de ne
%3 M 1 Ya
Bc= (o 1;::3; kll)ZZk' >0 (32)
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for k , 1. Then, Theorem 3 tells us that ead (" o; 1;:::; nit) 2 Bnj a1
givesan elemen of f 2 F, . Since Theorem 2 guarartees that there exists a
bijection’ :M ¢y ! Fn,sudhthat f 2 Fr., yieldsa pair of generatingmatrices
") = (X0;X1) 2 M ¢, . The following corollary describes properties of such
a pair of generating matrices.

Corollary 1. Let( o; 1;:::; nit) 2 Bn; t+1 bearbitrarily ngen.Let (_Xo;Xl) 2
M tn bethe pair of geneating matricescorrespndingto f = i”:‘Ot i eE;'n) 2Fen.
Then, the relative di®erene ® of (X ;X 1) is given by

Xt A p nﬂ" K

®=2 o Ut (33)

i=0
where jjf jj denotesthe norm of f. In addition, the numkbker of rowsin X (or
X1) is equal to jjf jj ¢nl=2.

~ P —
Proof. Recall that A" ' j,-o is given by (31) for any f = = Mi' 7el) 2 Fy,.
Equation (31) meansthat the relativ e di®ergnceof the-pair of generatingmatrices
"iN(f) = (Xo;X1) is causedby (nj t)! ', CPMs ead of which is

represened as a'. Sincethe CPM represenied asa' cortains t! 0's, the number
of subpixelsyielding relative di®erenceis equalto W = (nj t)!t! i”:‘Ot .
Next, we evaluate the number of rows cortained in Xy or X;. Recall that,
letting f = f*j fi bethe decomposition of f , X and X1 have the polynomial
represertations f * anq:)f i, respectively. Clearly, we have jjf jj = jjf *jj + jif ' Jj.
In addition, sincef = [} _ieﬁ'g and eﬁ;'n)ja: ;1 = Oforalli=0:L:::;nj t,
settnga=z=1inf = f*; fi leadsto jjif *jj = jif! jj. Hence,it holds
that jjf *jj = jiftjj = jifji=2. Since both X, and X are concatenations of
iif Tji = jif ' i CPMs ead of which has n! rows, the number of rows M of X
and X1 turns out to satisfy M = jjf jj ¢n!=2. Then, the claim of the corollary is

immediate because® = W=M . t

We have developed a method which enablesusto construct a pair of generat-
ing matrix (Xo;X1) 2 Mty fromanf 2 Fyy . In fact, letting f be an arbitrary
elemen of F, andf = f* fi the decomposition of f , X and X ; are concate-
nations of CPMs with the polynomial represertations f * and f i , respectively.
Howewer, Corollary 1 tells us that the number of rows of such X and X; can
be large becausethey have jjf jj ¢n!=2 rows.

Howeer, we can also dewvelop a method for 'nding a pair of generating ma-
trices with lessnumber of rows. We make use of the fact that any CPM can be
written as a concatenation of DPMs. To this end, we de ne

Yayn — Ya
ani'z! :
G, = ————=2Gy gedf° ti=01in tg=1 (34)
' o (nij !
wheregedf®; : i = 0;1;:::;nj tgdenotesthe greatestcommondivisor , 1.In

order to reducethe number of rows, we usethe mapping ¥%: Fn | G, given
in the following proposition.
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Prop osition 2. For anyn , 2and 2 - t - n there exists a surjection % :
Fin ! G .

— . . P S .
Proof. We de ne %in the following way. Let f = i“ZO °;a"i'z" be an arbitrary

elemern in Fgy . Sinpe for each i = 0;1;:::;n the CPM with the monomial
represertation a"i 'z' is concatenation of (n i i)!i! DPMs with the monomial
represetation &”'W,f can be written as
X njio5i
f = ni it 35
IR TS (35)
Dene G by G = gecdf°i(n |?3|| o= O L:nj tg. Then, we can de ne
Va: Fen ! G as¥: f 71 1 w(n"'l'),:l It is easythat this Yis
surjective. t

We call the operation corverting f 2 Fy, into %f) 2 G, the contraction.

Notice that Theorem 2-(b) guaranteesthat (Yo; Y1) = %y L(¥f)) becomesa pair

of generating matrices of the (t; n)-VSSS. Obviously, while the relative di®erence
causedby (Yp; Y1) is the sameas that of (Xg;X3), the number of rows of Y;

becomes1=G times as X; for i = 0;1. Summarizing, we have the following

theorem giving a generalformula of the (t; n)-VSSS:

Theorem 4. Letn, 2and 2 - - n be arbitrary integers. Then, for each

0; 1505 Tnit) 2 Bojwa, £ = Nt Tiel) leadsto a pair of the geneating
matrices (Yo; Y1) = % Y(¥4f)) 2 N+tn . The relative di®erena ® and the number
of rowsM of suchag_,Yo Yl) is givenby (33) and M = jjf jjn!=(2G), respectively,
whem, letting f = [, °;a" 'Z' denote the expansion of f, G is dened by

G = gcdf°i(nj i)!i!:|—01 """ ng.

Example 1. We construct a pair of generating matrices (Yp; Y1) for the (3;4)-
VSSShy using Theorem 4. Theorem 4 tells us that for each ((o; 1) 2 B, f =
Toa(aj 2)%+ 1z(aj z)vyields (Yo; Y1) 2 Nz . If weset (To; 1) = (L;1), it
easily follows that

—
|

= a(aj 2)°+ z(aj 2)°
ati 2az+2az i

at 3 4
=41$.2¢3l§|—1I 2wf;.m%
a* a%z az 4’
= 2¢3! 24'| ﬁ-‘- T?)!I ZE ; (36)

which meansthat g = def l/,(f) 4, y % + "1‘233, i 2 4. Sincethe decompmosition
of g is given by g* = 2a + % and g = gllz, + 21,, the concatenations of
DPMs corresponding to g and g becomeY, and Y; respectively. By using
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Proposition 1-(a) we obtain

2 3 2 3
000111 111000

_ 0010112 _ 1101002_
Yo=40011015 294 1532170010
001110 110001

This pair of generating matrices, which yields ® = 1=6, coincideswith the pair
of generating matrices of the (3;n)-VSSS given by Naor and Shamir [14] with
n = 4. Recall that (Yp; Y1) is heuristically constructed in [14]. t

Notice that the corverseof Theorem 4 is alsotrue. That is, we can show that
for any (Yo; Y1) 2 Ny, there existsan f 2 Fy, satisfying (Yo; Y1) = % Y(¥4f)).
This property is dueto the fact that ¥%: F, ! G, is surjective and there exists
asurjection %: G,y ! G, which is de ned similarly to %in Proposition 2.

3.2 Construction of Suboptimal (t; n)-VSSS Using the Form ula

In this subsectionwe consider construction of an optimal (t; n)-VSSS by using
Theorem 4. We considerthe following two kinds of criteria for optimization: (A)
maximization of the relative di®erence®, and (B) minimization of the number of
rows M . If there exist more than one pair of generatingmatrices with maximum
® under (A), we choosethe pair with the smallest M. On the other hand, if
there exist more than one pair of generating matrices with minimum M under
(B), we choosethe pair of with the greatest®.

How can we nd the optimal (Yp;Y1) 2 N¢, by using Theorem 4 un-
der criteria (A) or (B)? Unfortunately, it is quite ditcult to nd the optimal
(Yo; Y1) theoretically becausethe formulas of ® and M given in Theorem 4
include jjf j or G. However, we can use Theorem 4 in the following way for
“nding a suboptimal pair of generating matrices of (t; n)-VSSS.We rst choose
a subset Bﬁi t+1 Y2 Bn; 141 With a nite number of elemens adequately Next,

0 . weexpandf = [i'Tiel) to the form
f =" 1,°%a 'z and compute G = gecdf°i(nj i)li! : i = 0;1;:::;ng. Since
Theorem 4 tells us that both M and ® are determined from f and G, recall-
ing that jBY, xa] < 1, wecannd (To; 1;::1; nit) 2 BY, (41 that leadsto
(Yo; Y1) 2 N, optimal in B,ﬂ’i t+1 - Though we mertion only (A) and (B) as cri-
teria of optimization here,suc a seard is possibleunder another criterion given
in [7,15]. In addition, notice that, since By; t+1 is a courtably innite set, we
can chooseB,?i t+1 Sud that the suboptimal (Yo; Y1) becomesglobally optimal
aSjBr?i t+1j 1.
In our computer seart, wedened BY, ., asthe collectionofall (To; 1;:::;

Tnit) B z" 1 satisfying ™ , Oforalli= 0;1;:::;nj t,gcdf o; 1;:::; n;tg=
1and i”:'Ot ;- 120.Foreahn - 9and2- t- nj 1weexhaustively searhed
for (o; 15::5 nit)2 Bﬁi 1+1 that yields (Yo; Y1) 2 Ny, with the optimality in

B, +1 under the two respective criteria. Clearly, time required for this seard
becomeslong asnj t+ 1 increases.Howewer, for small n such as 9 this searh
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Table 1. Suboptimal (t; n)-VSSSin BY, (., for 3- n - 9 under (A)

(t; n)H M ‘ ® ‘f?g{!ot ‘

Emmlefimgy |

(23)||3|%|f1,20;f2 19 (5.7 48 | & |f23;29
(24)|6|%|f1,219 (6,7)|| 70 | =5 |f3;4g;f4;3g
(3.4)|16|%|f11g (2,8)|| 70 | 2 [f1;2;3;4;3;2; 19
(2,5) |10 % f2;4;6;3q, (3,8)|| 42 % f1;3;4;4;3;1g
f3;6;4;29 (4,8)| 160 % f9; 20; 26; 20; 99
(35| 8|%|f3;4:3g (5,8)|| 112 | & |f2;5;5; 29
(4,5) |15/ & |f2;3g;f 3; 29 (6,8) | 198 | & |f 15, 26; 159
(2,6) (|20 % f1,2;3;2;1g (7,8) || 140 % f1,1g
(3,6)||10 % f2;3;3;29 (2,9)| 126 % f4;8;12; 16; 20; 15; 10; 59,
(4,6) (|36 % f4,7,4g f5; 10; 15; 20; 16; 12; 8; 49
(5,6)||30 % f1;1g 3,9 56 % f5;15; 21; 23; 21; 15; 59
(2,7)||35| 2 |f3;6,9,12,8;4g,| [(4,9)| 630| & |f3;7,10,10,7;3g
f4;8;12;9; 6; 3g (5,9) 8064% f11;29;37;29; 11g
(3,7)(|30|%f3;9;11;9; 3g (6,9)(|1764 3 |f 19,39, 37; 179
(4,7)(|70||f 15; 32; 38; 20g, (7.9)|| 252 |55 |f 1, 2; 19
f20;38;32; 159 (8,9) || 315 |5 |f 4;50; f 5; 49

was completedin realistic time (at most se\eral days) when we useda personal
computer with a Perntium 111 1.0GHz processor.

Table 1 shovs M and ® of generation matrices of (t; n)-VSSSthat is optimal
in B,?i t+1 under criterion (A). While [3] discusseghe optimality on ® for t =
3;4;5;nj 1from a combinatoric viewpoint under (A), their approac cannot be
applied to the casesof 6 - t - nj 2. We found pairs of generating matrices
of (6;8)-, (6;9)- and (7;9)-VSSSswith the optimality (A) in Bﬁi t+1 - FOr eadh
2- n- 9and2- t- 4,®in Table 1 attains the theoretical upper bound given
in [8] from linear programming approach (for t , 5 no upper bound is given
in [8]). In addition, foreadhh2- n- 9and2- t- 5®in Table 1 is greater
than or equalto ® in [5] except for the caseof (5;7)-VSSS(for t , 6 ® is not
written in [5]). The pair of generating matrices of the (5; 7)-VSSSin [5], yielding
® = 4=147, may not belongto N, becausewe cannot nd suc a pair even
from a larger setf( o; 1; 2)2 23 : 7o+ "1+ 5> 0;jij - 1000for i=0,1,2g.
Furthermore, a pair of generating matrices of the (4;7)-VSSS, which is written
asg= 15% i 4% + "’g—j? i 6%66! + 20% in the polynomial expressionand was
“rst reported in [12], was turned out to be optimal in Bﬁi t+1 (the method for
“nding suc g is not written in [12]). Clearly, this pair of generating matrices,
yielding ® = 3=70and M = 70, is better than the pair givenby [3]with ® = 3=80
and M = 160.
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On the other hand, if n - 9, under (B) we found pairs of generating matrices
(Yo; Y1) with the samenumber of rows as the pairs given by Droste [6] except
for the caseof (6;8)-VSSS.While Droste [6] mertions the existenceof (Yp; Y1)
with M = 128 and ® = 1=128, we found (Yp; Y1) with M = 126and ® = 1=126
(choose( o; 1; 2) = (5;14,9) or (9; 14,5)). In addition, for the caseof n = 10,
we found a pair of generating matrices of the (8; 10)-VSSSwith M = 590 and
®= 1=590(choose( o; 1; 2) = (14;229)), though Droste [6] just mertions the
existenceof (Yp; Y;) with M = 640and ® = 1=640.

pair of generatingmatrices (Yo; Y1) 2 N¢, . We concludethe paper by giving such
a (Yo; Y1) expressedn the polynomial represertation fort = n;nj 1;2
(i) (n;n)-VSSS

Theorem 3 tells us that elemerts of F,.,, canbe written asf = o(aj 2)",
where ¢ is a positive integer. Then, it easily follows that

X0 YRRl

f=" G a7
i=0

X paniizhoe

= on! (i 1)m

i=0

P n B ni i, i . . — . .
Hence,we have %(f) = |, (i 1 '(?.—l)lzu that is independent of . This is a
pair of generating matrices with ® = 1=2" given by Naor and Shamir [14].
(i) (nj L;n)-VSSS

Theorem 3 guararteesthat f 2 Fn; 1.n can be expressedasf = "ja(ai

)"t + Tiz(aj 2)"it, where(To; 1) 2 B,. Weset o= ", = 1forevenn and
"o = b%cand ; = djefor odd n. Then, ¥(f ) can be expressedas

gw(i 1)i3Ei i LI.ZI.; if n is even,
=& ouo g
2 (G 1) n+1i i 22 it nisodd
oo 2 (nj DY '
which leads to the pair of generating matrices with M = %'n2i211¢1¢ and ® =

I n: | h | .
175 25t 1forevennand M = n (n?l1)1=2 and ® = 44n (n?ll)1=2

These pairs of generating matrices are given by Blundo et al [3].

(i) (2;n)-vSSS 5
By Theorem 3, f 2 F,,, can be written asf = inzioz_ia”i 2ilzaj 2)?,

] for odd n.

we have

ani lZ Zn.

an
Yf)=(nj 1)mi m"‘ PE
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which leadsto the pair of generating matrices given by Naor and Shamir [14]
with M = n and ® = 1=n. On the other hand, for the caseof even n if we set

=i+ lfori=0;14: % land j=nj i 1fori= 5,5+ 100 2,
we have
Y(F) = }H n ﬂﬁ- %22 + }H n ﬂﬁ.
T2 n=2 n' (=2)/(n=2)! 2 n=2 n!’
. : , . . i, ¢
The pair of generating matrices corresponding to f above satisesM = ~ I,

and ® = 4(nn—|l)

App endix:

A Proof of Theorem 1

We prove Theorem 1-(a) herebecauseTheorem 1-(b) can be developed similarly.
Let X and X ; be concatenationsof CPMs with the polynomial represenations
fo and f 1, respectively. By the assumption of the theorem, f o and f 1 satisfy (7)
and (8). In view of De nition 1 and the de nition of the generating matrices, it
is suxcient to provethat (i) Xo[S] = X[S] for any S 2 27 with jSj=t; 1, and
(i) h(OR(Xo[S])) < h(OR(X1[S])) for any S 2 27 with jSj = t.

The proof of property (i) is simple. Since Proposition 1 tells us that for
i = 0;1 application of A"i **1 to f; meanselimination of arbitrary nj t+ 1 rows
from X;, (7) implies that X[S] = X4[S] for any S 2 2° with jSj =t 1. This
establishesproperty (i). On the other hand, we notice that A" 'f;j,-o meansthe
number of the CPMs represeited asa' in OR(X;[S]) for any S 2 2P with |Sj = t.
Then, (8) implies that OR(X[S]) cortains the CPMs represened as a! more
than OR(X([S]), which immediately leadsto h(OR(X[S])) < h(OR(X1[S])).
This establishesproperty (ii).

B Proof of Lemma 2

We prove Lemma 2 by induction on |. The claim of the lemmais trivial if | = 0.
Let | , 1 be an arbitrary integer arJd supposethat an arbitrary g 2 R, with
g= z'h for someh 2 R,,; | satis'esAlg= 0. Since

Alg= Al(z'h) ¢
= A 't lh+ z¢(Ah)gZ'i L (B.1)

we have
lh+ z¢(Ah) = 0 (B.2)

by induction hypothesis. Setting

h = ooani | + olani li lZ+ ¢ee+ oni lZI”Ij I;
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(B.2) leadsto

Iooani |+[(ni |)°o+ zol]ar'li I lZ+ CeeH [oni L l+(ni [+ 1)°ni I]Zni | - 0’ (B3)

which meanthat [°9 = (nj 1)°0+ 2°1 = ¢¢¢= °y; ; 1+ (nj I+ 1)°y; 1 = Oand
therefore °g = °; = ¢¢¢= °,, |, = 0.
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